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Abstract: We present an add-on scheme for multi-input, multi-output systems with a nominal controller in order to avoid

problems caused by amplitude and rate saturation such as integrator windup and phase lag. No modelling information

is needed except the number of input and output. The adaptive error correction estimates the effect of control saturation

on the command following error and directly modify the command following error that is input to the nominal controller

in order to prevent further saturation. A retrospective cost optimization algorithm is applied to obtain the correction

on-line based on measurements of the command following error and the amount of control saturation. Different from

anti-windup scheme, which compensates the control command to enlarge the convergence region, this scheme intends

to adaptively contain the error inside the convergence region provided by the nominal controller. Numerical examples

show that, together with fixed-gain proportional-integral type controller, the adaptive error correction scheme can prevent

integrator windup and phase lag for asymptotically stable plant and critically stable plant in the presence of amplitude

and rate saturation.
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1 Introduction

Input saturation reflects the hard physical limit of the ac-

tuators or the economic margin, and thus is ubiquitous in

control applications [1]. As pointed out by [2], linear con-

trol laws that are designed without regard to saturation ef-

fects can result in closed-loop instability even for open-

loop asymptotically stable system. In addition, integral

control for command following or disturbance rejection can

experience integrator windup, which may cause instabil-

ity [3]. Consequently, an extensive literature has been de-

voted to analyzing the domain of attraction in the presence

of input constraints [4, 5], some of which appear as anti-

windup scheme. An alternative approach to addressing the

effects of saturation is to design a command filter to avoid

violation of saturation bound [6, 7]. However, most of the

methods above assume that the plant dynamics is known.

Thus it is difficult to apply the above methods on plants

with large modelling error.

An alternative approach to address the input saturation on

system with uncertainty is to use adaptive control. Con-

sidering the tracking error caused by input error as a dis-

turbance signal to reject, various adaptive mechanisms are

designed [8]. Without intending to reject the tracking error
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caused by the input error, an indirect adaptive compensa-

tion method is designed to hedge the adaptation mechanism

from saturation characteristics of the plant [9]. With simi-

lar intuitive reason, the saturated control is applied directly

in the regressor to avoid effects of saturation on the retro-

spective cost adaption [10].

In this paper, we present a different approach to tackle the

input saturation problem, which is called adaptive error

correction. As an add-on scheme, adaptive error correction

modifies the command following error in order to compen-

sate for the saturation. Different from anti-windup methods

which directly modify the control input, this method modi-

fies the command following error instead. Since a saturated

system is very hard to be globally stabilized, it is prefer-

able to correct the command following error to be inside

the convergence region. Different from the error governor

in [7, 11], this method uses a correction signal instead of a

command filter or an error filter. Intuitively speaking, the

adaptive error correction revises the command following

error to an amount which can be attenuated by the nominal

controller without causing saturation.

The main contribution of this paper is a technique to adap-

tively correct the command following error without model-

ing information in order to avoid problems caused by sat-

uration such as integrator windup. This technique is an

add-on scheme working with a nominal controller that is

well designed for system without saturation. In addition,
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the adaptive error correction does not need modelling in-

formation of the system dynamics, instead, adaptive error

correction re-optimizes the current corrector online based

on past data, which known as retrospective cost optimiza-

tion (see [10, 12, 13])

2 Problem Formulation

Consider the MIMO discrete-time system

x(k + 1) = Ax(k) +Bu(k) +D1w(k), (1)

y(k) = Cx(k) +D2w(k), (2)

z(k) = E1x(k) + E0w(k), (3)

where x(k) ∈ R
lx is the state, y(k) ∈ R

ly is the output,

u(k) ∈ Rlu is the actual input, w(k) ∈ Rlw is the exoge-

nous signal, and z(k) ∈ R
lz is the performance variable

and command following error. The goal is to develop an

adaptive output feedback controller that minimizes z in the
presence of input constraint on u with exogenous signal w
and limited modeling information about (1)–(3). Depend-

ing on the choice ofD1,D2, and E0, the components of w
can represent either command signals to be followed, exter-

nal disturbances to be rejected, or both. This formulation

defines the signals that play a role in adaptive error correc-

tion. However, no assumptions are made concerning the

state space realization since adaptive error correction uses

an input-output model rather than a detailed state space re-

alization.

We assume that there is a well designed nominal controller

that can stabilize the closed-loop and accomplish satisfac-

tory command following performance without saturation.

However, we do not assume any knowledge about (1)–(3)

except for the number of input lu and the number of out-

put ly , i.e. lu and ly are known and A, B, C, D1, D2, E0,

E1 are otherwise unknown. We assume that measurements

of the actual input u and the error z are available for feed-
back while a direct measurement of the plant output y and
exogenous signal w is not available.

Let ucmd be the commanded control signal, that is, the out-

put of the nominal controller. In this paper, we consider the

case where there is no saturation (i.e., u = ucmd) or the

case where the commanded control ucmd is either ampli-

tude saturated, rate saturated, or both (i.e., ucmd �= u).

3 Adaptive Error Correction

Since the nominal controller is designed without consid-

ering saturation, it is preferable that the error caused by

saturation be invisible to the nominal controller. Thus the

goal of adaptive error correction is to eliminate the effect

of saturation in the corrected error z̃
�
= z + zcrt in order to

prevent the nominal controller from causing further satura-

tion.

3.1 Error Corrector

We use a strictly proper time-series error corrector of order

ncrt of the form

zcrt(k) =

ncrt∑
i=1

Mi(k)zcrt(k − i) +

ncrt∑
i=1

Ni(k)Δu(k − i),

(4)

where

Δu(k) = u(k)− ucmd(k), (5)

and, for all i = 1, . . . , ncrt,Mi(k) ∈ Rlz×lz and Ni(k) ∈
R

lz×lu . We rewrite (4) as

zcrt(k) = Φ(k)θ(k), (6)

where the regressor matrix Φ(k) is defined by

Φ(k)
�
=
[
zTcrt(k − 1) . . . zTcrt(k − ncrt)

ΔuT(k − 1) . . . ΔuT(k − ncrt)
]⊗ Ilz

∈ Rlz×lθ , (7)

and

θ(k)
�
= vec

[
M1(k) · · ·Mncrt

(k) N1(k) · · ·Nncrt
(k)

] ∈ Rlθ ,
(8)

where lθ
�
= ncrtlz(lz + lu), “⊗” is the Kronecker product,

and “vec” is the column-stacking operator.

3.2 Cumulative Retrospective Cost Optimization

We define the retrospective corrected error as

ˆ̃z(k)
�
= z(k) + Φ(k)θ̂, (9)

where θ̂ ∈ Rlθ is determined by optimization below.

Using the retrospective corrected error ˆ̃z(k), we define the
cumulative retrospective cost function

J(θ̂, k)
�
=

k∑
j=0

λk−i ˆ̃zT(j)Rz
ˆ̃z(j)

+ λk(θ̂ − θ(0))TRθ(θ̂ − θ(0)), (10)

where Rz ∈ Rlz×lz , Rθ ∈ Rlθ×lθ is positive definite, and

λ ∈ (0, 1] is the forgetting factor.

The minimization of J can be interpreted as the minimiza-

tion of |ˆ̃z(k)| with the cost of θ̂. Note that ˆ̃z = 0 implies

that z(k) = −Φ(k)θ̂, where Φ(k) consists of the history
data of Δu and zcrt. Thus, defining zΔu as the error part

that is caused by Δu, −Φ(k)θ̂ can be interpreted as an

approximation of zΔu(k) in an IIR filter form for a min-

imized J(θ̂, k). In addition, the optimization process can
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Figure 1: Closed-loop system for command following with retrospective cost adaptive error correction.

be interpreted as evaluating θ̂ with respect to the approx-

imation error assuming that θ̂ was used in the past. Intu-
itively speaking, zΔu cannot be attenuated by the nomi-

nal controller, thus the nominal controller should not take

zΔu as an error, otherwise nominal controller may “try

harder” and result in deeper saturation. Therefore, zcrt
serves as a correction for z(k) such that the corrected er-

ror z̃(k) = z(k) + zcrt(k) = z(k) + Φ(k)θ̂ ideally do not
contain zΔu.

The next result follows from standard recursive-least-

squares theory [14].

Proposition: Let P (0) = R−1
θ and θ(0) ∈ Rlθ×lθ . Then,

for all k ≥ 1, the unique global minimizer of (10) is given
by θ̂ = θ(k), where

θ(k + 1) = θ(k)− P (k)ΦT(k)Γ−1(k)

· [z(k) + Φ(k)θ(k)], (11)

P (k + 1) =
1

λ
P (k)

− 1

λ
P (k)ΦT(k)Γ−1(k)Φ(k)P (k). (12)

where Γ(k)
�
= λR−1

z + Φ(k)P (k)ΦT(k).

The adaptive error correction algorithm is given by (6), (7),

(8), (11), (12) with design of λ, θ(0), ncrt, Rz , Rθ. The

forgetting factor λ can be chosen as 1. The initial error

corrector coefficient θ(0) can be chosen arbitrarily and is

chosen as 0lθ×1 normally.

4 Command Following Using PI Control and
Adaptive Error Correction

In this section we intend to compare the performance of

fixed gain controller with and without adaptive error cor-

rection in different saturation levels and system types. The

numerical examples are constructed as follows:

1. We assume that exogenous commands w = r, where
r is the reference signal. The reference signal r(k) are

either square waves or triangle waves. Let Tr = 2000
and Ar = 1, the square wave reference signal is given
by

rs(k)
�
=

{
Ar, TrN ≤ k < TrN + Tr/2,
−Ar, TrN + Tr/2 ≤ k < TrN,

(13)

and the triangle wave reference signal is given by

rt(k)
�
=

⎧⎪⎪⎨
⎪⎪⎩

+Ar(2k/Tr −N),
TrN − Tr/4 ≤ k < TrN + Tr/4,

−Ar(2k/Tr −N − 1),
TrN + Tr/4 ≤ k < TrN + 3Tr/4.

(14)

2. (A,B,C) is a controllable canonical realization of the
transfer function from u to z, C = E1,D2 = 0,D1 =
0lx×1, and E0 = −1. Therefore, (1)–(3) becomes

x(k+1) = Ax(k)+Bu(k) and z(k) = Cx(k)−r(k),
where objective is to have y = Cx follow r.

The closed-loop with both adaptive error correction and

feedback controller is shown in Figure 1.

Example 1 (Square wave command following for an asymp-
totically stable system with amplitude saturation using PI
controller and adaptive error correction).

Consider the transfer function

Gzu(z) =
(z + 0.2 + 0.5j)(z + 0.2− 0.5j)

(z + 0.5 + 0.5j)(z + 0.5− 0.5j)(z − 0.9)
(15)

The control objective is to have y follow the square wave

rs given by (13) with zero initial state in the presence of

amplitude saturation. The amplitude saturated control is

defined as

u(k)
�
=

{
ucmd(k), |ucmd(k)| < ū,
sgn(ucmd(k))ū, |ucmd(k)| > ū,

(16)

where ū > 0 is the amplitude saturation level. We consider

the PI feedback control ucmd = GPI(z)z̃, where

GPI(z)
�
= −0.2− 0.02

z − 1
. (17)
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Rewrite (17) in time domain yields

ucmd(k)
�
= ucmd(k − 1)− 0.2 z̃(k) + 0.18 z̃(k − 1).

(18)

Let uss be the steady-state command value required to

achieve zero steady-state tracking error. For the plant (15),

uss ≈ 0.15. The adaptive error correction parameters are
chosen as ncrt = 2, Rz = 1, Rθ = 0.1I4, θ(0) = 04×1.

Figure 2 shows the time history of rs, y, ucmd, and u for

the square wave command following problem for (15) with

various methods and saturation level. For the case with-

out amplitude saturation, which is shown on the first row

of Figure 2, y follows r with zero steady-state error. Since
Δu ≡ 0 in this case, there is no difference in turning on

or off the adaptive error correction. For the cases with a PI

controller alone (i.e., z̃ = z) in the presence of amplitude
saturation, which is shown on the second and third row of

Figure 2, y is prevented by amplitude saturation to follow
r with zero steady-state error, and the unsaturated control
signal ucmd exhibits windup, which causes a phase lag in y
relative to r. For the cases with a PI controller and adaptive
error correction (i.e., z̃ = z+zΔ) in the presence of ampli-
tude saturation, which is shown on the fourth and fifth row

of Figure 2, y is unable to follow r with zero steady-state
error as the case without adaptive error correction. How-

ever, ucmd does not exhibit integrator windup in this case,

and y is able to shift direction to match the direction of r
without phase lag.
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Figure 2: Example 1 (Square wave command following for

an asymptotically stable system with amplitude saturation

using PI controller and adaptive error correction).

Example 2 (Triangle wave command following for an
asymptotically stable system with rate saturation using PI
controller and adaptive error correction).

We consider triangle wave command following problem for

(15) with reference given by rt in (14) with the same con-
troller and adaptive error correction parameters as in Ex-

ample 1.

The rate saturated control is defined as

u(k)
�
=

{
ucmd(k), |δu(k)| ≤ δū,
u(k − 1) + sgn(δu(k))δū, |δu(k)| > δū,

(19)

where δu(k)
�
= ucmd(k)− u(k− 1) and δū > 0 is the rate

saturation level. Let δuss be the steady-state rate required
by the command to achieve zero steady-state tracking error.

For the plant (15), δuss ≈ 0.0003.

Figure 3 shows the time history of rt, y, ucmd, and u for the
triangle wave command following problem for (15) with

various methods and saturation level. For the case with-

out amplitude saturation, which is shown on the first row

of Figure 3, y follows r with zero steady-state error. Since
Δu ≡ 0 in this case, there is no difference in turning on

or off the adaptive error correction. For the cases with a PI

controller alone (i.e., z̃ = z) in the presence of rate satura-
tion, which is shown on the second and third row of Figure

3, y is prevented by rate saturation to follow r with zero

steady-state error, and the control command ucmd exhibits

windup, which causes that y has larger time period than r.
For the cases with a PI controller and adaptive error correc-

tion (i.e., z̃ = z + zΔ) in the presence of rate saturation,
which is shown on the fourth and fifth row of Figure 3, y is
unable to follow r with zero steady-state error as the case
without adaptive error correction. However, ucmd does not

exhibit integrator windup in this case, and thus y has the

same time period as r.
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Figure 3: Example 2 (Triangle wave command following

for an asymptotically stable system with rate saturation us-

ing PI controller and adaptive error correction).

Example 3 (Triangle wave command following for a criti-
cally stable system with amplitude saturation using PI con-
troller and adaptive error correction).

Consider the transfer function

Gzu(z) =
(z + 0.2 + 0.5j)(z + 0.2− 0.5j)

(z + 0.5 + 0.5j)(z + 0.5− 0.5j)(z − 1)
(20)
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The control objective is to have y follow the triangle wave

rt with zero initial state in the presence of amplitude sat-
uration. We consider the same PI controller and the same

adaptive error correction parameters as in Example 1 and

Example 2. Let uss be the steady-state command value re-
quired to achieve zero steady-state tracking error. For the

plant (20), uss ≈ 0.0003.

Figure 4 shows the time history of rt, y, ucmd, and u for

the square wave command following problem for (20) with

various methods and saturation level. For the case with-

out amplitude saturation, which is shown on the first row

of Figure 4, y follows r with zero steady-state error. Since
Δu ≡ 0 in this case, there is no difference in turning on

or off the adaptive error correction. For the cases with a PI

controller alone (i.e., z̃ = z) in the presence of amplitude
saturation, which is shown on the second and third row of

Figure 4, y is prevented by amplitude saturation to follow
r with zero steady-state error, and the unsaturated control
signal ucmd exhibits windup, which causes a phase lag in y
relative to r. For the cases with a PI controller and adaptive
error correction (i.e., z̃ = z+zΔ) in the presence of ampli-
tude saturation, which is shown on the fourth and fifth row

of Figure 4, y is unable to follow r with zero steady-state
error the same as the case without adaptive error correction.

However, ucmd does not exhibit integrator windup in this

case, and y is able to shift direction to match the direction
of r without phase lag.
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Figure 4: Example 3 (Triangle wave command following

for a critically stable system with amplitude saturation us-

ing PI controller and adaptive error correction).

Example 4 (Square wave command following for an asymp-
totically stable system with both amplitude and rate satu-
ration using PI controller and adaptive error correction).

We consider square wave command following problem for

(15) with reference given by rs in (13) with the same con-
troller and adaptive error correction parameters as in Exam-

ple 1. Different from previous examples, we consider both

amplitude and rate saturation with ū = 0.03 ≈ 20%uss
and δū = 0.00015 and show more details for adaptive er-

ror correction.

Figure 5(a) shows that without the adaptive error cor-

rection, plant output y suffers from phase lag. Further-

more, the phase lag increases with the number of refer-

ence command cycle. Figure 5(b) exhibits the controller

windup without the adaptive error correction. The control

command keep increasing until the reference command r
change sign and the sign of control command does invert,

which lead to the phase lag in the output. On the contrary,

Figure 5(c) shows that with the adaptive error correction,

there is no phase lag for y and Figure 5(d) shows that the
control command invert sign the same instant of the rever-

sal of the reference command.

The direct reason for the adaptive error correction to pre-

vent phase lag is that the corrected error z̃ becomes ap-

proximately zero when the control is saturated, which is

shown in 5(e). In addition, Figure 5(e) shows that the cor-

rected error z̃ keep small in most of the time. From step

2000 to 2400 when the absolute value of error |z| keeps
decreasing and the control is not saturated, z̃ keeps a con-
stant −0.003, which enable the integrator in the controller
to work on the error. From step 2400 to 3000, when the er-

ror z is a constant and the control is saturated, |z̃| is smaller
than 1×10−6 which prevent the integrator in the controller

from generating larger control command.

Since adaptive error correction tend to eliminate the com-

mand following error that caused by saturation and the cor-

rected error z̃ ideally do not contain the part of error that is
caused byΔu. Thus, z̃ = 0 implies that all the actual com-
mand following error is caused by saturation. Applying the

final value theorem of Z-transform on the output signal of

(15) with the constant input 0.03 yields

lim
z→1

(z + 0.2 + 0.5j)(z + 0.2− 0.5j)

(z + 0.5 + 0.5j)(z + 0.5− 0.5j)(z − 0.9)

0.03z

z − 1
(z − 1)

= 0.2028.

(21)

Note that in each reference cycle in Figure 5(c) when the

reference command equals to 1, the output of the plant

with adaptive error correction converges to 0.2028 and z̃
converges to 0. The fact that 0.2028 is the closest possi-

ble output to the reference command 1 with input smaller

or equals to 0.03 is in accordance with the inference that

z̃ = 0 implies that all the actual command following error
is caused by saturation.

5 Conclusion

We proposed an adaptive error correction method as an

add-on scheme that can cooperate with nominal controller

to deal with amplitude or rate saturation. Numerical exam-

ples show that adaptive error correction prevents PI con-

troller from windup and prevents phase-lag in command
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Figure 5: Example 4 (Square wave command following

for asymptotically stable system with both amplitude and

rate saturation using PI controller and adaptive error cor-

rection). δu = 0.03 and δū = 0.00015.

following. Future work includes stability analysis, exten-

sion to nonminimum-phase system and unstable system,

and application on nonlinear plant.
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