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Abstract—1In this paper, we introduce a method of pa-
rameter estimation working on errors-in-variables nonlinear
maodels whose all variables are corrupted by noise. Main idea
is t6 augment the parameters and the regressors of the linear
regressor models by even-order components of noises and by
appropriate constants, respeciively, and {o employ the method
of least correlation, which has a capability to cope with errors-
in-variables models, for the extended models. Analysis shows
that for the polynomial nonlinearity of up to third order, the
estimate converge to the (rue parameters as the number of
samples increases toward infinity, We discuss the expected
performance of the estimates applied to fourth or higher-
order polynomial nonlinear models. Monte Carlo simulations
of simple numerical examples support the analytical resulis.

I. INTRODUCTION

The method of least-squares works on nonlinear sys-
tems provided that they are described by the linear re-
gression model and the measurements compasing regressor
vector are free from noise. A generalized approach to
modelling noise is to view all variables as contaminated
by noise, called errors-in-variables (EIV) models [8,11,
15]. The noises included in regressors make the estimarion
problem challenging. The nonlinearities in system mod-
els make the problem more chatlenging. There are pre-
vious contributions for EIV nonlinear models which are
described by polynomials [13], Volterra models [9,10],
Wiener-Hammerstein models [12], and general functions [2,
6, 14]. Vajk and Hetthessy's work [13] is a generalization of
a classical eigenvalue-decomposition method to polynomial
nonlinear systems with a priori knowledge about noise.
In the works for Volterra models, they assume that the
input is a amplitude-modulated cyclostationary signat [10]
or they consider the polyperiodically time-varying models
[9]. Tan and Gedfrey [12] identify the linear subsystems of
a Wiener-Harmmerstein model through the measurement of
the second-order Volterra kernel in frequency domain.

This paper is an extension of the least-correlation estimate
for E1V linear models [4] to a type of EIV nonlinear systems
described by polynomials. The lgast-correlation estimate has
a capability to find out the best fit to the given structure of
EIV linear models without a priori knowledge about noise,
but direct application of the least-correlation estimate to
nonlinear systems yields error-prone results affected by the
noises included in regressor vector. We introduce a way of
angmenting the regressor vector and extending the parameter
vector of the linear regression model which is equivalent
to the original nonlinear system. Applying the method of
least correlation to the new models with the augmented
regressors and the extended parameters gives the least-
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correlation estimates for nonlinear systems. Analysis shows
that the estimates for systems with second-order or third-
order nonlinearity converge to the mathematical expectation
of the extended parameter vector as the number of samples
increases to infinity. Expected performance of the method
applied to fourth or higher-order systems are discussed.
Monte Carlo simulations for simple examples support the
analytic resuits.

11. SYSTEM MODELS AND ASSUMPTIONS

Consider the discrete-timme Volterra models [1]

L
() = 2+ Y xh(®) +ml), )
£=1
A M n )
xhe(t) = ZZ o (i, - e
=0 i=0j=1

xuj(t —ip)---ui{t —ig),  (2)

where z(t) € R is the system response at ¢th sampling, 2o is
a constant, 71 (t) € R denotes possible errors in modelling,
u;(t} is the jth element of input vector %(t) € B™, L denotes
the nonlinear degree of model, and Af is its dynamic order
[1]. The equations (1)-(2) state a general Volterra model, but
we will impose some restrictions on it in later sections.

n,(t}

u(t)

vit) + 1*

v(t) yit)

Fig. 1. Description of errors-in-variables nonlinear dynamic models

Suppose that both z(t) and u(t) are measured in noise
as depicted in Fig.?. Let y(t) € B and v(¢) € R™ denote
available measurements of z(£) and u(¢), respectively, i.e.,

yit) =
o(t) =
where 75(t) € R and 1-(t) € R™ denote measurement noises.

Taking into account the noises in all variables is referred to
errors-in-variables models [7, 8, 15]. Employing (3}-(4) 1o

2(8) + ma(t), (3
u(t) + v{t), (4)
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(1)-(2) gives the errors-in-variables model:

. L
y(t) = yo+ 3 xhe(t) + (), (3)
Af = M n )
Xe®) = 3D S ol i) (vt — i)

=0 i=0 =l
”-Uj(t—i!) _?-Uj(t‘il)“' )if)}r (6)
wi() = vt —i1) - v(t — dgo1)ug(t — ie)

+ 'Uj(t — 21) - 'Uj(t - ff-g)l/j(t - if_l)
X ['Uj(t — 'if) — .Uj(t - 'ie)]
+ vt — i) vt —d2) — wy(t— )]«

X oyt — i} — v(t —4g)], (N

where 7(t) £ 71(t) + n2(t). Now let us state the estimation
problem.

Problem 1. Given the system model {1}-{2) and the mea-
surement model (3)-(4), determine an estimate of the system
parameters o (iy,- - ,iz) based on available measurements
v{t) and y(t).

Identification problems frequently work with signals that
are described as stochastic processes with deterministic
components. For a common framework for deterministic
and stochastic signals, we employ the definition of gquasi-
stationary signals and the notation

N
BIS@)] £ yim " Eifto) @)
t=1

which works on the deterministic components as well as the
stochastic parts of quasi-stationary signal f(¢), where E de-
notes the mathematical expectation {7, p.34]. We implicitly
assume that the limit in (8) exists when E is used.

We introduce the following assumptions.

Al. The structure of system model, the nonlinear degree
L, the dypamic order Af, and the number of inputs n are
known a prior,

A2, The measured signals »(t) and y(¢) are quasi-
stationary and jointly quasi-stationary.

A3. The noises () and v(f) are zero-mean, stationary
and E[pf(t)] =0,5=1,--- ,n for all odd L, and they are
finitely autocorrelated with v{f}, that is, there exists 7 > 0
such that

E [v(t)rT(t — k)] 0, 1&)]
El(nt—k)] = 0 (1)

for all |&| = 7.
A4, For 7 in A3, none of the elements of »(¢) is constant
for all measurements, and v(t) satisfies

rank {ﬁ'm(t,t — 7, N+ Ryt — 'r,t,N)} =n, (11)
where N denotes the number of samples and the empirical

correlation R..(t1,%2) is defined by

N
Ruy(ty,ta, N) £ Nl:r Doty () (2
t=1+47

with either ¢y = £, =t —7or ¢y =t —7,ts = t and
&
T2t — ta]-

Assumptions A3 and A4 express the idea that the correla-
tions between signals are stronger than those between noises
as well as those between signals and noises. Conditions (9)
and (10) are equivalent to

Efup™(t-k)] =0, E[wT (k)] =0 3)
Elu@n@t-ml=0, Enit-ml=0 4
for all k| = T > 0, respectively, owing to (4) and the
arbitrariness of u(t), ¥(t), and n(t).
III. MAIN RESULTS

We will confine the discussions in this section to static
nonlinear systems with multi-input single-output, Some re-
sults can be extended with ease to multi-input, multi-output
systems.

A. Second-order Nonlinear Systems
Consider a second-order nonlinear model

z(t) = iaﬁ@(t) +m(t) (15)
i=1

which is reduced from the Volterra model (1)-(2) at
=0, M=0, L=2, a;(0) =0,
od(0,0)=aj,5=1,--+ ,n. (16)
Using (3)-(4) to (15) yields

y(t) = D oi(ut) - v OP@ + 0. A

Equation {17) can also be obtained from (5)-(7) under the
condition (16). It is clear that not only the method of least
squares but also the least-correlation estimate [4] generates
error-prone results for the errors-in-variables nonlinear mod-
els.

For w;(¢) in the terms where the odd-order of w;(f)
appears in the expansion of (17), substituting v;{t} =
ug(t) + 1;(t) gives

y(t) = Yo (W3 () — (1) - 2u{)r; ()] + n(). (18)
7=1

Let (18) be the linear regression form
y(t) = ¢ (1)6a(t) + e(t) (19)

with the error e(f), the augmented regressor vector 4, (1) €
R™*1 and the extended parameter vector #,(t) € R™t!
defined by

e(t) = nit) =2 asu(t)y;(t) (20)

j=1
talt) 2 [od@) - 2B -1]7, @y
but) 2 [ Thianit) 1", 22)
respectively, where GT%[ a1 -+ dn |. Given an arbi-

trary estimate 6, and Ny(,y £ N —g(7}, consider a criterion
2

S By, 1, N) = (I\Lf (Yo - xpuéﬂ)T (¥r - \IlTén)) , (23)
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where Yj, Y7, Ug and ¥, are defined by

y(N} ] y(Nr)
Yo 2 y(f.\ﬁ) Cya y(N'T+1) o
y(1 4 7)) v(1)
o | -y
L2 A P 2 A 25)
CACERSY ¢I()

The necessary and sufficient condition to minimize (23) with
respect to &, yields the least-correlation estimate [4]

. -1
6‘a (T, ]\") = (q’UT/T ‘PT/U) ‘I‘(T/TYT/(}, (26)

where the relevant matrices and vectors are composed of

¥, P " Y,
Qolfé[q,:]ew'f/()é[lpo]:T/Oé[yo]- (a7

The matrix \I'gTLIJT/U has full rank since each component
of ©(t) is independent and is not constant owing to A4. The
estimate (26) has following property.

Theorem 2. Suppose that Al-A4 are satisfied. Then
as the number of samples increases to infinity, the least-
correlation estimate (26) for the system (19)-(22) converges
to the expectation of the extended parameter vector, that is,

Jim o(r, V) = Bifa(t)] = [ o7 Theyasef, 17, 08)

where D‘E,J is the variance of u;(¢).

Proof, Refer to Appendix A. O
Theorem 2 addresses the consistency of the extended esti-
mate in the sense that the first n estimates of 8,(r, N) con-
verge to the true parameters & as N goes to infinity. Above
results for the least-correlation estimate can be extended to
multi-input multi-output systems just as the extension of
least-squares estimate [3, pp.97-98].

B. Third-order Nonlinear Systems
For the third-order nonlinear system

2(t) = 3 asud() + mt),

(29)
=
the errors-in-variables models can be written as
n
y(t) = X ay (05(8) — w3 (£)* + (). (30)
J=1

Rearranging (30) for the even-order terms of v;(t) to be
with 2;(t) and for the odd-order terms of (1) to be with
u;(t) yields the linear regression model (19) with

e(t) = n{t) = > a; (Bud(thv;(t) - 23(), (3D
Jj=1

valt) = [ (1) W) -87w 7, 6
baity = [ @7 ard(t) a2ty )T 63

The method of least correlation applied to this model gives
an estimate with following property.

Theorem 3. Suppose that Al-Ad4 are satisfied. Then as
the number of samples goes to infinity, the least-correlation
estimate §,(r, N) applied for the system {19} with (31)-
{33) converges 10 the expectation of the extended parameter
vector 8,(t) in (33), that is,

. 5 o 2 T
N}E)nw to(r,N) = [ al alogl st @ply ] . (34)
where o2, is the variance of v;(t).
Proof. Refer to Appendix B. O

C. Higher-order Nonlinear Systems
Consider the higher-order nonlinear systems

2(t) = Zaju;(t) +mit), L=4.

(35)
i=1
The errors-in-variables model of (35)
y(t) = D 0 (4(8) = v ())" + n(2) (36)
=1
can be rearranged for even L to
() = Zaj [BovE (1) + ,@gvf‘z(t) V(L) + -
j=1
+ o203 (v () + Brvf ()] +elt),  (37)
et) = Y a; [Bruf T 0w () + Bauf A + -

J=1

+Ap-1 {8 @] + (), (38)
and for odd L to
ult) = zn:ﬂj [BovS (£) + Bav ()5 (8) + - -

g + B (O )] Fet),  (39)
e(t) = i”i [Buug = (E)w; (2) + Bary (W] () + -+

Jj=1
+Bruf (1)] + n(t). (40)

Table T shows the coefficients 8, in (37)-(40) for the
nonlinear systems with up to 8th-order nonlinearity.

TABLE |

EXAMPLES QOF THE COEFFICIENTS 8p = 1, B¢, £=1,--- ,8
LB P2 Bz fBs s B i 88
{1
21 -2 -1
37 -3 -3 2
4 | 4 -6 8 3
515 - 2 25 -16
6| -6 -15 40 75 -96 -61
75 -7 21 T 175 -336  -427 272
8| -8 -28 112 350 -896 -1708 2176 1385

Each of (37) and (39) is expressed as the linear regression
maodel (19) with the error (38) and the augmented vectors

uT(t) = vl B, @D

67() vE o ) | @

T 'T
[ Yy Y-z

T T
[ Yoy e
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for even I, and with the error (40) and the augmented
vectors

A
6 (t) =

[ UL Ui- ) ] 43
T T T
[ Yoy M Y(L-1 ]
for odd L, respectively, where . (t) £ 357, a;0f(2). Each
cotnponent of v;t,)(t), uze)(t), £=0,1,---,L in (41)-(44)
is defined by
vn(t) & Broe[ i) v (@) |,
vpt) = [awf®) anth(t) ]
For (19) with either (38) and (41)-(42) or (40) and (43)-
{44), applying the method of least correlation yields the
estimate #, (7, V). But the estimates applied to the nonlinear

systems descnibed by fourth or higher-order polynomials
are not free from bias even if the number of samples are

(44)

where & and (&) denote the empirical mean and the empir-
ical standard deviation of the parameter error, respectively,

sufficiently larpe. We can figure it out as follows.

Jim_ 8(r, N) = El6.()] + Ry

o

(MEt,t 1),

(45

where each component of (2.t — 7) is given by (77)-(78)
for even L and by (81) for odd L in Appendix C.

Consider the simple nontinear model

z(t)
uft) =

VZsin 27t,

aut (1), L =2,3,4,

IV. NUMERICAL EXAMPLE

(46)
47

and the measurements model (3)-(4). For simplicity, we
assume that (t) = 0 and »{t) is white Gaussian with
variance o2, Each simulation chooses o2 such that the
signal-to-noise ratio, defined by

SNR; = 101ogq (E {v*(£)})] /E 4(t)]) [dB]

is reafized.

TABLE 1]

(48)

EFFECT OF THE NUMBER OF SAMPLES, L = 2: 7 = 1, 8NR; = 5pB

Least Correlation Estimates

N 4 [%] &2 (%]
10° | 20+13 84 + 52
10 | 04£34 | 09+ 14
109 ] 01411} 02446
106 | 0004 ] -02%14
TABLE il
INPUT-NOISE EFFECTS, L = 2 : 10° SAMPLES, 7 = 1
Least Correlation Least Squares
SNR, i [%] 42 %] & (%}
20 dB 0.0 £ 0.1 034+ 74 -1.5 01
10 0.0+ 04 0043 ~46 £ 0.2
3 01415 01 +£56 <75+ 04
0 04 + 4.4 0.7 +89 92 + 0.1
(N=10% | (DI £14) (-034£28 | (0200

Table II - Table V show the simulation results from 100
Monte Carlo runs for each case. The estimation error in each
table is defined by

TABLE TV
INPUT-NOISE EFFECT, L = 3 ; 105 SAMPLES. 7 =1
Least Correlation Least Squares
SNR; & (%] 52 [%] a [%]
25 dB 00+ 0.1 41+ 17 -11 £ 401
20 00+ 03 04 £13 =29 £ 0.2
15 0.0 £ 0.7 0.6 £ 10 -62 £ 0.2
10 02421 1.1 +12 -96 £ 02
5 13 L 87 32422 -107 £ 0.3
(N =109 | (004 24) 0.1 +61); (-107£00)
TABLE V
INPUT-NOISE EFFECT, L = 4 ; 10% SAMPLES, 7 = 1
Least Correlation Least Squares
SNR; iz [%] 52 [%] i [%]
30 dB 00+£02 -4.2 £ 50 -12 £ 02
25 00+04 2B +40 -34 £ 03
20 01 +£09 21+29 -76 £ 0.4
15 02429 18+ 3 120 £ 03
10 0.5 12 23 £ 51 2127 £ 04
(N=10% [(0oxany oL | 12701

The analysis in Section Il says that the least-correlation
estimate §,(7) converges to the expectation of the extended
parameter vector 8, (¢) without bias as the number of sam-
ples increases. Table 11 shows clear trend that both of the
mean and the variance of the estimation error decrease as
the number of data increases, which supports Theorem 2
without any exception. Observations from Table IlI - Table
V give in general a confidence that the least-correlation
estimate with the augmented regressors and the extended
parameters works well for the errors-in-vartables nonlinear
models. Another thing observed on the tables is that the
larger the noise power is the more data the estimate needs,
which is not an unexpected results when we remind the
effect of the number of samples in Table II. The proposed
estimation method is not free from bias when it is employed
for fourth or higher-order nonlincarity, but Table V gives
a hint that the estimate can generate quite good results.
Moreover, we can figure out the bias by (45) if the statistical
property of noise are known a priori.

V. CONCLUDING REMARKS

We extend the method of least correlation [4], devised
for errors-in-variables linear models, to the estimate for
nonlinear models described by second or higher-order poly-
nomials, The introduced way of augmenting regressors and
extending parameters let the least-correlation estimate work
on such a kind of nonlinear systems. Analysis shows that
for second and third-order polynomial nonlinear systems
the estimate with the augmented regressor vector and the
expanded parameter vector converges to the mathematical
expectation of the expanded parameter vector as the number
of samples goes to infinity. That is, the extended least-
correlation estimates applied to 2nd or 3rd-order nonlinear

G 1 +5(a 49 systems are consistent in the sense that the first n estimates
a= la| {fata(@)}, @9 of B2 (r, N) converge to the true parameters & as the number
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of samples goes to infinity. We also evaluate the misfit for
the estimate to be applied to fourth or higher-order nonlin-
ear systems. Monte Carlo simulations for simple examples
support the analytical results clearly. Applications of the
extension method to Volterra models, Hammerstein systems
and Wiener nonlinear models are mentioned.

The recursive least-correlation (RLC) algorithm [4], an
equivalent realization of the least-correlation estimate, can
be employed directly for the estimate with the augmented
regressors and the extended parameters. Optimal input de-
sign problem for the best estimates will be one of the further
works for applications.

APPENDIX
A. Proof of Theorem 2
With the empirical correlations defined by

N
_ 1
Ryt N) & o= 37 ta(t1)¥g (t2), (50)
T t=147
1 N
Poaytnt, V) 2 5= 37 dalh)y(ta), D
T t=1+7

where 7 2 [t1—t2and t; =,y =t—Tord, =t—7,tp =
t, the estimate (26) is rewritten as
N = - -1
60(7', 1\") = {RL’J...L‘"., (t,t — T, N) ~+ Rwuwn(t - T,t, N)}

X AFuyE = T, N+ Tp g (t — 1, 6, N} (52)
Using (19} to (51) gives

Feoplts o, N) 2 by,e.0.(t,t2, f2, N)

+Fyelts 1o, N), (53)

where the empirical bicorrelation ty, 4,0, (t1, 2, t2, N {3]
and the empirical correlation 7y, .(t1,%5, N) are defined by

1 N
F Z Q‘ﬂa(tl)l’,é‘,?(h)ga(h):

T o147

Ey, a8, (P, b2, 12, V)

T
I Z a(t1)e(fz),

T i=1+r

(e

Fyae(tista, N)

respectively, and the others are given similarly.

Suppose that N  increases to infinity. Then
Ry,y, (t1,42, N} converges to the corresponding
mathematical correfation Ry, (81 — t2) due to the
ergadic theory [7, Theorem 2.3 in p43], that is,

where v(Te) B2 o) i) | £=2
Applying above approach to (33) gives

T’J’uy(T) tﬁ’avl'u [} (T= T) T Tiye (T)v {(58)
Toap(=T) = ty,u.0,(—7,—T) Frue(-7). (59)
Each term of (58)-(59) is evaluated as follows:
tyow.e. (T, 7) Ry, (TVE[Bu(1)), (60)
tyopd. (-7, —T) = Ry {~T)Ef.(t —7)]
= Ry (T)E6.()], {61
Thae(T) = Elga(tin(t —7)]
= Yo Elba(tuy(t — Tyt — 7]
i=1
= 0 (62)
Piae(=7) = Elgal(t — 7)n{t)]
— 37 Bl - m)us () (1)
j=1
= 0. (63)
Substituting (60)-(63) into (58)-(59) yields
Ty (T) = Ryow (T)E[0a (8] = ry (7). (64)

Finally as the number of samples goes to infinity, the
least-correlation estimate 8,(r, N) can be expressed as

Jim 8, N) = R, (T)ry,(7), (65)

and applying (56) and (64) to (65) yields (28). O

B. Proof of Theorem 3

Equations (50)-(36) in Appendix A work on the third-
order model (19) with (31)-(33) as they are. For this third-
order model, Ry, (7) is expressed as

_ Rvsus (T) 73Ru3v1 (T)
Roos=| 3R 9Run(r) |* O
where the sub-matrices are given by
Ruw(r) & Elvg(tivlyt -7, (67)
v £ [ vl wh(t)]  (68)

for £,k = 1,3. Similarly the bicorrelation b,y e, (7,7} is
written as

v touyas. (T.7) = Ry,y, (T)E[6a (1)) (69)
. 1 ¢ =
im Z Paltr)th; (t2) = B [Ya(t)dz (B2)]  (54)  and ry,o{7) is evaluated as
- T t=1+47 _
i B It -1
or equivalently TaelT) E[Ya(t)n(t — 7]
n
S By (b6, V) = Rypu, (b = ). (59) ~ 3E [a(t) Za:“w-?(t — )yt —7)
Moreover, the correlation depends on the absolute difference =
of time, r = |t; — o], owing to A2, that is . i
[t1 — ta] g + 2B |6a() Y agdt— 1)
Buu, (1 —to) = Ry (t2 — 1) = Ry,p, (7). (56) o
Componentwise expression of Ry, (7) is = 0 (70)
Ryu(r) = £ U(g)(t)?}?;)(t —7) —yy(t) - From above results, vy, () is evaluated as
“plt-n) 1 rea(r) = R (7) BB an
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by using {69)-(70). Finally applying (71) to

Jim_ fa(T,N) = B2y (P)ryy(7) (72)
yields (28). o
C. Proof of Equation (45)

Refer to (50)-(56) in Appendix A. First suppose that L is
even. Then Ry_y, (1) is expressed as

RU'L‘,’L(T) Rv'r-ufz(’r} Tv'E

Ry.y.(1) = Ru'z,,.m o Ru,z‘;’z - 7',';'2 , (73
ru'L T2 ,!3_%
where each component matrix or vector is given by
Ryeyn(7) 2 Elyg vkt -, (74)
roe = BuBr-eElvg (1))
= BrBrElunlt-7),  (75)

for €,k & {L,L—2,--- 2}, The bicorrelation ty, v g, (7, 7)
is expressed as

s, (T,7) = Ruou, (ME GO+ &1 — 1)
where the first and kth component of

E(t,t—1)= [ & & Er2 &L ]

(76)

is evalvated as

Y B (Bt~ e glt =)

—r el ®)])
Y (Elvg @vhie - Mvi_g(t — 7))

=L
—Rype (T)E[VEL—E) (t)]) ;

respectively, for L = {L--2,---  2}. The cross-correlation
Ty.e(T) is evaluated as

Efda(tin(t - 7)]

&g

(7
o

(78)

TeaelT) =

+ BB |va(t) D apuk - mhust - 1)
=1

5 BaaE |#a® Y agust - E - 7)

=1

is evalnated as

& = ), (E[”Ek)(t)”g}{t_"")"EL—e)(f—T )]
=L,

~Ryrye(rElWs 1)),
for Ly = {L —2,-+-,3}, and

(81

rye() = EWelt)p(t - 7))
+ BE [$a(0)) eul it - )i —1)
i=1
+ AiE 4. Zajuji‘(t - 7)
J=1
= 0. (82)
Employing (76) with either (77)-(79) or {81)-(82) to (58),
and applying the results to (72) yields (43). 0O
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