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Abstract

An algorithm is proposed for numerically solv-
ing the optimal model reduction equations derived in
[1]. These equations are in the form of a pair of
modified Lyapunov equations coupled by an oblique
projection that is a consequence of optimality and
which determines the optimal reduced-order model.
This form of the necessary conditions considerably
simplifies previous results of Wilson and clearly
demonstrates the suboptimality of the balancing
method of Moore.

1. Introduction

The purpose of this paper is to propose a
numerical algorithm for solving the optimal model
reduction equations derived in [1]. These equations
considerably simplify the necessary conditions for
optimality first derived in [2] by exploiting the
presence of a projection matrix which was not recog-
nized in [2] and which is a direct consequence of
optimality. An important benefit of these equations
is that they immediately provide a rigorous optimal-
ity context for the "balancing' method of Moore [3]
which is based on system—theoretic arguments as
opposed to optimality criteria. As shown in [1],
the balancing approach is always suboptimal and,
when the "weak-subsystem' hypothesis is invoked, is
nearly optimal.

The optimal model reduction equations are in
the form of two nxn modified Lyapunov equations (see
(2.11), (2.12)) coupled by an oblique (i.e., non-
orthogonal) projection which determines the optimal
reduced-order model. The highly structured form of
these equations and the presence of the optimal pro-
jection are the motivation for devising new effi-
cient numerical algorithms for computing optimal
reduced-order models.

The algorithm proposed in this paper is itera-
tive (which is necessitated by the coupling of the
modified Lyapunov equations) and directly exploits
the properties of the optimal projection matrix.

The algorithm was successfully applied to an example
considered in both [2] and [3].

2. Problem Statement and Main Result

The following notation and definitions will be
needed:
positive integers, 1 < n <n
X u, ¥, X, ¥y, m, m 2, n_, 2-~dimensional vectors

A, B, C

n, m, %, nr

nxn, nxm, 2£Xn matrices
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A, B, C n_xn_, n_Xm, xXn_ matrices

T r r r r r r
R, V %%, mxm positive-definite matrices
Ir rxr identity matrix

zT transpose of vector or matrix Z
0(2) rank of matrix Z
E expected value

rXs .

R, R real numbers, rxs real matrices
positive- matrix similar to a positive
semisimple diagonal matrix
matrix

We consider the following optimal model-
reduction problem. Given the system

x = Ax + Bu, T (2.1)

y = Cx (2.2)
find a reduced-order model

x, = Ax_+3Bu, (2.3)

e T Crxr (2.4)

which minimizes the model~reduction criterion

J(A,B_,C) £ 1in B [(y-y ) R(y-y )]

£t

The input u(t) is taken to be white noise with
positive-definite intensity V. To guarantee that J
is finite it is assumed that A is stable and we
restrict our attention to the set of admissible
reduced-order models

A 4 {(A_,B ,C): A is stable}.
r’r’’r r
Since the value of J is independent of the internal
realization of the transfer function corresponding

to (2.3) and (2.4), we further restrict our atten-
tion to the set

4 . .
A+ = {(Ar,Br,Cr) e A: (Ar’Br) is controllable

and (Ar’cr) is observable}.

The following lemma is needed for the statement
of the main result.

Suppose é,ﬁ eRTT are nonnegative defi-

0y %1
nite. Then there exist G,T € R and positive-
xn

semisimple M R such that

A

6 = cTur, (2.5)

T
=1 . .
TG n (2.6)

T n_*xn

We shall refer to G,T € R r and positive-

Ny X0y
semisimple M ¢ R satisfying (2.5) and (2.6)

as a (G,M,T)~factorization of QP.




Main Theorem.

Suppose (Ar’Br’c ) ¢ A, solves
the optimal model-reduction problem.

Then there

. : P . A nxn
exist nonnegative-definite matrices Q,ﬁ R such

€
A
that, for some (G,M,T)-factorization of Qﬁ, Ar’ B

and Cr are given by T

Ar = FAGT, 2.7)
B, = IB, (2.8)
_ T
Cr = CG™, (2.9)
and such that, with 1 & GTF, and TL 4 In - 1, the
following conditions are satisfied:
A A
o = o®) = 0@ = n, (2.10)
0 = ab + 0aT + BvsT —TlBVBTTf, (2.11)
0= 4™+ fa+ ¢'re -7cRer . (2.12)
The Main Theorem consists of necessary condi-
tions in the form of two modified Lyapunov equations

(2.11) and (2.12) plus rank conditions (2.10) which
must be satisfied when an optimal reduced-order
model exists. The modified Lyapunov equations are
coupled by the n%n matrix t which is a projection
z Trgt GTI T =r.
n

(idempotent matrix) sinceAT =GIGT =

Note that in general Tt is an oblique projection
and not necessarily an orthogonal projection since
it may not be symmetric. We shall refer to the
projection 1 corresponding to the solution of the
optimal model-reduction problem as the "optimal
projection'". It should be stressed that the form
of the optimal reduced-order model (2.7)-(2.9) is
a direct consequence of optimality and not the
result of an a priori assumption on the structure
of the reduced-order model.

Observe that if x_ is replaced by er then an
"equivalent" reduced-order model is obtailned with
(A_,B_,C_) replaced by (SA s7'se_,csTh.

rr’’r -1 o
J(A_,B ,C ) = J(5A_S ",SB_,C_S
T r T r’r

(see [1]) that this transformation corresponds to

Clearly,

). It can be shown

the alternative factorization aﬁ = (S_TG)T(SMS—l)(SF)
and, moreover, all (G,M,T)-factorizations of

A .
Qﬁ are related by a nonsingular transformation.

The following result shows that there exists a
similarity transformation which simultaneously

A
diagonalizes Qﬁ and T.

Proposition 2.1. There exists invertible

nxn

P R such that
AA 0 A 0
b=0ot] @ 7T, = ot b o, (2.13)
0 0 0 0
A 0 I 0
0p = o7t o, t=01] " o, (2.14a,b)
0 0 0 0
nrxHr
where AG,A? ¢ R are positive diagonal,

A 4 AGAQ and the diagonal elements of A are the

eigenvalues of M,
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3. Proposed Algorithm

The following algorithm is proposed for solving
the optimal model-reduction equations:
STEP 1: 1Initialize T(O) = In;
A A
STEP 2: Solve for a(k), ﬁ(k):
A
0= (A - T(k)ATEk))G(k)
A
+ 50 a - T(k)ATik))T +BVBY,  (3.1)
A
0= (A - Tik)Ar(k))Tﬁ(k)
A
O L AR I TR E 5!
STEP 3: Factor:
A A
Ak)a(k k k)\2 k)~
Q( k) | o )(x( )) (s( )) 1 (3.3)
k . k k
Z( ) _ dlag(of )""’Gi )),
U(k) z c(k) Zo,.z o(k) > 0
1 2 n ’
STEP 4: TUpdate:
1 0
k+1 k -
A sy~ (3.4)
0 0
STEP 5: Check for convergence; if not, increment k
and return to STEP 2;
STEP 6: Set:

A
A

A
8 = <@0EENT, = T (3.5

To show that the proposed algorithm leads to
the solution of the optimal model-reduction equa-
tions, expand (2.11) and (2.12) in the "optimal
projection realization" (2.13), (2.14) to obtain

_ A AT A AT
0= ArAa + AGAr + BrVBr’ (3.6)
_ 4 T
0 =Ry + ﬁzvﬁr, 3.7)
_/\T A AT
o= Rlng + 1k + chér, (3.8)
- T
0= a4 érRéz, (3.9)
where A A A
A A B
sA0 L = N Arz , OB = ﬁr , col - [ér 62]
Aor Ay 2

It can readily be seen
tion of (3.6)-(3.9) if
(3.1) and (3.2). Note
R = Im and V =1 the

that (3.5) yields the solu-
convergence has occurred in
that in the special case

figst iteratiogn of the pro-

2)
© _y . 8O Ly
[ o]

posed algorithm leads to 6 (i.e.,
the controllability and observability gramians) and
the projection T(l) defined by (3.4) is equivalent
to the approach of [3]. ©Note that (3.1) and (3.2)
have the form of "standard" Lyapunov equations.

Unfortunately, convergence of the proposed
algorithm has not been proven and it has not been

shown that A - T(k)AT(k) and A - r(k)AT(k) remain
L 1




stable at each step. The proposed algorithm was,
however, successfully applied to the following
model reduction problem considered in [2] and [3]:

0 0 0 -150 4
1 0 0 =245 1
A=lo 1 0 -113)° B7jo |
00 1 -19 0
c=100 0 0 1].

Table 1 summarizes the results obtained for
n_ = 3,2,1. In each case the proposed algorithm
converged linearly in less than eight interactioms.
As pointed out in [3], Wilson's result seems to imply
a lack of final convergence. The fact that the
second-order modes of this example are rather widely
spaced (o, = .126, o, = .0521, o, = .0113, g, =
.0028) appears to accCount for the near optimality of
the results of [3] (see [1]).

4. Relevance to Fixed-Order Dynamic
Compensator Design

We now briefly discuss the relevance of the
Main Theorem to the problem’ of fixed-order dynamic
compensator design. Given the control system

X

]

Ax + Bu + wl,

y = Cx + W,

design a fixed-order dynamic compensator
x =Ax +B
*e e Y
u =Cx
ce

which minimizes the performance criterion

J(A ,B ,C ) ¢ lim'E[xTR
¢’e’e

t

T
1 X + u RZU]'

n

€ m.c, n <n, w, is white dis-
c c 1
turbance noise, w, is nonsingular white observa-
tion noise, R, is'nonnegative definite and R,  is
positive definite. Necessary conditions character-
izing optimal (A ,B ,C ) have been developed in
[4-8] along the Samé 1%nes as the Main Theorem.
These conditions, called the optimal projection
equations for fixed-order dynamic compensation,
consist of four matrix equations (two modified
Riccati equations and two modified Lyapunov equa-
tions) coupled by a projection. The modified
Riccati equations, not surprisingly, are similar
in form to the covariance and cost Riccati equa-
tions of LQG theory and the modified Lyapunov
equations are similar to the optimal model-
reduction equations (2.11) and (2.12). Hence,
while the modified Riccati equations govern opti-
mal estimation and optlmal control, the addi-
tional modified Lyapunov equations characterize
"optimal reduction'. The important fact that all
four equations are coupled supports the view that
optimal fixed-order dynamic-compensators cannot in
general be designed by means of a stepwise proce-
dure, e.g., by either open-loop model reduction
followed by LQG or LQG followed by closed-loop
model reduction.

m
Here u ¢R , X

Table 1

Relative Impulse Response Error ([3])

Optimal Model-
Reduction Equations

Order n_ Wilson [2] Moore [3]

3 - .001311 .001306

2 .04097 .03938 .03929

1 - L4321 L4268
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