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Abstract— Since physical systems usually have infinite-
impulse-response (IIR) dynamics, IIR models are widely used
for system identification. Using IIR models, however, requires
knowledge of the system order, which, if chosen incorrectly,
may yield poor parameter estimates. On the other hand, finite-
impulse-response (FIR) models of sufficiently high order can
approximate asymptotically stable systems without knowledge
of the system order. However, FIR models cannot approximate
systems with poles located outside the open unit disk. In this
paper we introduce a composite FIR/IIR (CFI) model, which
is the product of a possibly noncausal FIR model and a pole-
only IIR model. CFI models are shown to more accurately
approximate systems with arbitrary poles under the condition
that a lower bound on the number of poles located outside the
open unit disk is known.

I. INTRODUCTION

Since physical systems usually have infinite-impulse-
response (IIR) dynamics, IIR models are widely used for
system identification. However, fitting an IIR model requires
a choice of the model order, and over-estimation or under-
estimation of the true order of the system can lead to
substantial parameter errors [1].

An alternative approach to IIR model fitting is to use
models with finite impulse response (FIR) [2]–[5]. As their
name implies, FIR models have the property that their
impulse response converges to zero in a finite number
of steps; accordingly, all minimal state space realizations
of FIR models have nilpotent dynamics matrices. For an
asymptotically stable IIR system, the numerator coefficients
of an FIR model can be chosen to approximate the impulse
response of an IIR system; this approximation improves as
the order of the FIR model increases. The coefficients of
the FIR model can then be also used with the Ho-Kalman
realization [6], usually in the form of ERA [7] with nuclear
norm optimization [8], to estimate the system order and
construct an IIR model.

Unfortunately, FIR models often provide a poor fit to
systems that are not asymptotically stable. For unstable
plants operating in an asymptotically stable closed loop,
noncausal FIR models can provide a useful approximation
of the asymptotically stable and unstable components of
the system [1], [9]. However, noncausal FIR models cannot
approximate poles that lie on the unit circle.

To remedy this problem, the present paper considers a
composite FIR/IIR (CFI) model Ĝl,µ, which is the product
of an FIR model ĜF,µ and an IIR model ĜI,l. The rationale
for the form of Ĝl,µ is to let ĜI,l capture the outermost poles
of the system, that is, all of the poles that lie outside of the
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open unit disk. This includes all poles on the unit circle as
well as all poles with modulus greater than 1. All remaining
poles of the system, that is, all poles in the open unit disk,
are captured by ĜF,µ. This method requires knowledge of
the number poles that lie outside the open unit disk, that is,
the number of poles whose modulus is 1 or greater.

The goal of the present paper is to investigate the ef-
fectiveness of CFI models for system identification in the
absence of knowledge of the system order but in the presence
of knowledge of the number of poles located outside the
open unit disk. The contribution of this paper is a numerical
assessment of the accuracy of CFI models relative to models
that are either entirely FIR or entirely IIR. In particular,
numerical examples demonstrate the ability of ĜI,l to capture
the outermost l poles. In addition, we also investigate the
effect of underestimating or overestimating l.

II. A FACTORIZATION OF G

Throughout the paper, G is a proper nth-order rational
transfer function with real coefficients. Let q denote the
forward-shift operator, which is used to represent time-
domain dynamics. Pole-zero analysis is facilitated by replac-
ing q with the complex Z-transform variable z. Although
G(q) and G(z) have the same functional form, the former
captures both the free and forced response, whereas the latter
captures only the forced response.

We write G as

G(q) =
(q− z1) · · · (q− zm)

(q− p1) · · · (q− pn)
, (1)

where n is the order of G, m ≤ n, z1, . . . , zm ∈ C are
the zeros of G, and p1, . . . , pn ∈ C are the poles of G. Let
l ∈ {0, . . . , n} be the number of poles of G located outside
the open unit disk. Hence, for all i = 1, . . . , n− l, |pi| < 1,
and, assuming l ≥ 1, for all i = n− l + 1, . . . , n, |pi| ≥ 1.
Then, define

DI,l(q)
4
= (q− pn−l+1) · · · (q− pn) = ql +

l−1∑
i=1

ciq
i, (2)

where c1, . . . , cl ∈ R. Then G can be written as

G(q) =
1

DI,l(q)
Gl(q), (3)

where

Gl(q)
4
=

(q− z1) · · · (q− zm)

(q− p1) · · · (q− pn−l)
. (4)

Note that all of the poles of Gl are in the open unit disk.
Let P(ρ)

4
= {z ∈ C : |z| > ρ} denote the open punctured

plane centered at the origin with inner radius ρ ≥ 0, and let
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ρGl
4
= max{|p1|, . . . , |pn−l|} < 1 denote the spectral radius

of Gl. Then, for all z ∈ P(ρGl), the Laurent expansion of
Gl is given by

Gl(z) =

∞∑
i=n−m−l

hiz
−i, (5)

where n − m − l is the relative degree of Gl and, for all
i ≥ n −m − l, hi ∈ R. Using (3) and (5) implies that, for
all z ∈ P(ρGl),

G(z) =
1

DI,l(z)

∞∑
i=n−m−l

hiz
−i. (6)

Truncating the sum in (5) yields the truncated model

Gl,µ(q)
4
=

1

DI,l(q)
GF,l,µ(q), (7)

where the FIR truncation GF,l,µ of Gl is defined by

GF,l,µ(q)
4
=

µ∑
i=n−m−l

hiq
−i. (8)

The following result provides necessary and sufficient con-
ditions for the boundedness of the coefficients (hi)

∞
i=n−m−l

of the Laurent expansion of Gl given by (5).
Theorem 2.1: [1], [10] Consider the Laurent expansion

of Gl in P(ρGl) given by (5). Then, the following statements
are equivalent:
i) ρGl < 1.
ii)
∑∞
i=n−m−l hi is finite.

iii) limi→∞ hi = 0.
iv) (hi)

∞
i=n−m−l is bounded.

Furthermore, for all z ∈ P(ρGl),

lim
µ→∞

GF,l,µ(z) = Gl(z). (9)

III. COMPOSITE FIR/IIR MODEL

The factorization (3) and the limit (9) suggest an approxi-
mate model with components that can separately capture the
poles of G located inside and outside the open unit disk. We
thus consider the CFI model

Ĝl,µ(q) =
1

D̂I,l,µ(q)
ĜF,l,µ(q), (10)

where 1
D̂I,l,µ

is IIR and ĜF,l,µ is FIR. In particular, 1
D̂I,l,µ

is
an IIR transfer function of order l and relative degree l, i.e.,

D̂I,l,µ(q)
4
= ql +

l−1∑
i=1

ĉiq
i, (11)

and ĜF,l,µ is an FIR transfer function of the form

ĜF,l,µ(q)
4
=

µ∑
i=n−m−l

ĥiq
−i, (12)

where µ ≥ 1 is sufficiently large to provide a desired
approximation of G. The notation D̂I,l,µ reflects the fact that
the choice of µ affects the estimated coefficients ĉi. Note that
D̂I,l,µ and ĜF,l,µ depend on l, and thus we assume that l is

known. The effect of mismodeled l on the accuracy of the
estimates of D̂I,l,µ and ĜF,l,µ is considered in later sections.

Let H = N/D be a rational function, where N and D
are polynomials. Then the relative degree of H is defined
by reldegH

4
= degD − degN. Note that H is proper if

and only if reldegH ≥ 0, whereas H is improper (and thus
noncausal) if and only if reldegH < 0.

Note that the relative degree of ĜF,l,µ is n−m−l. Hence,
ĜF,l,µ is improper and thus noncausal if and only if n <
m+ l. However, since the relative degree of 1/D̂I,l,µ is l, it
follows that the relative degree of Ĝl,µ is n −m − l + l =
n−m, and thus Ĝl,µ is proper.

IV. LEAST SQUARES IDENTIFICATION

For all k ≥ 0, let u(k) and y(k) be the input and output of
G at step k, respectively, and let ` denote the size of the data
window. Furthermore, let θl,µ ∈ R1×(2l+µ−n+m+1) denote
the vector of parameters of the truncated model Gl,µ defined
by (7), where

θl,µ =
[
θc,l θh,µ

]
, (13)

θc,l =
[
c1 · · · cl

]
, (14)

θh,µ =
[
hn−m−l · · · hµ

]
. (15)

The least squares estimate θ̂l,µ,` of θl,µ is given by

θ̂l,µ,` = arg min
θ̄l,µ

∥∥Ψy,l,` − θ̄l,µΦl,µ,`
∥∥

F
, (16)

where θ̄l,µ ∈ R1×(2l+µ−n+m+1) and the components of
θ̂l,µ,` are the coefficients of the CFI model (10)–(12) given
by

θ̂l,µ,` =
[
θ̂c,l,µ,` θ̂h,l,µ,`

]
, (17)

θ̂c,l,µ,` =
[
ĉ1 · · · ĉl

]
, (18)

θ̂h,l,µ,` =
[
ĥn−m−l,` · · · ĥµ,`

]
, (19)

Ψy,l,`
4
=
[
y(µ) · · · y(`)

]
,

Φl,µ,`
4
=

[
Φy,l,`
Φu,µ,`

]
,

Φy,l,`
4
=
[
φy,l(µ) · · · φy,l(`)

]
,

Φu,µ,`
4
=
[
φu,µ(µ) · · · φu,µ(`)

]
,

φy,l(k) =
[
−y(k − 1) · · · −y(k − l)

]T
,

φu,µ(k) =
[
u(k) · · · u(k − µ− l)

]T
.

V. CFI MODELS AND POLES OF LARGEST MODULUS

A key feature of CFI models is the fact that the IIR part
of the CFI model captures the poles of largest modulus. To
explain why this occurs, note that, since Gl is asymptotically
stable, the Markov parameters of Gl decay, whereas the
Markov parameters of 1

DI,l
are bounded away from zero.

Furthermore, since Gl is asymptotically stable, it follows
that the coefficients of the Laurent expansion of Gl about
infinity converge. In addition, since the modulus of every
pole of 1

DI,l
is at least 1, it follows that the coefficients of

the Laurent expansion of 1
DI,l

about infinity do not converge.

5640



0 5 10 15 20 25

0

0.2

0.4

0.6

0.8

1

Fig. 1. Example 5.1. Markov parameters of G1(q) = 1
q−0.5

and the
estimated Markov parameters of ĜF,1,25.

Theorem 2.1 implies that the distance between Gl and the
truncation of its Laurent expansion about infinity is much
smaller than the distance between 1

DI,l
and the truncation of

its Laurent expansion about infinity. The optimal solution of
(16) thus places the poles with largest modulus in the IIR part
of the estimated CFI model and places the remaining part of
the model in the FIR part of the estimated CFI model. The
following examples show that the IIR component 1

DI,l
of the

CFI model captures the l poles of largest moduli.
Example 5.1: Consider the Lyapunov-stable

G(q) =
1

(q− 1)(q− 0.5)
. (20)

Let u be a realization of a stationary, Gaussian, white, zero-
mean random process. We use noise-free measurements of
u and y with a CFI model with orders l = 1 and µ = 25 to
identify (20). The estimated IIR component of the model
is 1

D̂I,1(q)
= 1

q−1 . Furthermore, Figure 1 shows that the

estimated Markov parameters of the FIR component ĜF,1,25

of the model match the Markov parameters of G1(q) =
1

q−0.5 .
Since the Markov parameters of G1(q) = 1

q−0.5 decay
quickly and the Markov parameters of 1

q−1 are bounded
away from zero, it follows that the distance between 1

q−0.5
and the truncation of its Laurent expansion about infinity
is much smaller than the distance between 1

q−1 and the
truncation of its Laurent expansion about infinity. Therefore,
the optimal solution of (16) places the pole with largest
modulus in the IIR part of the estimated CFI model and
approximates the zeros and remaining poles of G by the
FIR part of the estimated CFI model. �

Example 5.2: Consider the unstable transfer function

G(q) =
q− 0.3

(q− 1)2(q− 0.5)
. (21)

Let u be a realization of a stationary, Gaussian, white, zero-
mean random process. Assuming noise-free measurements of
u and y, we use a CFI model with orders l = 2 and µ = 25
to identify (21). The estimated IIR component of the model
is 1

D̂I,l,µ(q)
= 1

(q−1)2 . Figure 2 shows that the estimated

Markov parameters of the FIR component ĜF,2,25 of the
model match the Markov parameters of G2(q) = q−0.3

q−0.5 .
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Fig. 2. Example 5.2. Markov parameters of G2(q) = q−0.3
q−0.5

and the
estimated Markov parameters of ĜF,2,25.

Since the Markov parameters of G2(q) = q−0.3
q−0.5 decay

quickly and the Markov parameters of 1
(q−1)2 diverge, it

follows that the distance between G2(q) = q−0.3
q−0.5 and the

truncation of its Laurent expansion about infinity is much
smaller than the distance between 1

(q−1)2 and the truncation
of its Laurent expansion about infinity. Therefore, the optimal
solution of (16) places the poles with largest modulus in
the IIR part of the estimated CFI model and approximates
the zeros and remaining poles of G by the FIR part of the
estimated CFI model. �

For the rest of the paper, all white noise signals used as
either the input u or measurement noise added to u or y are
assumed to be zero-mean Gaussian.

VI. EFFECT OF µ

We now present numerical examples to investigate the
effect of µ on the accuracy of the estimated CFI models.

Example 6.1: Consider the transfer function

G(q) =
q− 0.6

(q− 1)(q + 1)(q− 0.3)
. (22)

Then, l = 2 and DI,l(q) = (q − 1)(q + 1) = q2 − 1.
Let u be white noise with unit variance. We add white
input measurement noise to u with SNR 1000, 100, 10,
and 1, where the output is noise free. We use ` = 10, 000
samples of u and y and a CFI model with l = 2 and
µ = 1, . . . , 50. Figure 3 shows ‖D̂I,l,µ,`−DI,l‖2. Note from
Figure 3 that increasing µ can help improve the estimate
D̂I,l,µ,` of DI,l. With noise-free data, the estimate D̂I,l,µ

of DIl reaches machine precision for µ = 25. Figure 4
shows ‖Ĝl,µ,` −G‖2. Figure 4 shows that increasing µ can
help improve the estimate Ĝl,µ,` of G. Figure 4 also shows
that, with noise-free data, the estimate Ĝl,µ,` of Gl,µ reaches
machine precision for µ = 25.

Next, we assume that u is noise free but add white output
measurement noise to y with SNR 1000, 100, 10, and 1. We
use least squares with a CFI model with l = 2 and µ =
1, . . . , 50 to identify (22). Figure 5 shows ‖D̂I,l,µ,`−DI,l‖2.
Note from Figure 5 that increasing µ can help improve the
estimate D̂I,l,µ,` of DI,l. With noise-free data, the estimate
D̂I,l,µ of DIl reaches machine precision for µ = 25. Figure
6 shows ‖Ĝl,µ,`−G‖2. Figure 6 shows that increasing µ can
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Fig. 3. Example 6.1. Effect of white output noise on the estimate D̂I,l,µ,`

of DI,l for l = 2 and µ = 1, . . . , 50. Note that increasing µ can help
improve the estimate D̂I,l,µ,` of DI,l. For noise-free data, the estimate
D̂I,l,µ,` of DI,l reaches machine precision for µ = 22.
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Fig. 4. Example 6.1. Effect of changing µ on the estimate Ĝl,µ,` of G
for l = 2 and µ = 1, . . . , 50 under white output measurement noise. Note
that increasing µ can help improve the estimate Ĝl,µ,` of G. For noise-free
data, the estimate Ĝl,µ,` of G reaches machine precision for µ = 25.

help improve the estimate Ĝl,µ,` of G. Figure 6 also shows
that, with noise-free data, the estimate Ĝl,µ,` of Gl,µ reaches
machine precision for µ = 25. �

VII. EFFECT OF `

We now present numerical examples to investigate the
effect of ` on the accuracy of estimated CFI models.

Example 7.1: Consider the transfer function (22). Let
u be white noise with unit variance. We add white input
measurement noise to u with SNR 1000, 100, 10, and 1, and
we use a CFI model with l = 2, µ = 30, and ` = 10, 000
samples to identify G. Figure 7 shows ‖D̂I,l,µ,` − DI,l‖2,
where ` ranges from 102 to 105 samples. Figure 7 shows that
the estimate D̂I,l,µ,` of D̂I,l is consistent. Moreover, Figure
8 shows ‖Ĝl,µ,` − Gl,µ‖2 for l = 2 and µ = 30, where `
ranges from 102 to 105 samples. Figure 8 shows that the
estimate Ĝl,µ,` of G is not consistent.

Next, we add white output measurement noise to y with
SNR of 1000, 100, 10, and 1, and we use a CFI model with
l = 2, µ = 30, and ` = 10, 000 samples to identify G.
Figure 9 shows ‖D̂I,l,µ,` −DI,l‖2, where ` ranges from 102

to 105 samples. Figure 9 shows that the estimate D̂I,l,µ,` of
DI,l is not consistent. Figure 8 also shows ‖Ĝl,µ,` −Gl,µ‖2
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Fig. 5. Example 6.1. Effect of white output measurement noise on the
estimate D̂I,l,µ,` of DI,l for l = 2 and µ = 1, . . . , 50. Note that increasing
µ can help improve the estimate D̂I,l,µ,` of DI,l. For noise-free data, the
estimate D̂I,l,µ,` of DI,l reaches machine precision for µ = 22.
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Fig. 6. Example 6.1. Effect of white input measurement noise on the
estimate Ĝl,µ,` of G for l = 2 and µ = 1, . . . , 50. Note that increasing µ
can help improve the estimate Ĝl,µ,` of G. For noise-free data, the estimate
Ĝl,µ,` of G reaches machine precision for µ = 25.

for l = 2 and µ = 30, where ` ranges from 102 to 105

samples. Figure 8 shows that the estimate Ĝl,µ,` of G is not
consistent. �

VIII. COMPARING CFI MODELS TO IIR MODELS

In practice l may be unknown, and an estimate l̂ of l may
be used in solving the least squares problem (16). In this
case, the estimate θ̂l,µ,` is replaced by θ̂l̂,µ,`, where

θ̂l̂,µ,` =
[
θ̂c,l̂,µ,` θ̂h,l̂,µ,`

]
, (23)

θ̂c,l̂,µ,` =
[
ĉ1,` · · · ĉl̂,`

]
, (24)

θ̂h,l̂,µ,` =
[
ĥn−m−l̂,` · · · ĥµ,`

]
. (25)

In this section, we present numerical examples to investi-
gate the effect of unknown l on the estimates of CFI models.
We also compare the accuracy of the estimates of CFI models
with the accuracy of the estimates of IIR models under
unknown l and n.

Example 8.1: Consider the 7th-order transfer function

G(q) =
(q− 0.8)(q− 0.3)(q + 0.5)(q + 0.3)(q2 + 0.16)

(q + 0.6)(q + 0.7)(q2 + 0.25)(q− 1)(q2 + 1)
.

(26)
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Fig. 7. Example 7.1. ‖D̂I,l,µ − DI,l‖2 for l = 2 and µ = 30, for
noise-free data and for noisy data with white input measurement noise with
SNR of 1000, 100, 10, and 1, where the output is noise free. Note that the
estimate D̂I,l,µ,` of DI,l is consistent.
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Fig. 8. Example 7.1. ‖Ĝl,µ,` − Gµ,l‖2 for l = 2 and µ = 30, for
noise-free data and for noisy data with white input measurement noise with
a SNR of 1000, 100, 10, 1, where the output is noise free. Note that the
estimate Ĝl,µ,` of Gµ,l is not consistent
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Fig. 9. Example 7.1. ‖D̂I,l,µ −DI,l‖2 for l = 2 and µ = 30, for noise-
free data and for noisy data with white output measurement noise with SNR
1000, 100, 10, and 1, where the input is noise free. Note that the estimate
D̂I,l,µ,` of DI,l is not consistent.
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Fig. 10. Example 7.1. ‖Ĝl,µ,` − Gµ,l‖2 for l = 2 and µ = 30, for
noise-free data and for noisy input data with white output measurement
noise with SNR 1000, 100, 10, and 1, where the input is noise free. Note
that the estimate Ĝl,µ,` of Gµ,l is not consistent.
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Fig. 11. Example 8.1. Distance between the frequency response of G and
the frequency response of Ĝ, where Ĝ is the estimated transfer function
obtained using least squares with an IIR model of order n = 7 or a CFI
model with l = 1, . . . , 10 and µ = 25. Note that CFI models with l > 7
give the most accurate estimate of G.

Let u be white noise with unit variance. We add white
output measurement noise with SNR 100 to y, and we use
` = 10, 000 samples of u and y to identify G. We consider
an IIR model of order n = 7, and a CFI model with
l = 1, . . . , 10 and µ = 25. Figure 11 shows the distance
between the frequency response of G and the frequency
response of Ĝ, where Ĝ is the estimated transfer function
obtained using least squares with a CFI model or an IIR
model. Figure 11 shows that the least squares estimates
obtained with CFI models for l > 7 are more accurate than
the least squares estimate obtained with an IIR model of
order n = 7. �

Example 8.2: Consider (26). Let u be white noise with
unit variance. We add white output measurement noise with
SNR 100 to y, and we use ` = 10, 000 samples of u and y
to identify G. We consider a CFI model with order l = 3
and µ = 25, as well as an IIR model with n = 1, . . . , 10 and
µ = 25. Figure 12 shows the distance between the frequency
response of G and the frequency response of Ĝ, where Ĝ is
the estimated transfer function obtained using least squares
with either a CFI model or an IIR model. Note from Figure
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Fig. 12. Example 8.2. Distance between the frequency response of G and
the frequency response of Ĝ, where Ĝ is the estimated transfer function
obtained using least squares with a CFI model with l = 3 and µ = 25, or
an IIR model with n = 1, . . . , 10. Note that IIR models with n > 3 give
more accurate estimates of G than the CFI model with l = 3 and µ = 25.
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Fig. 13. Example 8.3. The distance between the frequency response of G
and the frequency response of Ĝ, where Ĝ is the transfer function estimate
obtained using least squares with an IIR model of order n̂ = 1, . . . , 20 and
a CFI model with µ = 25 and l̂ = 1, . . . , 20. White input measurement
noise with SNR 100 is added to y. Note that CFI models and IIR models
give similar estimates of G.

12 that the least squares estimates obtained with IIR models
of order n > 3 are more accurate than the least squares
estimate obtained with a CFI model with l = 3. �

The following example compares IIR and CFI models for
a range of values of n for IIR models and l for CFI models.

Example 8.3: Consider (26). Let u be white noise with
unit variance. We add white output measurement noise with
SNR 100 to y, and we use ` = 10, 000 samples of u and
y to identify G. Figure 13 shows the distance between the
frequency response of G and the frequency response of Ĝ,
where Ĝ is the transfer function estimate obtained using least
squares with an IIR model of order n̂ = 1, . . . , 20 and a CFI
model with µ = 25 and l̂ = 1, . . . , 20. Note from Figure 13
that CFI models and IIR models give similar estimates of G.

Next, consider the case where white input measurement
noise with SNR 100 is added to u, where y is noise free.
Figure 14 shows ‖Ĝ−G‖2, where Ĝ is the transfer function
estimated using least squares with an IIR model with order
n̂ = 1, . . . , 20 or CFI model with µ = 25 and l̂ = 1, . . . , 20.
Note from Figure 14 that CFI models give more accurate
estimates of G. �
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Fig. 14. Example 8.3. The distance between the frequency response of G
and the frequency response of Ĝ, where Ĝ is the estimate obtained using
least squares with an IIR model of order n̂ = 1, . . . , 20 or a CFI model
with µ = 25 and l̂ = 1, . . . , 20. White input measurement noise with SNR
100 is added to u. Note that the CFI models give more accurate estimates
of the transfer function than IIR models over a wide range of l.

IX. CONCLUSIONS

Using IIR models requires knowledge of the system order,
which, if unknown, may yield poor parameter estimates.
On the other hand, FIR models, which are truncations of
the Laurent expansion of a transfer function in the annulus
that contains the unit circle can approximate asymptotically
stable systems without the need for knowledge of the system
order. However, FIR models cannot approximate systems
with poles on the unit circle. In this paper, we introduced
composite FIR/IIR (CFI) models in order to approximate
systems with or without poles on the unit circle and without
the need to know the system order. We showed that the
IIR component of the CFI model automatically estimates the
poles with the largest moduli, where the FIR component of
the CFI model estimates the remaining part of the transfer
function.
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