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1. INTRODUCTION

We present an adaptive controller that requires limited mode
information for stabilization, command following, and disturbance
rejection for multi-input, multi-output minimum-phase discrete-
time systems. Specifically, the controller requires knowledge of the
open-loop system’s relative degree and a bound on the first nonzero
Markov parameter. Notably, the controller does not require knowl-
edge of the command or disturbance spectrum as long as the
command and disturbance signals are generated by Lyapunov-
stable linear systems. Thus, the command and disturbance signals
are combinations of discrete-time sinusoids and steps. In addition,
the controller uses feedback action only and thus does not require
a direct measurement of the command or disturbance signals. We
prove global asymptotic convergence for command following and
disturbance rejection.

2. PROBLEM FORMULATION

Consider the multi-input, multi-output (MIMO) discrete-time
system
z(k + 1) = Az(k) + Bu(k) + Diw(k),
y(k) = Ca(k) + Daw(k),

2.1
(22)

where z € R", y € R, u € R, and w € R'". Our goal is
to design an adaptive output feedback controller under which the
performance variable y converges to zero in the presence of the
exogenous signal w. Note that w can represent either a command
signal to be followed, an external disturbance to be rejected, or
both. For example, if D1 = 0 and D2 # 0, then the objective is
to have the output C'x follow the command signal —Daw. On the
other hand, if D; # 0 and D2 = 0, then the objective is to reject
the disturbance w from the performance measurement Cz. The
combined command following and disturbance rejection problem
is considered when D and D, are block matrices.

Next, define d to be the smallest positive integer such that
the Markov parameter (g £ C'A?"'B is nonzero. We make the
following assumptions.

(A1) The triple (A, B, C) is controllable and observable.
(A2) If A € C and rank { A _C,AI g } < n+l, then |\ < 1.

(A3)
(A4)
(A5)

d is known.

(B4 is nonsingular.

There exists Gq € R'*! such that 348, " + (BaB;")" > 1
and B34 is known.

There exists an integer 7 such that n < 7 and 7 is known.
The performance y(k) is measured and available for feed-
back.

The exogenous signal w(k) is generated by

Tw(k+1) = Apzw(k), wk) = Cuwrw(k),

(A6)
(A7)

(A3)

(2.3)

where z,, € R™, and, without loss of generality, A,, is
cyclic.
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(A9)
| (A10)

(Al11)
(A12)

For all X\ € spec(Aw), |A] =1 and X is semisimple.

There exists an integer 7., such that n.,, < i, and n,, is
known.

Ay and Cy are not known.

The exogenous signal w(k) is not measured.

Define the transfer function matrices G (2) =¥e; (2I-A)"'B
and Gyw(2) £ C(zI — A)™'D; + Ds. Assumption (A1) implies
that the McMillan degree of Gy.(z) is n. In the single-input
single-output (SISO) case, assumption (Al) prevents pole-zero
cancellation when forming the transfer function Gy.(z), which
implies that the order of Gy, (z) is n.

Let Gyu(z) have a left coprime matrix-fraction description
Gyu(2) = u(2)"'v(2), where pu(z) and v(z) are I x [ polynomial
matrices. Without loss of generality, we assume that p(z) is in
column-Hermite form, that is, 1(z) is upper triangular where each
diagonal entry is a monic polynomial whose degree is higher
than the degree of all of the remaining entries in its column [1,
Theorem 6.3-2]. Thus, we can write u(2) = 2™ o + 2™ ‘1 +
oo+ Zfm—1 + ftm, where m < n and po, ..., pm € R¥ are
upper triangular. Note that the leading coefficient matrix g is not
necessarily I;. However, it can be seen that there exists an [ x [
upper-triangular polynomial matrix

Zhll Q122h12 Q1zzh”

Q( ) N Zha2 qmzhm
z) = , 2.4)

Shu

such that the leading term of «(z) 2 Q(2)u(z) is 2™ I;. Thus, we
can write a(z) = 242"t 42" 2an+ - F 2Qmo1 + O,
where, for all i = 1,...,m, a; € R"™!. Furthermore, G . ()
has the matrix-fraction description Gy (2) = a(z) ™' 3(z), where
B(z) Q(2)v(z), and we can write 8(z) = 2™ %84 +
2™ 41800 4 - 4 2Bm—1 + Bm, where, forall i =d,...,m,
B; € R™! Note that a(z) and 3(z) are not necessarily left
coprime. However, since u(z) and v(z) are left coprime, it
follows that Q(z) is the greatest common left divisor of «(z)
and ((z). Furthermore, since det Q(z) = 211+ the pole-
zero cancellation that occurs when forming the transfer function
Gyu(2) = a(2) 7' B(2) occurs only at z = 0.

Now, assuming that G, has a matrix-fraction description of the
form Gy = a(z)'v(z), which is not necessarily left coprime,
we can write y(2) = 2™y0 + 2™ 'y o 2Yme1 + Yms
where, for all ¢ = 0,...,m, v; € RY!w  Therefore, the state-
space system (2.1), (2.2) has the time-series representation

m

y(k) = —auy(k

1

—i)+ > Baulk —i)+ Y yew(k — ).
i=d 1=0 (25)

i=

Definition 2.1. Let G be a strictly proper transfer function
matrix. Then the normal rank of G is rank G = rank G(\) for
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almost all X € C.

Assumption (A4) implies that, for all sufficiently large A € C,
rank Gyu(\) = I. To see this, note that Gyyu(z) = 2784 +
Dicdrt »~'H;, where H; 2 CA*"'B is the ith Markov param-
eter and (3¢ is nonsingular. Thus, Gy, (z) has full normal rank,
that is, rank G, = [. Furthermore, rank G, = [ implies that
rank v = [.

Definition 2.2. Let G be a strictly proper s X t transfer function
matrix with the Smith-McMillan form

q1(2)/p1(2)

U1(Z) UQ(Z),

ar(z)/pr(z)
O(s—ryx (t—m)
where v = rank G, Uy and Us are unimodular matrices, and
Qiy---yQr,P1,-..,Dr are monic polynomials such that, for all © =
1,...,7, qi and p; are coprime and, for all i =1,...,r — 1, p;
divides pi+1 and qiy1 divides q;. Then the poles of G are the
roots of p1, and the transmission zeros of G are the roots of qy.

Lemma 2.1. [2, Theorem 2.4] Let G be a strictly proper
s X t transfer function matrix with a left coprime matrix-fraction
description G(z) = P(2)"*Z(%). Then \ € C is a transmission
zero of G if and only if rank Z(\) < rank Z. Furthermore, p € C
is a pole of G if and only if det P(p) = 0.

Assumption (A2) states that the invariant zeros of (A, B, C)
are contained in the open unit circle. Since (A,B,C) is a
minimal realization of Gy, (%), it follows that the invariant zeros
of (A, B,C) are exactly the transmission zeros of Gy.(z) [3,
Theorem 12.10.8]. Therefore, assumption (A2) is equivalent to the
assumption that the transmission zeros of G, (z) are contained
in the open unit circle. Since p(z) and v(z) are left coprime, it
follows from Lemma 2.1 that assumption (A2) is equivalent to the
assumption that, if A € C and rank v(\) < rank v, then [A| < 1.
Furthermore, since rank v = [ by assumption (A4), it follows that
assumption (A2) implies that, if A\ € C and det v(A) = 0, then
[A| < 1. Consequently, since det S(\) = det Q(N)det v(\) =
ZMitthudet p()), it follows that, if A € C and det B()\) = 0,
then |A| < 1.

For SISO systems, assumption (AS5) specializes to the as-
sumption that sgn B4 is known and an upper bound on the
magnitude |3q|/2 is known. For MIMO systems, assumption
(AS) is a generalization of this SISO assumption. In particular,
if B4 is positive definite, then assumption (AS) specializes to the
assumption that an upper bound on the magnitude of Amax(3q)/2
is known. Similarly, if B4 is negative definite, then assumption
(AS5) specializes to the assumption that an upper bound on the
magnitude of |Amin(Bq)|/2 is known. More precisely, if 34 is
positive definite, then assumption (AS) is satisfied with G5 >
Arﬂ%w‘i)[ 1, while if B4 is negative definite, then assumption (A5)
is satisfied with B4 > D‘“““%Il.

3. NONMINIMAL STATE SPACE REALIZATION

We use a nonminimal state-space realization of the time-series
system (2.5) whose state consists entirely of measured information.
More specifically, the state consists of past values of the perfor-
mance y(k) and the control u(k). To construct the nonminimal
state-space realization of the time series system (2.5), we introduce
the following notation. For a positive integer p, define the nilpotent
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matrix

0rx: Oixi Oixi
I - O Oix

N, 2 € R, 3.1
Oixi -+ LI Oix

I I Ipx1 : :
and define F; = € R'P7*" where the dimension p
O1(p—1yx1

is given by context.
Now, let n. > m and consider the 2{n.-order nonminimal state-
space realization of (2.5)

d(k + 1) = Ap(k) + Bu(k) + D1 W (k), (3.2)
y(k) = Co(k) + D2 W (), (3.3)
where
é Nnc Olncxlnc
AL [ S } 1 EL€, (G4)
B £ [ Olgjl ] , D1 2 EiDs, 3.5)
= [ a1 —a —am Oixi(ne—m)
Orxi(a—1) Ba -+ Bm  Oixime—m) | » (3.6)
D2 2 [ 70 Yo ] 3.7)
and y(k—1)
: w(k)
2o | y(k—mnc) I .
(k) = wk—1) | W(k) = : (3.8)
. w(k —m)
| u(k - ne) |

The triple (A,B,C) is stabilizable and detectable. However,
(A, B,C) is neither controllable nor observable. In particular,
(A,B,C) has n controllable and observable eigenvalues, while
the remaining 2in. — n eigenvalues are located at 0, and each of
these eigenvalues is either uncontrollable or unobservable. More
precisely, (A, B) has In.—n uncontrollable eigenvalues at 0, while
(A, @) has In. unobservable eigenvalues at 0. Note that in this
basis, the state ¢(k) contains only past values of the performance
y and the control u.
Now, we consider the time-series controller

u(k) = Mu(k —1i)+ Y Niy(k —1), (3.9)
1=1 1=1
where, for all i = 1,...,n., M; € R™" and N; € R™*!. The
control can be written as

u(k) = 06(k),

Nn. M

(3.10)

where

N M., ]. @311

The control (3.10), which is dynamic output feedback in terms
of y, can be computed by recording and using n. past values of
the performance y and the control u. However, (3.10) is a full-
state-feedback control law for the nonminimal state-space system
(3.2)-(3.7). The closed-loop system consisting of (3.2)-(3.7) with
the linear time-invariant feedback (3.10) is

ok +1) = Ap(k) + D1W (k), (3.12)
y(k) = Co(k) + DaW (k), (3.13)
where AZ A+ B0 (3.14)
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4. IDEAL FIXED-GAIN CONTROLLER

In this section, we prove existence and derive properties of
an ideal fixed-gain controller of the form (3.9) for the open-
loop system (2.1) and (2.2). This controller is used in subsequent
sections to construct an error system for analyzing the closed-loop
adaptive system. We stress that the ideal controller is not intended
for implementation. An ideal fixed-gain controller consists of two
distinct parts: first, a precompensator that cancels the transmission
zeros of the open-loop system, and second, a deadbeat internal
model controller that operates in feedback on the observable states
of the precompensator cascaded with the open-loop system.

First, we demonstrate how to construct an ideal fixed-gain
controller. Consider the precompensator

m—d
ui(k) ==Y B3 Birauwr(k — i) +ua(k), 41
i=1
which has a minimal state-space realization of the form
&1(k+1) = A121(k) 4+ Brua(k), 4.2)
ui (k) = Chi1 (k) + ua(k), (4.3)

where #; € R™ and 7, is the McMillan degree of G (z) 2

B(z)_lzm_dﬂd, which is the transfer function from wus to ui.
Note that 71 < I(m — d). The poles of the precompensator
Gh (#) are exactly the transmission zeros of the open-loop transfer
function Gy (z). Furthermore, assumption (A2) implies that the
transmission zeros of G, (z), and thus the poles of G (z), are
asymptotically stable. Therefore, the cascade Gy (2)G1(z) =
a(2)71B(2)B(2) T 2" By = a(z) T 2™ 9B, has asymptoti-
cally stable pole-zero cancellation. Let n, be the McMillan degree
of Gyu(2)G1(z), and note that n, < Im.

Define the pseudo-input e(k) 2 u(k) —u1(k), and cascade the
precompensator (4.2), (4.3) with the open-loop system (2.1), (2.2)
to obtain

[ oD } = { o BAC ] { o } + { 5 }w(k)
+ [ ) }e(kﬂ { o }w(k), @.4)
yk)=[C 0] [ f”l((kk)) } + Dow(k) 4.5)

Since the poles of G1(z) cancel the transmission zeros of Gy (),

it follows that
A BCy B
- - c 0
(Lo & JLa e )
is not minimal. However, since (A, B) and (A, B;) are control-
lable, it follows that (4.6) is controllable. Thus,

A BGy
- C 0
({ 0 A } | ]>
is not observable. In fact, it follows from the pole-zero cancella-
tions between G1(z) and Gy (z) that the unobservable modes of
(4.7) are exactly the poles of G1(z), all of which are asymptoti-
cally stable.

Next, let fig > 1o + 2ln., let #2 € R™2, and let

.f?g(k} + 1) = Aziz(k’) + Bzy(k‘),
uz (k) = Codia(k),

(4.6)

4.7

(4.8)
4.9)
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be an internal model controller for the observable states of (4.4)
and (4.5) that guarantees perfect command following and distur-
bance rejection in finite time, that is, (4.8) and (4.9) is a deadbeat
internal model controller. Thus, an ideal fixed-gain controller
consists of the precompensator (4.2), (4.3) and a deadbeat internal
model controller (4.8), (4.9). Define the transfer function matrix
of the deadbeat internal model controller (4.8) and (4.9) by
Ga(z) 2 Cy(zI — A3) ™' By. The following result guarantees the
existence of an ideal fixed-gain controller and provides several
useful properties associated with this controller.

Theorem 4.1. Consider the closed-loop system (3.12), (3.13)
and recall the definitions for fl B, and C given by (3.4), (3.6),
and (3.14). Furthermore, let ne > no + 2ln, +m — d. Then
there exists a linear output-feedback controller (3.9) such that the
following statements hold.

(i) For all initial conditions ¢(0) and x.,(0) and all integers
k>ne+nc+d—m, ylk) =0.
(ii) A is asymptotically stable.
(iii) Fori=1,2,3,...,

eﬂi_lB: { /de Z:d7

0, i#d. “.10)

Proof. We show that a times-series representation of the fixed-
gain controller (4.2), (4.3), (4.8), and (4.9) exists and satisfies
(1)-(iii).

First, consider the cascade (4.4),(4.5), and recall that (4.6)
is controllable but not observable. Furthermore, the unob-
servable modes of (4.7) are precisely the poles of Gl(z),
all of which are asymptotically stable. Therefore, it follows
from the Kalman decomposition that there exists a nonsingu-

. 5 " A 0
(n+n1)X(n+n1) o _
lar matrix 7" € R such that Ao A, } =
T[ 61 BAcl T 'and[ Co 0]=[C 0]T", where
1

(Ao, Cs5) is observable and As is asymptotically stable.
volk) 18 g [ 2(h)
xs(k) | Z1(k)
change of basis to the cascade (4.4) and (4.5) yields

Rl S B | B A R S PO

Now, defining { } and applying this

" { g }e(’“H { gi wk), @11
y(k)=[ Co 0] { zg:; } + Dow(k), (412

B, B Beo
h R"e =1 - ’ =
where z, € and { B, ] { B, }, { Bes

B Dol [ D
T[ 0 }, and { Dis } —T{ 0 ].Note that (Ao, Bo, Cs)

is a minimal realization of the transfer function matrix Go(z)
Colz] — Ao) ™' Bo = Gyu(2)Gi(2) = a2) 1 2™ 4.

Next, we consider a deadbeat internal model controller of the
form (4.8), (4.9) designed for the observable subsystem of (4.11),
(4.12) given by

4

l’o(kj + 1) = ono(k) + BOU2(]€)
+ Beoe(k) + D1,ow(k),
y(k) = Cozo(k) + Dow(k).

(4.13)
(4.14)
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The invariant zeros of (Ao, Bo, C,) are located at the origin and
thus do not coincide with the eigenvalues of A,, by assumption
(A9). Since, in addition, (Ao, B,, C5) is minimal and the dimen-
sion of y equals the dimension of u, it follows from [4, Corollary
4.1] that, for all e > ne + 2In.,, there exists a linear discrete-
time controller (4.8) and (4.9) such that the closed-loop dynamics
matrix of (4.8), (4.9), (4.13), and (4.14), which represents the
feedback interconnection of G, and G‘g and given by
{ A, Bo(Cs }

B? C’o AQ ’
is nilpotent, and such that, with e(k) = 0, for all initial conditions
(26(0),25(0),22(0), . (0)) and all integers k > no+no, y(k) =
0. The closed-loop system (4.8), (4.9), (4.11), and (4.12) is

(4.15)

zo(k+ 1) Ao Bo,Cy 0 zo(k)
Za(k+1) = BQCO 1212 0 Za(k)
rs(k+1) Agt BééZ As w5 (k)
Be,o Dl,o
+1 0 |e(k)+ | BeDy | w(k), (4.16)
Bes Dis
o(k)
yk)y=[ Co 0 0 ]| &2(k) | + Daw(k).
z5(k)
4.17)

Since (4.15) is nilpotent and A5 is asymptotically stable, it follows

that N
Ao Bo CQ 0

BQCO AQ 0
A1z BsChy As
is asymptotically stable.
To show (i), we write the transfer function matrix of (4.8), (4.9)
as Ga(z) = M( )~ 1N( ), where M (z) = z""’]l + 227N+
2272 My + -+ + 2Mp, 1 + My, and N(z) = 2"27'Ny +
22— 2N2+ —|—zN;12 1 —|—Nn2, where, fori =1,..., i, M, €
RM and N; € R Therefore, (4.8), (4.9) has the time series
representation

no [P
=3 Miua(k — i)+ > Niy(k — i).
=1 =1

The ideal fixed-gain controller, which consists of the precompen-
sator (4.1) and the deadbeat internal model controller (4.19), is
given by (3.9) with u(k) = u1(k) and nc £ fi3 +m — d, where,
fort=1,2,...,nc,

(4.18)

(4.19)

i
JAN — ~ —
M; = =B7" Bavi — Y MiB3" Bavij,

j=1

(4.20)

A A

N &N, 4.21)

where, for all ¢ > m, 8; = 0, and, for all ¢ > g, M; = N; = 0.
Next, consider the 2In.-order nonminimal state-space realiza-
tion of the controller (3.9), (4.20), and (4.21) given by

(bc(k’ + 1) = Ac¢c(k) + ch(k)7 (4.22)
u1 (k) = Ceope(k), (4.23)
where
A Nn Oln xln 0ln xln
A = ¢ VA crtte 19, 4.24
Olncxlnc Nnc :| * |: El :| ( )
B2 E, C.20, (4.25)
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and
y(k—1)
a | ylk - nc)
pe(k) = (k1) (4.26)
(k- ne) |

Note that A. = A + BC. — B.C.
Therefore, the closed-loop system (3.2)-(3.7) and (4.22)-(4.25)
is
¢(k+1) | _[ A BC o(k)
be(k +1) Bl A de(k)

i [ 0 }e(k) * [ 93?9132 }W(k), @27)

yky=[e 0] { i((’jc)) ] DLW (k). (428)

The closed-loop system (4.27) and (4.28) is a nonminimal repre-
sentation of the closed-loop system (4.16) and (4.17). Furthermore,
every unobservable or uncontrollable mode of (4.27) and (4.28) is
located at zero. Thus, the spectrum of

A BC.
|: Bce -Ac :| (4.29)
consists of the eigenvalues of (4.18) as well as 4in. —n —n1 —nea

eigenvalues located at 0. Therefore, since (4.18) is asymptotically
stable, it follows that (4.29) is asymptotically stable. Furthermore,
since (4.27) and (4.28) is a nonminimal representation of (4.16)
and (4.17), it follows that, with e(k) = 0, for all initial conditions
(¢(0), 2w (0)) and all integers k > no + 2 = no +nec +d —m,
y(k) = 0. Thus, we have verified (i).

To show (ii), consider the change of basis

A B 1 [ I o0 A BC [T 0
0 Aw | | -I I ]| B A I I

(4.30)
SN L A
[e 0o]=[¢ 0]{?”, (4.32)

j\fnL Olnc Xilng
OlnC XIlng N
is asymptotically stable and A is mlpotent it follows from (4.30)
that A is asymptotically stable, verifying (ii).

To show (iii), we compute the closed-loop Markov parameters
from the pseudo-input e(k) to the performance y(k) using a state-
space realization of the closed-loop system and a transfer function
matrix representation of the closed-loop system. First, consider
the nonminimal state-space realization (4.27) and (4.28). For ¢ =

A BCc

1,2,..., define the Markov parameters
i1
N B
tre ol g W] [T

~ 1—1
_ A BC. B
“teaifs 3] 5]
i—1
=CATIB+ > —eATIBM,

j=1

where Anp 2 } is nilpotent. Since (4.29)

(4.33)
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where M; = 0 for all i > nec.
Next, consider the transfer function matrix representation of the
open-loop system
Y = Gyu(2)u + Gyu(2)w
= Gyu(2)u1 + Gyu(2)e + Gyuw

= Gyu (z)@l(z)ég(z)y + Gyu(2)e + Gyuw, (4.34)

which implies that the closed-loop system is y = Gyee + éyw,

where Gye = [ — Gy (;)GH( Ga(z )]71Gyu =
(I = a(z)"l™ dﬂ 1M(2) "IN (2)] " a(2) " () =
[a(2) 2™ "Ba M( )TN ()] B(2) = D(2) " M(2)8; " B(2),
G 2= GG (RG] G =
D(z)"'M(2)B;'y(2), and D(z) = M(z)8; alz) —
2™ TIN(2). N0t1ce that D(z) can be written as

D(z) = 2" 37 4 2T D) 4 Dy, (435)

where, for i = 1,2,...,m + fa, D; € R, Since the closed-
loop dynamics (4.15) are nilpotent, it follows that the poles of
Gye and Gy, are located at zero; in particular, det D(z) =
2 m+72) geg By 1 In fact, it follows from (4.35) that the coef-
ficients of the deadbeat controller M (z) "' N(z) can be chosen so
that D1 =... = Dm+n2 =0, and thus
Gyel2) = [zm%ﬁ;l}

-1 .

N(z) =2 """8;N(z), (4.36)

where N(z) 2 M(2)8;'8(z) = 2™+ No + 2™ 71N, +
©o+ 2Nminas—1 + Nmya,, and
0, 0<i<d,
N,L' = Il, 1= d,

d<i<m+ na.

BB+ 32521 MiBy Bi-js
Therefore, it follows from (4.20) that

] 0, 0<i<d,
N, = I, i=d,
—Mi—q, d<i<m-+ns.

It follows from (4.36) that the Markov parameters from the
pseudo-input e to the performance y are H, = [q¢N; for i =
1,2,...,m+ ne and H; = 0 for ¢ > m + no, which implies

0, 0<i<d,
L /de = da
Hi = —BaMi—q, d<i<m+ng, .37
0, i >m + no.

Then property (iii) follows from comparing the expressions for H;
given by (4.33) and (4.37).
O

5. ERROR SYSTEM

We now construct an error system using the ideal fixed-gain
controller and a controller whose gains are updated by an adaptive
law. L
e > 9 4 2 —d > ne +m+ 2ne —d,  (5.1)
and let u*(k) = Y-, Miu*(k—14)+ Y 1, Niy*(k—1) be the
ideal fixed-gain controller given by Theorem 4.1, where y* is the
output of the ideal system with the dynamics (3.2)-(3.7) and the
control u* (k). Note that the lower bound on n. given by (5.1) is
known by assumptions (A3), (A6), and (A10). The ideal controller
can be expressed as

u' (k) =0"¢"(k), (5.2)

WeA13.6

where §* 2 [ N -+ N, My M, ] and

[yt (k—1)

Y (k - ne)
u*(k—1)

>

(5.3)

| u*(kf ne) |

The closed-loop system consisting of (3.2)-(3.7) with the ideal
feedback (5.2) is

" (k+1) = Ad™ (k) + D1W (), (5.4)
y" (k) = Co" (k) + D2W (k), (5.5
where A4 2 A + B6* is asymptotically stable.
Next, consider the controller
k) =3 Mi(k)u(k — i) +ZN 9, (56
i=1

where, forall i = 1,...,ne, M; : N — R and N; : N — R¥X!
are given by the adaptive law presented in the following section.
The control can be expressed as

u(k) = 0(k)¢(k), 5.7)
where
o(k) £ [ Ni(k) Nuo (k) Mi(k) Mo, (k) ]
(5.8)

Therefore, the closed-loop system consisting of (3.2)-(3.7) with
the time-varying feedback (5.7) is given by
ok +1) = Ag(k) + BO(k)p(k) + D1W (k),
y(k) = Co(k) + DaW (k),

(5.9)
(5.10)

where (k) = 0(k) —0~.

Now, we construct an error system from the ideal closed-loop
system (5.4),(5.5) and the closed-loop system (5.9),(5.10). Define
the error state ¢(k) = o(k) — ¢*(k), and subtract (5.4),(5.5) from
(5.9),(5.10) to obtain

ok +1) = Ap(k) + BO(k)o(k), (5.11)
(k) = Co(k), (5.12)
where (k) £ y(k) — y* (k).

The following lemma shows that y(k) is linear in the estimation
error 6. This lemma is essential for developing the adaptive law
and analyzing the stability of the error system.

Lemma 5.1. Consider the error system (5.11) and (5.12). For
all integers k > no +nc +d —m,

(k) = y(k) = Bab(k — d)p(k — d). (5.13)
Proof. Substituting (5.11) into (5.12) yields
j(k) 23" €A BA(k — i)p(k — i) (5.14)
=1

It now follows from (iii) of Theorem 4.1 and (5.14) that (k) =
Bab(k — d)p(k — d). Furthermore, it follows from (i) of Theorem
4.1 that, for all & > no + nc +d — m, y*(k) = 0, that is,
y(k) = y(k). O
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6. ADAPTIVE CONTROLLER AND STABILITY ANALYSIS

We now present the adaptive law for the controller (5.7),
(5.8) and analyze the properties of the closed-loop error system.
Consider the adaptive law

Bay(k)e" (k — d)
L+ (k)¢ (k — d)p(k — d)’
where 1 : N — (0, co) satisfies the conditions
(C1) n(k) is bounded.
(C2) For all k € N, n(k) > Amax(BaBy ).
Subtracting 6* from (6.1) yields the estimator-error update equa-
tion

0k +1) = 0(k — d) — 6.1)

1+n(k)¢T(k — d)p(k — d)
Now, we present our main result on adaptive stabilization, com-
mand following, and disturbance rejection.

O(k+1) = (6.2)

Theorem 6.1. Consider the open-loop system (2.1) and (2.2)
satisfying assumptions (Al)-(A12) and the adaptive feedback con-
troller (5.1), (5.7), (5.8), and (6.1) satisfying conditions (Cl)
and (C2), with the error dynamics (6.2). Then, for all initial
conditions x(0) and 6(0), 0(k) is bounded, u(k) is bounded, and
limkﬂoo y(k:) =0.

Proof. Consider
Lyapunov-like function V (8 (k), .
)0(k — 1), and the Lyapunov-like difference AV (k) = A V(O(k+
1),...,0(k—d+1))=V(0(k),...,0(k—d)). Evaluating AV (k)
along the trajectories of the error equatlon (6.2) yields

the positive-definite, radially unbounded
L O(k—d) 2w 0T (k-

AV(E) =tr [§7(k + )8k +1) — 6% (k — d)d(k — d)]

_ ¢ (k= )" (k — d)Biy(k)
L+ n(k)¢T (k — d)p(k — d)
_ Y (R)Bab(k — d)g(k — d)
1+ n(k)¢™ (k — d)p(k —d)
y" (k)BaBiy(k)o" (k — d)p(k — d)
(1+n(k)oT (k = d)p(k — d))
_ ¢ (k= d)f" (k — d)Biy(k)
= 14n(k)eT (k- d)o(k —d)
_ Y (k)Bal(k — d)p(k — d)
L+ n(k)o" (k — d)o(k — d)
y* (k)y(k)
1+n(k )¢>T(k d)p(k — d)’
Note that the last inequality follows from condition (C2). Next,
Lemma 5.1 implies that, for all k£ > kg e No +nNe+d—m,

+ (6.3)

y" (k)87 " Biy(k)
AV S = T B etk — dyolh — d)
B y" (k)BaBy y(k)
T+ n(B)6T (k — d)o(k — d)
. yT Ry (k) 64

L+n(k)¢" (k — d)p(k — d)’

Since, by assumption (AS), /E’dﬁd_l + 5;T53 > 1, it follows that,
for all k& > ks,

(6.5)

WeA13.6

1>

2
where W (y(k), é(k — d) = oo o
Amin (BaB; " + B8, 783 — I) > 0, and ||-|| denotes the Euclidean
norm.

To show that §(k) is bounded, summing (6.5) from kg
to k, where k > ks, yields 0 < V(O(k) 9(k —
d)) < =Y Wy ol — d) + V(O(ks), Ok
d) < V(0(ks),. ,0(ks — d)). Thus, V is bounded. Since
V(O(k),...,0 (k— d)) is positive definite and radially unbounded,
it follows that O(k) is bounded. Thus, 0(k) = 0(k) + 6" is
bounded.

To show that u(k) is bounded and limy_o y(k) = 0, we
use the Key Technical Lemma [5, p. 181]. First, we show that
limg 0o W(y(k),p(k — d)) = 0. Since V is positive definite,
using (6.5) implies that the limit

0< lim Z Wy
j*ks
k
< - Jlim 3 Av0)
j=ks

V(O(ks),...,0(ks —d)) — Jim V(O(k),...,
< V(O(ks),...,0(ks — d))

exists. Thus, limy ..o W (y(k),d(k —d)) = 0.
Next, we show that ¢(k — d) is linearly bounded by the
performance y(k). The triangle inequality implies that

), 6(5 — d))

O(k — d))
(6.6)

6k — Dl < S lly(k —d— DI+ 3 llutk — d— )]

j=1 jl
< ne max [|y(r ||+Zz\ez (h—d-j)
j=11i=1
(6.7)

where e; is the ith column of /;. Next, assumption (A2) implies
that the invariant zeros of the system (2.1)-(2.3) from u to y are
asymptotically stable. Thus, it follows from [5, Lemma B.3.3] that

there exist ¢1 > 0 and c2 > 0 such that, for all ¢ = 1,...,[ and
for all 0 < 5 <k,
T .
; — < . .
[eFuti = )| < e + ez max iyl 638)
Combining (6.7) and (6.8) implies that ||¢(k—d)| <

ne maxo<r<k |[Y(7)|| + Inc (c1 + c2 maxo<r <k [|y(7)|]) = s +
ca maxo<-<k ||y(7)]], e cilne and cq4 2 Ne + calne.
Since limy o W(y(k), #(k — d)) = 0, n(k) is bounded, and
the linear boundedness condition above is satisfied, it follows from
the Key Technical Lemma [5, p. 181] that ¢(k) is bounded and
limg— o0 y(k) = 0. Furthermore, since ¢(k) is bounded it follows
that u(k) is bounded. O
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