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Abstract
We apply time-domain system identification tech-

niques to an electromagnetic actuator. This actuator is
part of the vibration isolation testbed at the University
of Michigan.

1 Introduction
Nonlinear system identification remains one of the

most challenging and potentially useful problem areas
in system theory. Numerous approaches have been de-
veloped for this problem, including black box [1, 5, 7–
9, 17, 24] and gray box techniques [2–4, 6, 8, 10–23, 25–
32].

Black box methods make little or no assumptions
concerning the structure of the system. Gray box or
block-structured identification involves the interconnec-
tion of two types of input-output blocks. The first
type of block is a linear dynamic system, for example
y = G(q−1)u, while the second type is a static nonlin-
earity, for example y = u2. The gray box case includes
the identification of block-structured models, such as
the classical Hammerstein model (linear system with
input nonlinearity), Wiener model (linear system with
output nonlinearity), and nonlinear feedback model
(linear system with a nonlinearity in feedback). Block-
structured identification provides physically meaning-
ful engineering models of the system components but
requires prior knowledge of the system structure.

We apply system identification methods to a linear
motor used in the active vibration isolation testbed at
the University of Michigan, see Figure 1. The isolator
is a six degree of freedom Stuart platform consisting of
a lower base platform, six struts, and an upper plat-
form for mounting equipment.The struts incorporate
permanent magnet/voice coil linear actuators, Kimco
model LA25-42-012Z, with a total stroke of about one
inch.The permanent magnets are mounted to the base
plate with a universal joint. The coil is connected to
the upper plate with a universal joint. The rod/coil
subsystem moves relative to the permanent magnet on
linear bearings. The entire permanent magnet/voice
coil linear motor is enclosed in a cylinder with slots for
access to the capacitive displacement sensor and voice
coil. The enclosure cylinder is air cooled to dissipate
the heat produced by the coil, which has a resistance
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Figure 1: Camera, Azimuth-Elevation Stage, Isolation
Stage, and Top of Shaker

of about 2.2 Ohms. The capacitive sensor is mounted
at the top of the can and measures the capacitance be-
tween itself and the top of the voice coil, which can then
be mapped to relative displacement. An accelerometer
is mounted at the top end of the moving rod, just below
the universal joint.

The control input to the strut is the current in the
voice coil. We measure position with a capacitive dis-
placement sensor, Capacitec model HPB-500A-A-L2-5-
B-D. This sensor is approximately linear for displace-
ments less than about 0.25 inches, but is nonlinear for
displacements beyond 0.25 inches. We measure accel-
eration with a single axis accelerometer, Kistler model
8636C10, that has a range of ±10 g with peak readings
at ±16 g and shock tolerance of ±10, 000 g for 0.2 ms.

We mounted the struts vertically in a test jig and
collected step response data as well as dynamic re-
sponse data, see Figure 2. We use several identification
schemes to identify the linear and nonlinear dynamics
of the strut. For identification, we have access to three
signals, the current input u(t), the capacitive displace-
ment measurement y(t), and the acceleration measure-
ment a(t).

2 Sensor Noise
We collected sixteen seconds of data at 1 kHz with

constant input and the cooling air turned off. This
allows us to estimate the covariance matrix of the sensor



Figure 2: The strut identification test jig
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Figure 3: Displacement nonlinearity, z = p−1(y)

noise (in volts2)

R̂ = 10−6

[
0.8438 −0.0022
−0.0022 0.4435

]
. (2.1)

We can then calculate the effective resolutions of our
sensors in bits as

ry = log2(20/σy) = log2(20/

√
R̂11) = 14.4102 (2.2)

for the capacitive sensor, and

ra = log2(20/σa) = log2(20/

√
R̂22) = 14.8742 (2.3)

for the accelerometer. Our A/D converters have a range
of ±10 volts and a resolution of 16 bits. With the cool-
ing air off, we have only lost between one and two bits
of resolution to noise.

3 Static Experiments
We calibrated the capacitive sensor y = p(z) using

calipers, see Figure 3, where y is the measured output
in volts, and z is the true displacement in inches. To
estimate the coefficients x, We numerically optimized a
nonlinear least-squares cost function in the variable x9,

J(x9)
�
=

(∑
i

(
z(i) −

(
x8e

x9y(i)
+ x1 + x2y(i) + x3y

2
(i)

+x4y
3
(i) + x5y

4
(i) + x6y

5
(i) + x7y

6
(i)

)) 2
)1/2

, (3.1)
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Figure 4: Displacement nonlinearity, y = p(z)
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We obtain

p−1(y) ≈x1 + x2y + x3y
2 + x4y

3 + x5y
4

+ x6y
5 + x7y

6 + x8e
x9y, (3.3)

where

x
�
=

[0.2125 0.02464 0.4003e − 3
0.2968e − 4 0.1083e − 4 0.1215e − 5
0.2391e − 7 0.7538e − 10 2.3428]T .

(3.4)

We also calibrated p, see Figure 4. To estimate
the coefficients x, we numerically optimized a nonlinear
least-squares cost function in the variables x5 and x6,

J(x5, x6)
�
=(

∑
i

(y(i) − (x1 + x2z(i)1/2 + x3z(i)

+ x4 arctan(x5 + x6z(i))))2)1/2, (3.5)
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We obtain
p(z) ≈ x1 + x2

√
z + x3z + x4 arctan (x5 + x6z) , (3.7)

where

x
�
=

[−3.9432 0.5482 −5.7034
14.7234 −0.4002 3.5410]. (3.8)

Now that we have used the static experiments to
approximate the system output nonlinearity, we turn
to dynamic experiments to identify the dynamics of the
strut.



4 Dynamic Experiments

We collected sixteen seconds of data at a sampling
rate of 1 kHz to obtain 16001 data points.We perform
several identification experiments. For each experiment
we use the first � = 213 = 8192 data points for iden-
tification, and the last 7937 data points for validation.
There is an overlap of q = 128 data points because
we initialize the validation with the last state estimate
from the identification, see [19]. We evaluate the iden-
tification results using the cost functions

Jy
�
=

‖y − ŷ‖
‖y‖ =

(∑16001
i=8065(y(i) − ŷ(i))2∑16001

i=8065 y(i)2

) 1
2

, (4.1)

Ja
�
=

‖a − â‖
‖a‖ =

(∑16001
i=8065(a(i) − â(i))2∑16001

i=8065 a(i)2

) 1
2

, (4.2)

where ŷ and â are the position and acceleration pre-
dicted by the identified model.

4.1 Linear SIMO Model

Here we identify a linear model using measure-
ments y and a of both the position z and acceleration
z̈. The identification produced a linear model that ap-
proximates the true dynamics. We use the method de-
scribed in [19] to identify an 8th order linear model

x(k + 1) = Ax(k) + Bu(k), (4.3)[
y(k)
a(k)

]
= Cx(k) + Du(k). (4.4)

To validate the identified model, We initialize the
identified system with the final state of the identifica-
tion data set, then drive both the true and identified
system with the same input sequence and compare their
response. The resulting costs are

Jy = 0.43824, (4.5)
Ja = 0.18189, (4.6)

indicating that we have fit the acceleration data better
than we have fit the position data, presumably due to
the nonlinear characteristic of the capacitive displace-
ment sensor and different noise levels in the signals from
the two sensors. The validation results are shown in
Figure 5.

4.2 Linear SISO Model Using Only Po-
sition Measurements

Here we follow the same procedure as in the pre-
vious section, with the exception that we only allow
measurements of the position y. we identify a 6th or-
der model

x(k + 1) = Ax(k) + Bu(k) (4.7)
y(k) = Cx(k) + Du(k), (4.8)

with validation cost
Jy = 0.58767, (4.9)

indicating that we have lost performance with the loss
of the acceleration sensor. The validation results are
shown in Figure 6.
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Figure 5: Validation Data: Thick Line Represents True
Measured Data, Thin Line Represents Output of Iden-
tified System
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Figure 6: Validation Data: Thick Line Represents True
Measured Data, Thin Line Represents Output of Iden-
tified System

4.3 Linear SISO Model Using Only Ac-
celeration Measurements

Here we follow the same procedure as in the pre-
vious section, with the exception that we only allow
measurements of the acceleration a. We identify a 4th
order model

x(k + 1) = Ax(k) + Bu(k) (4.10)
a(k) = Cx(k) + Du(k), (4.11)

with validation cost
Ja = 0.18996, (4.12)

indicating that we have lost some performance with the
loss of the position sensor. The validation results are
shown in Figure 7.

4.4 Nonlinear SIMO Hammerstein
Model

Here we identify a nonlinear Hammerstein model
using the method of [19]. We allow measurements of
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Figure 7: Validation Data: Thick Line Represents True
Measured Data, Thin Line Represents Output of Iden-
tified System
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Figure 8: Validation Data: Thick Line Represents True
Measured Data, Thin Line Represents Output of Iden-
tified System

both the position y and the acceleration a. We identify
a 6th order model

x(k + 1) = Ax(k) + B


 1

u(k)
u2(k)


 (4.13)

[
y(k)
a(k)

]
= Cx(k) + D


 1

u(k)
u2(k)


 , (4.14)

with validation costs
Jy = 0.47191, (4.15)
Ja = 0.23115 (4.16)

indicating that we have lost some performance com-
pared to the linear identification. On the other hand,
we also reduced the model order by two. The validation
results are shown in Figure 8.
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Figure 9: Validation Data: Thick Line Represents True
Measured Data, Thin Line Represents Output of Iden-
tified System

4.5 Non-Linear Model Using Both Po-
sition and Acceleration Measure-
ments and Knowledge of p−1(y)

Here we identify a nonlinear Wiener model. We
allow measurements of both the position y and the ac-
celeration a, and calculate z using p−1. We identify a
6th order model

x(k + 1) = Ax(k) + Bu(k) (4.17)[
z(k)
a(k)

]
= Cx(k) + Du(k) (4.18)

y(k) = p(z(k)) (4.19)
with validation costs

Jy = 0.24138, (4.20)
Ja = 0.96345 (4.21)

indicating that we have lost performance in the ac-
celeration transfer function, but improved the position
transfer function! The validation results are shown in
Figure 8.

4.6 Non-Linear Wiener Model Using
Position

Here we identify a nonlinear Wiener model using
measurements of position only using the method of [20].
We drive the system slowly at 10 Hz to reduce the mem-
ory requirements of the method. We collect 10 minutes
of data at 10 Hz to obtain 6001 data points.We use the
first 5800 data points for identification and the last 201
data points for validation.

We identify an FIR Wiener system with a polyno-
mial nonlinearity,

z(k) =
21∑

i=0

hiu(k − i), (4.22)

y(k) =
3∑

i=0

ciz(k)i, (4.23)
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Figure 11: Output nonlinearity and calibration curve

where u is the measured input, z is the unmeasured
intermediate signal, and y is the output of the capac-
itive sensor. We use the first SVD method of [20] to
initialize the prediction error cost function, and obtain
estimates ĉ and ĥ, see Figure 10. The validation cost is

Jy = 0.3539, (4.24)
indication improved performance over the linear mod-
els. After scaling (choosing σ �= 1) we plot the output
nonlinearity next to the calibration curve, see Figure 11
While the estimated nonlinearity does have some cur-
vature in the correct direction, we miss much of the ex-
treme curvature of the calibration data. Unfortunately,
we were unable to collect much data in that region due
to limited actuator authority in the high displacement
region.

5 Conclusion

We calibrated our sensors to find that their effec-
tive resolutions are better than 14 bits, which indicates

that they are pretty clean. In our dynamic identifi-
cation experiments, we found that removing a sensor
generally resulted in a lower order but less accurate
identified model. We were also able to reduce the order
by introducing an input nonlinearity. Future work will
focus on extracting other nonlinearities from the sys-
tem, using the identified models to develop controllers
for the isolator, and exploring the high displacement
region of the capacitive displacement sensor.
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