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Abstract—This paper considers the robust stabilization
of single-input single-output (SISO) linear shift-invariant
discrete-time systems. A non-minimal state-space realization is
used to transform the original SISO system into a higher order
realization with full-state measurement without knowledge
of the system parameters. Robust stabilization is achieved
using a weighted least squares optimization with the stability
constraint implemented as linear matrix inequalities.

1. INTRODUCTION

Robust stability analysis has been widely studied in
various settings using diverse techniques. For polynomials,
Kharitonov’s Theorem shows that interval polynomials are
Hurwitz if and only if four special vertex polynomials
are Hurwitz [1,2]. The Edge Theorem provides necessary
and sufficient conditions for the stability of a polytope of
polynomials [3,4]. Stability analysis of interval matrices
remains a problem of interest [5, 6]. Although Kharitonov’s
Theorem does not hold for discrete-time systems [7], the
delta-operator has been used to develop Kharitonov-like
theorems for discrete-time stability [8, 9].

For robust stabilization, linear matrix inequalities and
convex optimization methods are used in [10] to simultane-
ously stabilize a finite number of discrete-time systems. In
the present paper, we use vertex linear matrix inequalities
and convex optimization to robustly stabilize a convex set
of uncertain discrete-time systems.

We consider the robust stabilization of single-input
single-output (SISO) linear shift-invariant discrete-time sys-
tems. We recast the output feedback problem as a full-
state-feedback problem using the non-minimal state-space
representation given in [11]. Vertex matrix inequalities are
then used to enforce the stability of the uncertain closed-
loop system. For controller synthesis, robust stabilization is
achieved by means of a weighted least squares convex opti-
mization problem with the stability constraint implemented
as linear matrix inequalities.

In Section 2, robust dynamic compensation is formulated
as a optimization problem. A non-minimal state-space rep-
resentation is given in Section 3. In Section 4, the robust
dynamic compensation problem is recast as a robust full-
state feedback problem using the non-minimal state-space
representation. Algorithm implementation is discussed in
Section 5. Numerical examples are presented in Section 6.
Conclusions are given in Section 7.
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2. ROBUST DYNAMIC COMPENSATION

We consider the discrete-time single-input single-output
linear shift-invariant system

b(2)

= u s
Yk a(z) k

2.1

where

b(z) 2 bn—lznil + bn—22n72 + -+ b1z + by, 2.2)

é n n—1 n—2
a(z) = 2" + ap_12 + ap_0z + -+ a1z + ag,
2.3)

and b; and a; are constant for ¢ = 0,...,n — 1. Note that
(2.1)-(2.3) includes all strictly proper linear discrete-time
systems with relative degree p by letting p — 1 leading
coefficients of b(z) equal zero. We make the following
assumptions.
(i) The polynomials a(z) and b(z) are coprime.
(ii) The system order n is known. R
(iii) For all i =0,...,n — 1, there exist known a;, b;, «;,
(; such that
a; = a; + v, b = b; + 4, (2.4)
where v; € [—a;, +oy] and §; € [—5;, +5:]-
The objective of this paper is to design a robust dy-
namic compensator that stabilizes a large class of systems
characterized by (2.1)-(2.3) under assumptions (i)-(iii). We
therefore formulate robust stabilization as an optimization
problem.
The system (2.1)-(2.3) has the state-space realization

Tyl = (A + BAA)ack + Bug,
Y = (CJr Ac)xk,

2.5)
(2.6)

where A € R™*" B € R™™1, C € R*", A, € RIX7,
and Ac € R'™ are given by

—lp—1 —a; —ap 1
1 0 0 0
AL .|, B2 :
0 1 0 0
2.7
A ~ ~
C= bna bi by |, 28)
n—1 n—1
A EY —yie, Act Z diei, (2.9
i=0 i=0
where, for i = 0,....n — 1, ¢ 2
[ O1x(n-1—9) 1 O1x; ] Furthermore, we consider
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the dynamic compensator

(2.10)
@2.11)

Zky1 = Aczk + Beyr,
uy, = Cezg,
where A, € R"*", B, € R"*!, and C, € R'*™. Without

loss of generality, we express the dynamic compensator in
the controllable canonical form

M1
A2 Ge B.2 ; (2.12)
° Infl 0(n71)><1 ’ c ’ '
| O
where a. € R'*", The closed-loop system
Th+1 o A + BAA BCC [ Tk (2 13)
Zk+1 N Bc (C + AC) Ac L 2k ’

is asymptotically stable if and only if there exists P > 0

such that
A  BC, BA4, O
P_([BCC AC]+[BCAC ODP
T
A BC, BA4 O
X <[ B.C A, ]+[BCAC O}) > 0. (2.14)

The following result concerns vertex matrix inequalities.

Lemma 2.1. Let v and r be positive integers, and let
AeR"> Fori=1,...,r, letn; >0 and let A; € R"*".
Define the uncertainty set

ué{AA CAA = imﬂi,

i=1
where n; € [—o;,+0y],i=1,...,7} (2.15)

and let P > 0. Then P satisfies
P—(A+AA)P(A+AA)" >0, (2.16)

for all AA € U if and only if P satisfies the 2" matrix
inequalities
P — (A:l:O’l.Alﬂ:"':tO'r.Ar)P

X (Ato Ay £ ta,.A,)" >0. (2.17)

Proof. Let AAq, ..., AAor be the 2" matrices £7y1.A1 +
-+ £ v.A.. For ¢t =1,...,2"7, assume that P > 0 satisfies
the matrix inequalities

P—(A+AA)P(A+AA)T >0. (2.18)
Using Schur complements, (2.18) is equivalent to
P PA+AA)"
(A+AA;) P p > 0. (2.19)

The inequalities (2.19) are linear in AA; and U is the
convex hull of AAq,...,AA,. Thus, we conclude that

P—(A+AA)PA+AA)T >0, (2.20)

for all AA € U. The converse result follows immediately
from the fact that AA; € U forall i =1,...,2™. O

In Lemma 2.1, the vertex matrix inequalities characterize
a single Lyapunov function V(z) = 2™ Px for all uncer-
tainty in the set U. Hence the Lyapunov function guarantees
stability for time-varying uncertainty. To avoid cumbersome
notation, we consider only time-invariant uncertainty, al-
though the method applies to the time-varying case.

Lemma 2.1 implies that the inequality (2.14) is equivalent
to the 22" matrix inequalities

A BC, BA,; 0
([ Sl aa 0))r
y A BC. |, [ BAw 0 T>0
BCC A(; BCAB] 0 ’
(2.21)
where Ag1, ..., Aqon denote the 2™ row vectors *ageg

oot ap_1e,_1, and Agi,...,Agon denote the 2" row
vectors :tﬂ()e() +..- £ ﬂnflenfl.

Now we formulate the robust stabilization of (2.5)-(2.11)
as an optimization problem. We define the optimization
variables Ay, ..., Agon € RY™™ and Agy,...,Apgyn €
R!*™. Additional optimization variables include a., C., and
P. The objective is to minimize

TBars o Auaes Bgr o Agon)
:ii Wl< 2%1' {ﬁ%”]) )
i=1 j=1 j Bj F
(2.22)
subject to the 22™ stability constraints
P —®;;P®}; >0, (2.23)
where fort =1,...,2" and j =1,...,2",
Di; = { Bilc LZC} } [ lchA(;; 8 } G

and W is a weighting matrix. This constrained least-
squares problem seeks to minimize the distance between
the achievable bounds Am- and A 3; and the desired bounds
Aqi and Ag; for 4,7 = 1,...,2" subject to the stability
constraints (2.23).

Using Schur complements, (2.23) is equivalent to the
matrix inequality

P &P
[ P@;rj P ] > 0. (2.25)
The terms 8 BACC’C }P and [ BBlAA(Z] 8 ]P in

(2.25) are quadratic in the optimization variables. One ap-
proach to dealing with these terms is to define the change of
A | 0 BC A BAy O
iables S = C|Pand T = M P,
variables { 0 A ] an [ B.Ay 0 }
and optimize with respect to S, T, and P. However, since
S and T require structural constraints, the optimization
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will not necessarily yield .S, T, and P that can be solved
for the variables of interest Am-, Agj, A., and C,. Thus,
we consider an alternative method for implementing the
stability inequalities as convex constraints.

In the next section, we reformulate the output feedback
problem as a full-state feedback problem using a non-
minimal state-space representation that provides full-state
measurement even with parameter uncertainty. Then we
implement stability inequalities using full-state feedback
as a convex constraint for use in a weighted least-squares
optimization.

3. OBTAINING FULL-STATE MEASUREMENT

In this section, we consider a non-minimal state-space re-
alization of (2.1)-(2.3) where the state-vector contains only
delayed values of the input and output [11]. Furthermore,
we achieve state estimation in the non-minimal basis using
a deadbeat observer, which does not require knowledge
of the parameters ag,...,ap—1,b0,...,b,—1. The system
(2.1)-(2.3) has the non-minimal state-space realization

(3.1
Yk = Cxp, (3.2)

where A € R2nx2n B ¢ R2"*1 apnd C' € R1*27 are given
by

Tp1 = Az + Buy,

—Qp—1 —a; —ag bp—1 -+ b1 by
1 - 0 0 0 - 0 0
Lol o 10 0 0 0
- 0 0 0 0 0 0
0 0 0 1 0
o0 - 0 0 0 1 0
3.3)
B2[0 - 0 1 0 0]", (3.4)
A
C= [ —an-1 —ag bnfl bn72 bO } )
3.5)
A T
TE = [ Yr—1 Ye—n Uk—1 Uk—2 Uk —n ] .
(3.6)

The state-vector xz;, contains only delayed values of the
input and output. Thus full-state measurement is obtained
by recording n previous input and output data points.
Recording the n previous data points is equivalent to

implementing the state estimator
Tpy1 = Aely + Bug + Feyr, (3.7

where

S|
O@2n—1)x1

Note that A, is nilpotent. In particular, A? = 0. Thus, (3.7)
is deadbeat after n time steps, and &y = x for all £k > n.

A2A-FEC (38

Using the non-minimal state-space representation given
by (3.1)-(3.6), we recast an n-dimensional system with
output measurement as a 2n-dimensional system with full-
state measurement. Now we examine the controllability
and observability properties of the realization (3.1)-(3.6)
with full-state measurement. Clearly, the pair (A,I) is
completely observable.

Proposition 3.1. Consider the state-space realization
(3.1)-(3.6). The triple (A, B,I) is completely controllable
if and only if the polynomials a(z) and b(z) are coprime.

Proof. Define

C(z)2[2I-A B]. (3.9)

Assume (A, B) is controllable, which is equivalent to

rank C(z) = 2n, (3.10)

for all z € C. Let

Clz) =[ €i(2) €a(2) ], (3.11)
where C;(z) € C?"*" and @y(z) € C2"*(»+1) 5o that
(3.10) can be written as

rank [ C1(2) Ca(z) | =2n, (3.12)
for all z € C. Note that the columns of C;(z) are linearly
independent of the columns of C3(z) for all z. Furthermore,
note that rank C;(z) > n — 1 and rank Co(z) > n. Thus
(3.12) is equivalent to either

rank C1(z) =n (3.13)

or

rank Ca(2) =n+ 1, (3.14)
for all z. Now we examine the two conditions (3.13) and
(3.14) separately. Note that rank C1(z) = n for all z that is
not a root of a(z), while rank C2(z) = n+ 1 for all z that
is not a root of b(z). Therefore, (3.12) holds if and only
if a(z) and b(z) are coprime. The converse result follows
from reversing these steps. O

For the remainder of this paper, we assume the use of
the deadbeat observer (3.7) to record n previous input and
output data points for use in feedback.

4. ROBUST STABILIZATION WITH FULL-STATE
FEEDBACK

In this section, we consider the robust stabilization prob-
lem of Section 1. We transform the problem to robust full-
state feedback stabilization by using the non-minimal state-
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space representation (3.1)-(3.6). Define

—Cp—1 —Gy —ag bp—1 --- b1 by
1 e 0 0 0 o 00
A A 0 1 0 0 0 O
0 0 0 0 O
0 0 0 1 0
L 0 e 0 0 0 1 0 |
4.1)
A T
D= [ 1 0(2n71)><1 ] ) (42)
so that (3.1) can be written as
w1 = (A+D[ Aa Ac |)or+ Bu.  (43)
Consider the full-state feedback controller
Uk = ka, (4-4)

where K € R1*27, 50 that the closed-loop system is given
by

s = (A+D[ B4 Ac |4 BK)w,. (45

The closed-loop system (4.5) is asymptotically stable if and
only if there exists P > 0 such that

P—(A+D[Aa Ac]+BK)P

" T
x(A+D[Ax Ao J+BK) >0. 46
Lemma 2.1 implies that (4.6) is equivalent to the 22" matrix
inequalities

P—(A+D[ Aai Ag |+BE)P

R T
><(A+D[ Aai Ag ]+BK> >0, (47

fori = 1,...,2" and 7 = 1,...,2". The optimization
variables are Aal,...,Aagn, Am,...,Aggn, P, and K.
The objective is to minimize (2.22) subject to the 227
stability constraints

P—(A+D[Aw Ay |+BEK)P

. . ) T
X (A+D[ Aai Ay ]+BK> >0, (48)
where : =1,...,2" and 5 =1,...,2™.
We now express the stability constraints (4.8) as linear
matrix inequalities for use in convex optimization. Using
Schur complements, (4.8) is equivalent to

P QP
[ par b ] >0, (4.9)
where
Q; 2A+D[ Ay As |+ BK. (4.10)

SinAce (4;9) involves the quadratic terms KP and
[ Ani Agj | P, we define
REKP,  S;2[ A Ay P @&11)
fori =1,...,2" and j = 1,...,2", so that (4.9) can be
written as

P AP+ DS;; + BR ~0

PAT + SIDT + RTBT P ’

4.12)

where P > 0,i=1,...,2", and j = 1,...,2". The 22"
linear matrix inequalities given by conditions (4.11)-(4.12)
are equivalent to the stability conditions (4.8).

To impose the discrete-time stability constraints (4.11)-
(4.12) on the cost function (2.22) we define W; 2 P so
that (2.22) becomes

A AT- 2
J(S11,..., Sanon, P) =3 > ||SE - P { AT ]
i=1 j=1 gi 1lF
(4.13)

Equation (4.13) and the 22" discrete-time stability con-
straints (4.11)-(4.12) constitute a constrained least-squares
optimization, which is linear in the optimization parameters
P,R,and S;; fori =1,...,2"% andj =1,...,2". Werelax
the constraints (4.12) to

P AP+ DS;; + BR

A > ol
PAT + SEDT + RTBT o

p 2

(4.14)
where o > 0 is arbitrarily small so that the optimization is
convex.

The cost function (4.13) does not require that the achiev-
able bounds A,; and A 3; be within the the polytope defined
by the desired bounds A,; and Ag;. Hence, if the desired
bounds cannot be achieved, the resulting bounds, although
minimal in the sense to the cost function (4.13), may
define a polytope of little interest for the robust stabilization
problem. Thus, we adopt an iterative approach to finding the
maximum achievable bounds for robust stabilization.

5. ALGORITHM IMPLEMENTATION

The constrained least squares optimization problem is to

minimize
2n o AT 2
J(Sll,...,Sann,P):ZZ S$P|:A%Z:| ,
i=1 j=1 By F
6.1
subject to
P AP+ DS;; + BR _
PAT 4+ SLDT + RTBT p =
5.2)
where
P=P'>0 (53)
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and o > 0 is arbitrarily small.
The resulting vertices are determined by

[ Awi Agy | =5;P7, (5.4)
where ¢« = 1,...,2" and j = 1,...,2". The stability
constraints (5.2) require that the closed-loop system is
asymptotically stable for all uncertainty contained in the
convex hull of (5.4).

Consider the desired vertices A,; and Ag;, and let
e € [0,1]. We perform the above optimization with some
arbitrarily small € such that

Aai = €Aau (55)
Agj = eAgj, (5.6)
fori=1,...,2" and j = 1,...,2". Next, the optimization

is iteratively performed while e is increased by small
increments. The maximal bounds are determined by the
largest value of e for which the equations (5.5)-(5.6) hold.
The stabilizing gain is determined by
K = Rp~ ! 3.7

The optimization is performed using the SeDuMi Matlab
toolbox [12]. SeDuMi solves linear programming problems

over symmetric cones, allowing us to impose quadratic and
positive semi-definite constraints.

6. EXAMPLES

6.1. The scalar case

Consider the scalar discrete-time system

bo + do
__%+% 6.1
U Z+(ao+’Yo)uk b
where a9 = 2.0, by = 3.0, 7o € [-0.4,0.4], and

o € [-0.6,0.6]. The desired vertices [ Ay Ag; | for
i = 1,2 and j = 1,2 are given by the 4 row vectors
[ £0.4 0.6 |.

The iterative optimization presented given in Section 5 is
performed on the uncertain system (6.1). The vertex points
obtained by the optimization are

[ Ani Apg; |=[ £022 £033]. (62
Figure 1 show the desired stability region and the guaran-
teed stability region achieved by the optimization.

Therefore, the feedback uy, = Kxj stabilizes (6.1) for all
Yo € [—0.22,0.22] and §y € [—0.33,0.33]. The gain matrix
obtain from the optimization is

K =] -1387 2079 |. (6.3)

06F T

0.4r

0.2

-0.2
-0.4
Y e
05 04 08 02 01 0 o1 02 03 04 05
o
Fig. 1. The desired stability region (dashed) and the achieved stability

region (solid).

6.2. Discrete-time harmonic oscillator
Consider the discrete-time simple harmonic oscillator
b12 + bo
22— 22+ (W2T2+1
where b1, by, and w are uncertain and 75 = 0.01. The
uncertain parameters are

Yr = )uk, 6.4)

w =45+ 6y, (6.5)
by = 4.0 + dp, (6.6)
by = 2.0 + 61, 6.7)

where J, € [-13,10], 6o € [-2,2], 61 € [—1,1]. The
discrete-time system (6.4) has the non-minimal state-space
realization

2 —1.2025 — vy 2.0+68 4.0+ 5
1 0 0 0
el =] 0 0 0 Tk
0 0 1 0
+[0 0 1 0] w, (6.8)

Y = [ 2 71.2025*’)/0 20+§1 40+50 ],
(6.9)

where vy € [—0.1,0.1]. Therefore, the vertices
[ Ani Agj ] fori=1,...,4and j =1,...,4 are given
by the 16 row vectors [ 0 +0.1 +£1 +2 |.

The iterative optimization is performed on the uncertain
system (6.8)-(6.9). The vertex points obtained by the opti-
mization are

[ Awi Ag; | =[£0 £0.07 £0.7 £14 ].
(6.10)

Figure 2 show the desired stability region and the guaran-
teed stability region achieved by the optimization.

Thus, the feedback u = Kx stabilizes (6.8)-(6.9) for
all 6, € [-8.6,7.2], 6p € [-0.7,0.7], and &; € [—1.4,1.4].
The gain matrix obtain from the optimization is

K =] -02580 0.3042 —1.338 —1.012]. (6.11)
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Fig. 2. The desired stability region (dashed) and the achieved stability
region (shaded).

7. CONCLUSIONS

In this paper, we presented a method for robustly sta-
bilizing single-input single-output discrete-time systems.
The method relies on a non-minimal state-space realization
and vertex matrix inequalities. Lyapunov stability condi-
tions were implemented as linear matrix inequalities for a
weighted least squares optimization.
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