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A b s t r a c t  

An a l g o r i t h m  i s  proposed f o r  numer ica l ly  so lv -  
i n g  t h e  op t ima l  model r e d u c t i o n  e q u a t i o n s  de r ived  i n  
[ I ] .  These e q u a t i o n s  a r e  i n  t h e  form of a  p a i r  of 
modif ied Lyapunov e q u a t i o n s  coupled by a n  o b l i q u e  
p r o j e c t i o n  t h a t  i s  a  consequence of o p t i m a l i t y  and 
which de te rmines  t h e  op t ima l  reduced-order  model. 
Th i s  form of t h e  necessa ry  c o n d i t i o n s  cons ide rab ly  
s i m p l i f i e s  p r e v i o u s  r e s u l t s  of Wilson and c l e a r l y  
demonstra tes  t h e  s u b o p t i m a l i t y  of t h e  ba lanc ing  
method o f  Moore. 

1. I n t r o d u c t i o n  

The purpose of t h i s  paper  i s  t o  propose a  
numerical  a l g o r i t h m  f o r  s o l v i n g  t h e  op t ima l  model 
r e d u c t i o n  e q u a t i o n s  d e r i v e d  i n  [ I ] .  These equa t ions  
c o n s i d e r a b l y  s i m p l i f y  t h e  necessa ry  c o n d i t i o n s  f o r  
o p t i m a l i t y  f i r s t  de r ived  i n  [ 2 ]  by e x p l o i t i n g  t h e  
p resence  of a  p r o j e c t i o n  m a t r i x  which was not  recog- 
n ized  i n  [ 2 ]  and which i s  a d i r e c t  consequence of 
o p t i m a l i t y .  An impor tan t  b e n e f i t  of t h e s e  e q u a t i o n s  
i s  t h a t  t h e y  immediate ly  p r o v i d e  a  r i g o r o u s  opt imal-  
i t y  c o n t e x t  f o r  t h e  "balancing" method of Moore [ 3 ]  
which i s  based on sys tem- theore t i c  arguments a s  
opposed t o  o p t i m a l i t y  c r i t e r i a .  A s  shown i n  [ I ] ,  
t h e  b a l a n c i n g  approach i s  always subopt imal  and, 
when t h e  "weak-subsystem" hypo thes i s  i s  invoked,  i s  
n e a r l y  op t ima l .  

The op t ima l  model r e d u c t i o n  equa t ions  a r e  i n  
t h e  form of two nxn modif ied Lyapunov equa t ions  ( s e e  
(2 .11) ,  (2 .12))  coupled by an o b l i q u e  ( i . e . ,  non- 
o r thogona l )  p r o j e c t i o n  which de te rmines  t h e  op t ima l  
reduced-order model. The h i g h l y  s t r u c t u r e d  form of 
t h e s e  equa t ions  and t h e  p resence  of t h e  op t ima l  pro- 
j e c t i o n  a r e  t h e  mot iva t ion  f o r  d e v i s i n g  new e f f i -  
c i e n t  numerical  a l g o r i t h m s  f o r  computing op t ima l  
reduced-order models.  

The a l g o r i t h m  proposed i n  t h i s  paper  i s  i t e r a -  
t i v e  (which i s  n e c e s s i t a t e d  by t h e  c o u p l i n g  of t h e  
modified Lyapunov equa t ions )  and d i r e c t l y  e x p l o i t s  
t h e  p r o p e r t i e s  of t h e  op t ima l  p r o j e c t i o n  ma t r ix .  
The a l g o r i t h m  was s u c c e s s f u l l y  a p p l i e d  t o  an  example 
cons ide red  i n  b o t h  [ 2 ]  and [ 3 ] .  

2 .  Problem Statement  and Main R e s u l t  

The fo l lowing  n o t a t i o n  and d e f i n i t i o n s  w i l l  b e  
needed : 

n ,  m, k, nr p o s i t i v e  i n t e g e r s ,  1 2 n  5 n 

X ,  U ,  y ,  xr ,  yr n ,  m ,  k, n r ,  k-dimensional v e c t o r s  

A, B ,  C nxn, nxm, kxn m a t r i c e s  
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Ar ,  B r ,  C r  n  Xnr, n  xm, kxn m a t r i c e s  

R, V Rxl, mxm p o s i t i v e - d e f i n i t e  m a t r i c e s  

Ir 
r x r  i d e n t i t y  m a t r i x  

ZT t r a n s p o s e  o f  v e c t o r  o r  m a t r i x  Z 

P ( z )  rank of m a t r i x  Z 

B expected v a l u e  

lR , IRrXs r e a l  numbers, r x s  r e a l  m a t r i c e s  

p o s i t i v e -  m a t r i x  s i m i l a r  t o  a  p o s i t i v e  
semisimple  d iagona l  m a t r i x  
m a t r i x  

We c o n s i d e r  t h e  fo l lowing  op t ima l  model- 
r e d u c t i o n  problem. Given t h e  system 

x  = Ax + Bu, (2 .1 )  

f i n d  a  reduced-order  model 

which minimizes t h e  model-reduction c r i t e r i o n  

The i n p u t  u ( t )  i s  t aken  t o  be w h i t e  n o i s e  wi th  
p o s i t i v e - d e f i n i t e  i n t e n s i t y  V. To guaran tee  t h a t  J 
i s  f i n i t e  i t  i s  assumed t h a t  A i s  s t a b l e  and we 
r e s t r i c t  ou r  a t t e n t i o n  t o  t h e  s e t  of a d m i s s i b l e  
reduced-order models 

S i n c e  t h e  v a l u e  o f  J i s  independent  of t h e  i n t e r n a l  
r e a l i z a t i o n  of t h e  t r a n s f e r  f u n c t i o n  co r respond ing  
t o  (2 .3 )  and ( 2 . 4 ) ,  we f u r t h e r  r e s t r i c t  o u r  a t t e n -  
t i o n  t o  t h e  s e t  

A+ 9 i (Ar,Br,Cr) c A :  (Ar,Br) i s  c o n t r o l l a b l e  

and (A , C  ) i s  obse rvab le} .  
r r  

The fo l lowing  lemma is  needed f o r  t h e  s t a t ement  
of t h e  main r e s u l t .  

Lemma 2.1. Suppose d,!$ clRnXn a r e  nonnegat ive  d e f i -  
nr xn 

n i t e .  Then t h e r e  e x i s t  G , T  6 IR and p o s i t i v e -  

semisimple  M e IR 
nrXnr 

such t h a t  - 

@ = cTr?r, (2.5) 

r~~ = I . (2.6) 
r n  xn 

Xe s h a l l  r e f e r  t o  G , T  E I R  and p o s i t i v e -  

semisimple M E R 
n r x n r  

s a t i s f y i q  (2 .5)  and (2 .6)  
a s  a  (G,M,T)-factorization of Q . 
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Main Theorem. Suppose (Ar,Br,Cr) 6 A+ s o l v e s  
t h e  op t ima l  model-reduct ion problem. Then t h e r e  

e x i s t  n o n n e g a t i v e - d e f i n i t e  m a t r i c e s  8 ,6  2 lRnxn such 
t h a t ,  f o r  some (G,M,T) - fac to r i za t ion  of Q#, A 
and C r  a r e  g iven  by 

r '  Br 

A T 
and such t h a t ,  w i t h  T = C I ,  and T 4 In - T ,  t h e  

I 
fo l lowing  c o n d i t i o n s  a r e  s a t i s f i e d :  

The Main Theorem c o n s i s t s  of necessa ry  condi- 
t i o n s  i n  t h e  form of two modif ied Lyapunov e q u a t i o n s  
(2 .11)  and (2.12) p l u s  r ank  c o n d i t i o n s  (2.10) which 
must b e  s a t i s f i e d  when an  op t ima l  reduced-order 
model e x i s t s .  The modif ied Lyapunov equa t ions  a r e  
coupled by t h e  nxn m a t r i x  T which i s  a  p r o j e c t i o n  

T T  T  
( idempotent  m a t r i x )  s ince ,  T' = G r G  r = G I r = T .  

r 
Note t h a t  i n  g e n e r a l  T i s  an o b l i q u e  projection 
and no t  n e c e s s a r i l y  an o r thogona l  p r o j e c t i o n  s i n c e  
i t  may n o t  be symmetric.  We s h a l l  r e f e r  t o  t h e  
p r o j e c t i o n  T co r respond ing  t o  t h e  s o l u t i o n  of t h e  
op t ima l  model-reduction problem a s  t h e  "opt imal  
p r o j e c t i o n " .  It should be  s t r e s s e d  t h a t  t h e  form 
of t h e  op t ima l  reduced-order model (2.7)-(2.9) i s  
a  d i r e c t  consequence of o p t i m a l i t y  and n o t  t h e  
r e s u l t  of a n  a  p r i o r i  assumption on t h e  s t r u c t u r e  
of t h e  reduced-order model. 

Observe t h a t  i f  x  i s  rep laced  by Sx then  an  
"equ iva len t "  reduced-o?der model i s  o b t a d e d  w i t h  

- 1 - 1 
(A ,Br,Cr) r ep laced  by (SArS ,SBr,CrS ) .  C l e a r l y ,  

- 1 
J ( ; ~ , B ~ , c ~ )  = J ( s A ~ s - ~ , s B ~ , C ~ S  ). It can  be shown 

( s e e  [ I ] )  t h a t  t h i s  t r a n s f o r m a t i o n  co r responds  t o  

3 .  Proposed Algor i thm 

The fo l lowing  a l g o r i t h m  i s  proposed f o r  s o l v i n g  
- - 

t h e  op t ima l  model-reduct ion equa t ions :  

STEP 1: I n i t i a l i z e  T(O) = In; 

A(k) $k) .  STEP 2  : Solve f o r  Q , 

0  = (A - T(k)AT(k) )&4 
1 

T + $ ( k ) ( ~  - T ( k ) ~ T ( k ) ) T  + BvB , 
L A  

O = ( A - T  WAT (k) )T@(k)  
I 

+ !(')(A - i p ) ~ r ( ' ) )  + C ~ R C ;  

STEP 3 :  F a c t o r :  

:(k);(k) = S ( k ) ( r ( k ) ) 2 ( S ( k ) ) - 1  Q 
(k z ( ~ )  = d iag(u l  ,..., u ' ~ ) ) ,  

(k )  ( k ) 2 . . . 2 0 ( k ) > o ;  u1 2 u2 
n  

STEP 4 :  Update: 

STEP 5: Check f o r  convergence; i f  n o t ,  increment 
and r e t u r n  t o  STEP 2 ;  

STEP 6 :  S e t :  

8 = T ' m ' ~ ( T ' " ' ) ~ ,  8 = ( T ( m ) ) ~ % T ( m ) .  (3 .5)  

To show t h a t  t h e  proposed a l g o r i t h m  l e a d s  t o  
t h e  s o l u t i o n  o f  t h e  op t ima l  model-reduct ion equa- 
t i o n s ,  expand (2.11) and (2.12) i n  t h e  "optimal 
p r o j e c t i o n  r e a l i z a t i o n "  (2 .13) ,  (2.14) t o  o b t a i n  

t h e  a l t e r n a t i v e  f a c t o r i z a t i o n  46 = ( s - ~ G ) ~ ( s M s - ~ )  ( S I )  
AT 

G = A A g  + he i r  + t:Rtr, 
and, moreover,  a l l  (G ,M, r ) - f ac to r i za t ions  o f  

a r e  r e l a t e d  by a  nons ingu la r  t r a n s f o r m a t i o n .  0  = A g a  + 2 : ~ e ~ .  
r 2  

The fo l lowing  r e s u l t  shows t h a t  t h e r e  e x i s t s  a  where 
s i m i l a r i t y  t r a n s f o r m a t i o n  which s imul t aneous ly  

oA0-l = 
d i a g o n a l i z e s  46 and T .  

P r o p o s i t i o n  2 .1 .  There e x i s t s  i n v e r t i b l e  
nxn 

0  c I R .  such t h a t  It can r e a d i l y  be  seen t h a t  (3 .5)  y i e l d s  t h e  so lu -  
t i o n  of (3 .6)-(3 .9)  i f  convergence has  occur red  i n  
(3 .1)  and ( 3 . 2 ) .  Note t h a t  i n  t h e  s p e c i a l  c a s e  

@ (2 .13)  R  = I and V = Ik ,  t h e  f i p t  i t e r a t i ~ n  o f  t h e  pro- 
m 

posed a l g o r i t h m  l e a d s  t o  6") = Wc, b ( O )  = w ( i . e . ,  

I n  t h e  c o n t r o l l a b i l i t y  and o b s e r v a b i l i t y  gramians)  and 
0, (2 .14a ,b )  

0  0 O 1  t h e  p r o j e c t i o n  T ( ~ )  de f ined  by (3 .4 )  i s  e q u i v a l e n t  
t o  t h e  approach of 131. Note t h a t  (3.1) and (3 .2)  
have t h e  form of  "s tandard"  Lyapunov e q u a t i o n s .  n  xn 

where A A  Ah + IR a r e  p o s i t i v e  d i a g o n a l ,  
a Q' P  Unfor tuna te ly ,  convergence of t h e  proposed 

A = A A A  and t h e  d iagona l  e lements  of A a r e  t h e  
Q Q a l g o r i t h m  h a s  n o t  been proven and i t  h a s  n o t  been 

e i g e n v a l u e s  o f  M. shown t h a t  A - T ( k ) ~ ~ ( k )  and A - T ( ~ ) A T ( ~ )  remain 
1 I 



Table  1 s t a b l e  a t  each s t e p .  The proposed a l g o r i t h m  was, 
however, s u c c e s s f u l l y  a p p l i e d  t o  t h e  fo l lowing  
model r e d u c t i o n  problem cons ide red  i n  121 and 131: 

Table  1 summarizes t h e  r e s u l t s  o b t a i n e d  f o r  
n  = 3 , 2 , 1 .  I n  each c a s e  t h e  proposed a l g o r i t h m  
cgnverged l i n e a r l y  i n  l e s s  than  e i g h t  i n t e r a c t i o n s .  
A s  po in ted  o u t  i n  131, Wilson 's  r e s u l t  seems t o  imply 
a  l a c k  of f i n a l  convergence. The f a c t  t h a t  t h e  
second-order modes o f  t h i s  example a r e  r a t h e r  widely  
spaced (o = .126, o2 = .0521, o3 = .0113, o4 = 

1 
.0028) appear s  t o  account  f o r  t h e  nea r  o p t i m a l i t y  of 
t h e  r e s u l t s  of 131 ( s e e  111) .  

4 .  Relevance t o  Fixed-Order Dynamic 
Compensator Design 

We now b r i e f l y  d i s c u s s  t h e  r e l e v a n c e  of t h e  
Main Theorem t o  t h e  problem'of f ixed-o rde r  dynamic 
compensator des ign .  Given t h e  c o n t r o l  sys tem 

d e s i g n  a  f ixed-o rde r  dynamic compensator 

which minimizes t h e  performance c r i t e r i o n  

A T T 
J(Ac,Bc,Cc) = l i m  E [ x  R x + u R2u].  

t* 
1 

n 
m 

Here u  c1R , x t I R C ,  nc 5 n ,  wl i s  w h i t e  d i s -  

tu rbance  n o i s e ,  w2 is nons ingu la r  w h i t e  observa-  
t i o n  n o i s e ,  R i s  nonnegat ive  d e f i n i t e  and R2 i s  

1 p o s i t i v e  d e f i n i t e .  Necessary c o n d i t i o n s  c h a r a c t e r -  
i z i n g  op t ima l  (A ,B , C  ) have been developed i n  

C C 
[4-81 a l o n g  t h e  same l % n e s  a s  t h e  Main Theorem. 
These c o n d i t i o n s ,  c a l l e d  t h e  op t ima l  p r o j e c t i o n  
e q u a t i o n s  f o r  f ixed-o rde r  dynamic compensation, 
c o n s i s t  of f o u r  m a t r i x  e q u a t i o n s  (two modif ied 
R i c c a t i  e q u a t i o n s  and two modif ied Lyapunov equa- 
t i o n s )  coupled by a  p r o j e c t i o n .  The modif ied 
R i c c a t i  e q u a t i o n s ,  n o t  s u r p r i s i n g l y ,  a r e  s i m i l a r  
i n  form t o  t h e  covar i ance  and c o s t  R i c c a t i  equa- 
t i o n s  o f  LQG theory  and t h e  modif ied Lyapunov 
e q u a t i o n s  a r e  s i m i l a r  t o  t h e  op t ima l  model- 
r e d u c t i o n  e q u a t i o n s  (2.11) and (2 .12) .  Hence, 
w h i l e  t h e  modif ied R i c c a t i  e q u a t i o n s  govern o p t i -  
mal e s t i m a t i o n  and op t ima l  c o n t r o l ,  t h e  add i -  
t i o n a l  modified Lyapunov e q u a t i o n s  c h a r a c t e r i z e  
"opt imal  r educ t ion" .  The impor tan t  f a c t  t h a t  a l l  
f o u r  e q u a t i o n s  a r e  coupled s u p p o r t s  t h e  view t h a t  
op t ima l  f ixed-o rde r  dynamic-compensators cannot  i n  
g e n e r a l  be designed by means of a  s t epwise  proce- 
dure ,  e . g . ,  by e i t h e r  open-loop model r e d u c t i o n  
fol lowed by LQG o r  LQG fol lowed by c losed- loop 
model r e d u c t i o n .  

R e l a t i v e  Impulse Response Er ro r  (131) 

Optimal Model- 
Order n  Wilson 121 Moore 131 Reduct ion Equat ions  -- 

3 - .O01311 .001306 

2 .04097 .03938 .03929 

1 - .4321 .4268 
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