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Abstract

We consider output feedback adaptive stabilization
for second-order systems with no zeros. The assump-
tions we make are standard, namely, that the sign of
the high frequency gain is known. However, we com-
plement the existing literature by deriving an explicit
expression for the adaptive controller. The controller
has the form of a 6th-order dynamic compensator
with quadratic, cubic and quartic nonlinearities. The
proof of convergence is based on a variation of Lya-
punov’s method in which the Lyapunov derivative
is shown to be asymptotically nonpositive. Applica-
tion of the controller to the Van der Pol and Duffing
oscillators shows that the controller is effective for
nonlinear systems as well.

1 Introduction

In this paper we consider the problem of adaptive
stabilization for second-order systems (with no zeros)
under output feedback. As in [4, 5] we assume that
the sign of the high frequency gain is known. How-
ever, our results extend the results of [4, 5] in two dis-
tinct ways. First, we derive an explicit expression for
the adaptive controller which involves parameter es-
timates and filtered states. The overall controller has
the form of a 6th-order dynamic compensator with
quadratic, cubic and quartic nonlinearities. In ad-
dition, our proof of convergence is Lyapunov based.
In particular, we develop a variation of Lyapunov’s
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method in which the Lyapunov derivative is shown
to be asymptotically nonpositive.

The contents of the paper are as follows. In Section
2 we introduce the stabilization problem for second
order systems with relative degree 2. We state and
prove Theorem 1 which provides the sixth-order dy-
namic compensator which stabilizes any second or-
der system with relative degree 2 and known high
frequency gain. In this section we provide a elabo-
rate proof of convergence of states and boundedness
of parameter estimates.

In Section 3 we present several numerical examples
involving linear and nonlinear plants. In particular,
we apply the controller to the Van der Pol and Duff-
ing systems to show that the controller is effective for
nonlinear systems as well.

2 Adaptive Stablization Problem

Consider the second -order system
¢ + a1 + axq = bu, (1

where a1,a2 and b are constant. We make the fol-
lowing assumptions about (1). We assume that a;
and a; are completely unknown. Furthermore, we
assume that b is nonzero and sign(b) is known but b
is otherwise unknown. Finally, we assume that only
g is available for feedback. Let m 2 1 /b. The stabi-
lization problem constitutes finding a control input
u such that ¢, ¢ converge to 0 as ¢t — oo.

Theorem 1 Let A, fi, fo, r1, 72, g1 and g2 be
positive constants and let p; = r1/(2f2) and ps =
(r1 + for2)/(2f1f2). Consider the dynamic compen-
sator

g = —Xg+gq, (2)
& = —hd— fods+

+(fr — a1)gs + (f2 — a2)gr +ue,  (3)
a1 = —(p1e+ p2é)ds, (4)
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dy = —(pie+p2é)gs, (5)

—sign(b){(p1e + p2é)u, (6)

where
e & g—g (7)
ue 2 (61— g1)dc + (82 — 92)dr- (8)

Let the control input u be given by

= ( — g1)d¢ + 1h[d1 + G2 — g2)ds +

( M) (a1 — g1)de + (82 — 92)d) + Mdade. (9)
Then q, ¢, ¢, g¢, §¢ and cjf — 0 as t = oo. Further-
more, 41, 4z and " are bounded. O
Proof: 1t follows from (9) that @; = muf satisfies

iy = —Aig+u. (10)
Next, defining
H £ G + a1de + azgr — b, (11)

and using (1),(2) and (10), it follows that H satisfies
H = —)\H. Hence H(t) = H(0)e~**. Equation (11)
can be rewritten as

G + a1df + aggr = —ug + H. (12)

Subtracting (3) from (12) yields

. m
€+ fié+ foe = digs + dagr + —TEUf+H, (13)

1]

~ A L ~ AL ~ ~
where @ = d; —ay, 4y = o —az and M =M —m.

Next, (13) can be rewritten as

E‘=FE+[~ 0 ] (14)
dagr +a1gs + Rus+ H |’

where E £ [e éland F = [ 2 ﬁ] Let P denote

the solution of the Lyapunov equation FTP + PF =

—R where R = ['0‘ 0 ] Then P is given by P =

r2

(72 2], where po = (firs + fufara + F2ra)/(2f1fo):

Next, we define & £ e, é,81, az,
definite function

7T and the positive

1 1,

V(z) & ETPE+—a1 +2a2 +2| |m (15)

Then using parameter update laws (4), (5) and (6)
and using eHp, < e’r1/4 + H?p?/r; and éHp, <
é2ry/4 + H?p3/rs, we obtain

s 1 <z . . .
vz = ~§ETRE + di(a1 + piegr + paéde)

+dy(d2 + pregs + p2ége)

+g(sign(b)ﬁz + (pre + paé)us) + H(pre + paé)

1 1 . .
= —~2—r162 - —2-1'262 + H(pie + p2é)

1 1 p
< _tp2_ 2 1 2
< a7e 47‘26 + ("‘1 'l”2) H
<

(ﬁ + Qﬁ) H2(0)e™ 2,
T T2

Let Vo 2 V + £e 2 where o = (—l + —Z)Hz( ).
Then

% = V- ae—?)\t ..<. ae—2At . ae—-2At =0

Since A > 0 and « > 0, it follows that Vj is positive
definite and monotonically decreasing. Hence V; has
a limit as ¢ — co. Since limg_,0 35 2} =0,V hasa
limit as ¢ — co. Hence all components of Z, namely
e, €, @1, ao and 7 are bounded.

Next, note that
- V(&(T))

2 2 T
+ (Ql + ’i?-) / H(t)%dt, (16)
n r2/)Jo

along the trajectories of the closed-loop system. Not-
ing that the right-hand-side of inequality (16) is
bounded as T — oo, it follows that e(t) and é(¢) are
square integrable on [0, 00). Since é(t) is bounded for
all time, e(t) — 0 as t — oo (see Lemma A.1).

Ty Ty N
/ ~rie“dt +/ —=rqé*dt < V(Z(0))
o 4 o 4

To prove convergence of g, g, gr, gf, §r and (jf, we first
prove boundedness. Using (8), (3) yields

G + 91G; + 92Gs = (fo —G2)e + (f1 ~a1)e  (17)
Note that since Z is bounded, the right-hand-side of
(17) is bounded. Since the polynomial p?+g1p+go is
Hurwitz, s and (jf are bounded. Furthermore, since e
and ¢ are bounded, the states ¢r and ¢f are bounded.
Using (8), it can be seen that u¢ is bounded as well.
Therefore all terms on the right-hand-side of (13) are
bounded, which implies that é is bounded. Since ¢ is
square integrable, ¢ — 0 as t — oo (see Lemma A.1).
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It follows that the right-hand-side of (17) converges
to 0 as t = oco. Hence we conclude that estimator
states g and cjf converge to 0 as £ — co. Hence the
filter states gr and ¢; go to 0 as t — oo and hence
using (2) it follows that ¢ — 0. Using (8) it follows
that uf — 0 as ¢ = oo. Furthermore, from (12) we
note that gr — 0 as ¢ — co. Differentiating (2) yields

g = =M +4, (18)

which implies ¢ —+ 0 as ¢ — co. |

The controller (2)-(9) can be identified as the com-
bination of three essential modules. Firstly, a stable
filter represented by (2) filters the available feedback
variable g. The filter state gr mimics the second-order
plant as indicated by (12). Secondly, the estimator
with states §r, gr facilitates the use of a certainty-
equivalence control input given by (8). Lastly, equa-
tions (4)-(6) constitute the parameter update laws.

Since ¢ is available for feedback and ¢; is obtained
from the filter (2), ¢¢ can be computed using (2).
Since ¢r and §; are available from (3), the quanti-
ties e, é can be computed. Therefore, parameter up-
date laws (4)-(6) and equation (8) are implementable.
Lastly, §¢ required in (9) can be computed using (3).
Hence, no differentiation or improper realization is
required to implement the controller.

Finally, the controller implementation only requires ¢
for feedback and does not need to know ay, a; or the
value of b. However, knowledge of sign(b) is required
to implement (6).

The control input u explicitly in terms of the avail-
able states g, ¢r, g, g, 81, d2 and " is given by

u= 1(G2g19r — f201qr — G201 + fzgléf +
g1gzqf + @ Agr — g2 s — P2QQ_f qufo +
quf + afo - a291%f + 91Qf - !J2qf2
[} )‘Qf +pad? qf—pzqqf pzqqu +p2geds +
pét +P2arGPr +pogrdsr +a(—q +qer) +
f191(—g+de+ger)+a1(919—aogr+ f2g:+

aade — fad — gods + G2g¢ — 9195 + AGs —
9197+ fig—de — qer))) + (Gade — 9285 +
(81— 91)de)(—g19 + B2gs — g2gs + 1 g5 +

a1(q — 7)) (p2(—gs + @) + p2(—q+gs +
gsr))sign(b)
Note that the control contains square, cubic and
quartic nonlinear terms.

3 Numerical Examples

Consider the second-order unstable system
4 — 4¢ + 10.5¢ = —0.5u. (19)

For adaptive control, we choose A = 10, f; =g, = 11
and f2 = g2 = 36. The closed-loop response shown in
Figure 1 indicates that the algorithm successfully sta-
bilizes the unstable system. The controller is turned
on at t = 2.0 sec. The time-history of the parame-
ter estimates @1, @2 and /i (Figure 2) shows that the
estimates converge to a constant value which are not
the true values of the parameters a;, az and m. This
is consistent with Theorem 1.

Next, we investigate the effects of a change in the
value of b by changing b from b = —0.5 to b = —0.04
at time ¢ = 3.0 sec. The controller is turned on at
t = 1.6 sec (Figure 3). After the change in value of
b, we observe a small transient due to a reduction of
control authority, following which the output of the
system converges to 0. The parameter estimates &,
a2 and 7 (Figure 4) converge to constant values.

Next, we consider Van der Pol’s oscillator given by
G +e(g® — 1)+ w?q = bu. (20)

The controller is turned on when the system ap-
proaches the limit cycle as indicated by the phase
portrait of the system (Figure 6). Although Theo-
rem 1 applies to second-order systems with constant
coeflicients, Figure 5 shows that the controller is able
to suppress the limit cycle oscillations.

Lastly, we consider a second order mass-spring-
damper system with a nonlinear (Duffing) spring de-
scribed by the dynamical equation

d+ed+(¢* - 1)g = bu. (21)
The uncontrolled system has three equilibria, namely
(g,9) = (0,0),(~1,0),(1,0). The origin is an un-
stable (saddle) equilibrium, whereas the equilibria
(£1,0) are stable (foci). In the simulation, the sys-
tem is allowed to approach to one of the stable equi-
libria before the controller is turned on (Figure 7,
Figure 8). The phase portrait of the system indi-
cates that the controller is able to bring the system
to the origin.

4 Conclusions

A sixth-order adaptive controller is developed for sta-
bilizing second-order plants with relative degree 2.
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The controller requires the knowledge of the sign of
high frequency gain b. The proof of convergence in-
volves a positive definite function with an asymptot-
ically non-positive time derivative. As an extension
of this work, current research focuses on generalizing
this method of proof to higher order systems with
arbitrary relative degree.

A Proofs and Lemmas

Lemma A.1 Let z : [0,00) = R be C' and square
integrable on [0,00), and assume that & is bounded.
Then z(t) — 0 as t — oo.

Proof: Let M > 0 satisfy |2(t)] < M for all t > 0.
Next, note that

Pt -0l < [ 32060k

< M /t el @2

Since z is square integrable, it follows that, for all
€ > 0, we can choose sufficiently large T > 0 such

that e .
| ol < 557
Hence |z3(t + h) — z3(t)| < € for all ¢ > T. Since
h is arbitrary, it follows that z°(¢) has a limit L as
t — oo. Hence z(t) — L% ast — co. Since z is
square integrable, L must be 0. "

(23)

References

[1] K. J. Astrom and B. Wittenmark, Adaptive
Control, 2nd edition, Reading, MA: Addison-Wesley,
1995.

[2] H. Kaufman, I. Barkana and K. Sobel, Direct
Adaptive Control Algorithms: Theory and Applica-
tions, second edition, New York, NY: Springer, 1998.

(3] I. D. Landau, R. Lozano, and M. Mosaad,
Adaptive Control, New York, NY: Springer, 1998.

[4] K. Narendra and A. Annaswammy, Stable
Adaptive Systems, Englewood Cliffs, NJ: Prentice
Hall, 1989.

[5] S. Sastry and M. Bodson, Adaptive Control :
Stability, Convergence, and Robustness, Englewood
Cliffs, NJ: Prentice Hall, 1989.

Figure 1: Adaptive stabilization. Closed-loop response
of the unstable second-order plant (19).
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Figure 2: Time-history of parameter estimates (a) a,,
(b) @2 and (c) 77 corresponding to Figure 1.

time in seconds

Figure 3: Adaptive stabilization with change in b.
Closed-loop response of the unstable second-
order plant (19) with change in b from b =
—0.5 to b = —0.04 at arbitrary time ¢t = 3.0

3141 sec.
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Figure 4: Time-history of parameter estimates (a) a,,
(b) é2 and (c) 7 corresponding to Figure 3.

System: Van der Pols Oecilistor

Figure 5: Response (g) of Van der Pol’s oscillator (20).
The controller is turned on at ¢t = 3.0 sec.
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Figure 6: Phase portrait of Van der Pol’s oscillator (20).
The system is allowed to reach the limit cycle
before the controller is turned on at ¢ = 3.0
sec.

Second-order mass—damper-apring system with nonsinsar (Duffing) spring ; K w @ ~1
2 T
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Figure T: Response (g) of Duffing’s mass-spring-damper
system with nonlinear spring (21). The con-
troller is turned on at ¢ = 10.0 sec.

Second-order mass~damper—spring system with nonlinear (Duffing) spring ; k= -1
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Figure 8: Phase portrait of mass-spring-damper sys-
tem with nonlinear spring (21). The system
is allowed to approach the equilibrium point
(-1,0) before the controller is turned on at
t = 10.0 sec.
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