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Combined State and Parameter Estimation and
Identifiability of State Space Realizations

Ming Jui Yu and Dennis S. Bernstein

Abstract— The objective of combined state and parameter
estimation is to estimate both unmeasured states and unknown
entries of the dynamics matrix. Since the dynamics involve
products of states and parameters, this is a nonlinear estimation
problem. The classical approach to this problem is to use the
extended Kalman filter, although more recent techniques, such
as the unscented Kalman filter, can be used. The goal of this
paper is to determine conditions under which the combined
state and parameter estimation problem is feasible. To do
this, we recast this problem as an identifiability problem and,
for several special cases, we develop necessary and sufficient
conditions for identifiability, which provides necessary and
sufficient conditions for feasibility of the combined state and
parameter estimation problem.

I. INTRODUCTION

State estimation for linear time-invariant systems is one of
the cornerstones of modern systems theory. The extension
to nonlinear systems has immediate practical application,
but is highly nontrivial and presents longstanding theoretical
challenges. An important special case is state estimation
for a linear time-invariant system with unknown entries in
the dynamics matrix A. This combined state and parameter
estimation (CSPE) problem is nonlinear due to products of
the unknown parameters and unmeasured states.

The classical approach to CSPE is to apply the ex-
tended Kalman filter to an augmented model whose states
include parameter estimates. This approach is considered for
discrete-time systems in [1], where A is assumed to be in
canonical form, and the goal is to estimate C' and the entries
in the first row of A.

The goal of the present paper is to explore the question of
whether or not it is possible to estimate an arbitrary number
of unknown entries in A. Using subspace identification
methods [2,3], it is indeed possible to estimate all of the
entries of A along with the state. The resulting state space
model is represented in an arbitrary basis, however, which
obscures the meaning of the state components and does
not distinguish between known and unknown entries in A.
Consequently, the unknown entries of A are not uniquely
specified and thus the parameter estimates are not physically
meaningful. We say that the CSPE problem is feasible if the
unmeasured states and unknown entries of A are uniquely
determined by the measurements.

In the present paper we consider CSPE, where the output
matrix is assumed to be known, and thus each state has a
physical meaning. Furthermore, we assume that each entry of

Ming Jui Yu and Dennis S. Bernstein are with the Department of
Aerospace Engineering, University of Michigan, Ann Arbor, MI, USA.
{mingray, dsbaero}Qumich.edu

978-1-5090-1836-9/16/$31.00 ©2016 IEEE

A is either known or unknown. To illustrate this problem, we
consider a second-order system, where the first state is mea-
sured. Using the unscented Kalman filter (UKF), we show
that it is possible to estimate both entries in the first row of
A along with the unmeasured state. If, however, either both
diagonal entries are unknown or both off-diagonal entries are
unknown, then UKF fails to estimate these parameters and
the unmeasured state.

In order to understand the source of the difficulty, we
view the measurement as the impulse response of a state
space model, and we recast the problem in terms of the
identifiability of a state space realization. Identifiability of
state space realizations is studied in [4—6], where sufficient
conditions are given. It turns out, however, that these con-
ditions are not satisfied for the cases described above, and
thus no conclusion can be drawn.

The contribution of the present paper is the development
of necessary and sufficient conditions for the identifiability
of second- and third-order systems of special structure. These
results are obtained by analyzing the equations that relate the
parameters of the state space realization to the coefficients
of the transfer function. In cases where uniqueness fails, the
state space realization is not identifiable, and therefore the
CSPE problem is not feasible.

II. MOTIVATING NUMERICAL EXAMPLES

Consider the asymptotically stable, linear time-invariant
system

x(k+1) = Ax(k), (1)
z(0) = o, 2)
y(k) = Ca(k), 3)
where
z1(k)

x(k) = : S 4)

ai A1n
A= € R™", (5)

ani - G

y(k) e R,and C =10 --- 0] € R, We assume that
C' is known but some entries of A may be unknown. The
objective is thus to use measurements of y(k) to estimate
the unknown entries of A and the unmeasured components
x9(k),...,z,(k) of the state z(k). Note that sensor noise
is not included in (3) since the focus of this paper is on
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determining the feasibility of estimating these quantities
rather than the statistical properties of the estimates.
To illustrate the problem, let n =2, C=[1 0], and

04 -0.6 -1
A:{o.gs 0.99}’ xo:[m] ©
We consider three special cases.
Example I1.1 Consider the case where the entries a1; and
a12 in the first row of A are unknown. To apply the unscented

Kalman filter (UKF) [7] to combined state and parameter
estimation, we define the augmented system

X(k+1)=AKk)X(k), @)
X(0) = Xo, ®
Y (k) = CX(k), ©)
where
1z 1z 1 15
2a11(k) 2a12(k) 2561(]43) 21’2(]{5)
~ 0.98 0.99 0 0
A(k) = 0 0 1 0 , (10)
0 0 0 1
5?1(14)
C=[C Oixa ], X(k)= 5121((12)) ’ (11)
aa (k)
Z1(k), Zo(k) are estimates of xq(k), xz2(k) and a11(k),

a12(k) are estimates of aq11, a12. At each step, UKF uses
A(k), C, and X (k) to update X (k), beginning with &1 (0) =
.231(0) = —1, 532(0) = 0, &11(0) = —0.1, and dlg(O) = —0.1.
For UKF, we set the initial covariance matrix P = 10014

and tuning parameters o« = 1, K = 0, 8 = 2 [7]. Figure 1
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Fig. 1. State and parameter estimation of (1)—(3), where the first row of A

is unknown and the second component of x is not measured. Since the first
state is measured, the error is approximately equal to machine precision.

shows the resulting state and parameter estimation relative
error. Note that UKF estimates a1 and a5 and significantly
decreases the relative error in the unmeasured state. The
relative error in the unmeasured state eventually increases
as y(k) approaches zero due to numerical resolution. [ ]

Example I1.2 Consider the case where the diagonal entries

a11 and aso of A are unknown. We thus use (7)—(9) with

2aq1(k) 1—0.6 321 (k) ) 0
s 0.98  Llago(k) 0 Liq(k)
Ak) = 0 2 0 1 2 0 , (12)
0 0 0 1
&1 (k)
5 | Ze(R)
C=[C 0O1x2 ], X(k)= R (13)
aoo (k)

where #1(k), #2(k) are estimates of zq(k), x2(k) and
a1 (k), aga(k) are estimates of aq1, ase. We apply UKF as
in Example II.1 using the initial estimates 2 (0) = z1(0) =
—1, #2(0) =0, a11(0) = —0.1, and da92(0) = —0.1. Figure
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Fig. 2. State and parameter estimation of (1)—(3), where the diagonal

entries of A are unknown and the second component of z is not measured.

2 shows the resulting state and parameter estimation relative
error. Note that the parameter estimation errors for a;; and
aso remain on the same order of magnitude as the initial
€rrors. |

Example 11.3 Consider the case where the off-diagonal
entries ajo and ag; of A are unknown. We thus use (7)—
(9) with

04  aa(k) 5&a(k) 0

2
Ak) = %&25(16) 0.39 (1) %;ﬁ(l)(k) C(14)
0 0 0 1
1(k)
k
C=[C Oix2 ], X(k)= ;12;(;) . a5
(L21(l€)

where &1 (k), #2(k) are estimates of xz1(k), z2(k) and
a12(k), a21(k) are estimates of ajo, as;. We apply UKF as
in Example II.1 using the initial estimates #(0) = x1(0) =
—1, #2(0) = 0, @12(0) = —0.1, and a1 (0) = —0.1. Figure
3 shows the resulting state and parameter estimation relative
error. As in Example I1.2, the parameter estimation errors for
a12 and a1 remain on the same order of magnitude as the
initial errors. n

Note that UKF successfully estimates the two unknown
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Fig. 3. State and parameter estimation of (1)—(3), where the off-diagonal
entries of A are unknown and the second component of x is not measured.

parameters and the unmeasured state for Example II.1, but
fails for Example I1.2 and Example I1.3. In the following sec-
tions, we explain this behavior in terms of the identifiability
of a state space realization.

IT1I. IDENTIFIABILITY
Let 6(k) be the unit impulse signal, let

by
B= : eR”, (16)
bn,
and consider the single-input, single-output system
x(k+1) = Ax(k) + Bd(k), (17)
z(0) =0, (18)
y(k) = Cx(k), (19)

where C =[10 --- 0] € R"™*". We assume that B = xy,
where x( is the initial condition in (2). It thus follows that
(1)-(3) and (17)—(19) are equivalent in the sense that (1)—
(3) and (17)—(19) have the same output y(k) for all k£ > 0.
This output is the impulse response of the transfer function
corresponding to (A, B, C). Furthermore, since B = x( and
y(0) = z1(0), it follows that by is known but the remaining
components of B are unknown. Therefore, for (1)-(3), the
feasibility of estimating the unmeasured states and unknown
parameters in A is equivalent to determining whether or
not the unknown entries in A and B are uniquely specified
given the transfer function corresponding to (A, B, C). The
equivalence of (1)-(3) and (17)—(19) thus allows us to
determine the feasibility of the combined state and parameter
estimation problem in terms of the identifiability of (4, B).
Now consider the transfer function

Bno12" '+ + Bz + Bo
2P+ oz + o

whose numerator and denominator are coprime. Let ¢ < n?+

n—1 be the number of unknown entries in (A, B). We define

S C R? to be the set of g-tuples of unknown entries in A

and B such that (A4, B, C) is a minimal realization of (20).

G(z) =

; (20)

If S contains exactly one element, then (17) is identifiable.
The goal of the present paper is to determine necessary and
sufficient conditions under which (A, B) is identifiable.

IV. IDENTIFIABILITY ANALYSIS FOR n = 2

We now state necessary and sufficient conditions under
which (A, B) is not identifiable in the case n = 2. Note that
by is known and by is unknown.

Theorem IV.1: Let n = 2,

air Q2 by
{021 022}’ [52}7 @D
and assume that (A, B, C) is a minimal realization of
G(z) = Bz + Bo 22)

224+ o1z +a’
whose numerator and denominator are coprime. Then (A, B)
is not identifiable if and only if at least one of the following
statements holds:

1) a19 = 0.

2) a1g # 0, ag; =0, and a;5 is unknown.

3) a12 # 0, a? —4(ag +a12a21) # 0, and a1 and agy are

unknown.

4) a12 #0, az; # 0, and a12 and as; are unknown.

5) g =>4
Furthermore, if 4) holds, then S has exactly two elements,
and, if 1), 2), 3), or 5) holds, then S has infinitely many
elements.

Proof: Set

Giz)=[1 0](zlb—A)'B. (23)
It thus follows that
b1 = p, (24)
baaia — biasa = Py, (25)
ajy + age = —ay, (26)
a11a22 — @12021 = Q. (27)

Since (24) constrains only known parameters, it can be

disregarded. Henceforth the notation a indicates that a is
a known parameter.

A. Sufficiency

1) Note that b, does not appear in (25)—(27), and thus is
arbitrary. Hence, S has infinitely many elements.
2) Note that (25) implies

baaia = biase + Bo, (28)
and, since ag; = 0 in (27), there are no additional constraints
on ajo and be. Hence, S has infinitely many elements.

3) Since aq1, age, and by are unknown, (25)—(27) have
the form

badr2 — brase = Bo, (29)
a1l + age = —agq, (30)
aii1azz — Q12021 = Q. 31
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Since a1 # 0, (29)—(31) imply
_ Bo + biazs

a12
—Q

bo

1
1122:5

1 + \/Oé% — 4(040 + 612621)) .
2

Since af —4(ao + a12a21) # 0, S has exactly two elements.
Note that both alternatives in (33) are real since A has real
entries.

4) Note that (26) constrains only known parameters and
thus can be disregarded. Hence, (25) and (27) have the form

(34
(35)
Since three unknown parameters satisfy two equations, S has
infinitely many elements.

5) Since either four or five unknown parameters satisfy
(25)—(27), S has infinitely many elements.

(32)

(33)

baaia — biage = fo,

11022 — G12021 = QQ.

B. Necessity

To establish necessity, we show that & has exactly one
element in the case where one of the following mutually
exclusive statements holds:

i) a2 # 0, a1z is known, and g = 2.

ii) a2 # 0, az; # 0, ao is unknown, and ¢ = 2.

iii) a1z # 0, a1o is known, ¢ = 3, and either a1 or ass is
known.

iv) aia # 0, as; # 0, ais is unknown, ao; is known, and
q=3.

v) ajz # 0, a? —4(ag + @12a21) = 0, and a;; and agy are
unknown.

In Figure 4, C1 denotes the case where either one row or
one column of A is unknown. C2 denotes the case where the
diagonal entries of A are unknown and o2 —4(c+a12G21) =
0. C3 denotes the case where the diagonal entries of A are
unknown and o2 — 4(ag + d12d21) # 0. C4 denotes the
case where the off-diagonal entries of A are unknown. Note
that 1)—5) together correspond to the red region in Figure 4,
and ¢)—v) together correspond to the green region in Figure
4. Therefore, 1)-5) and i)-v) together cover all possible
cases.

aszy = 0and

Remaining Cases
@12 unknown

Fig. 4. Cases in the green region are identifiable, whereas cases in the red
region are not identifiable.

i) Consider the case where ao; is unknown. (26) constrains
only known parameters and thus can be disregarded. Hence,

(25) and (27) have the form

baara — brazs = Bo, (36)
a11G22 — 12021 = QQ. 37

Since a9 # 0, (36) and (37) imply
ag = 2122 %0 (38)

a}g

bia
by = otz (39)

a12

and thus S has exactly one element.

Consider the case where a7 is unknown. We write (25) —
(27) as

a1 Bo + 516:122
M |: b2 :| = — Q] j CLEQ 3 (40)
ap + a126G21
where
0 G
M2l 1 o0 41)
a22 0

Since a2 # 0, it follows that M has full column rank,
and thus (40) has a unique solution. Hence, S has exactly
one element. In the case where aso is unknown, a similar
argument shows that S has exactly one element.

ii) Consider the case where a1, is unknown. (26) con-
strains only known parameters and thus can be disregarded.
Hence, (25) and (27) have the form

boaiz — bidga = By, 42)
a11G22 — 12021 = Qy. (43)
Since as1,a12 # 0, (42) and (43) imply

ay, = 2202 20 (44)

(L_21

o

by — Bo + 1a22’ 45)

a2

and thus S has exactly one element.

iii) Consider the case where a1 and ao; are unknown.
Then (25)—(27) have the form

badr2 — braze = So, (46)
ai1 + Gg2 = —oq, 47
a11G22 — G12021 = Op. (48)
Since @15 # 0, (52)—(54) imply

a1 = —aq — a9, 49)
az = w, (50)

G,_12

boa

by — Bo Ji 1a22’ 51

a12

and thus S has exactly one element. In the case where as;
and ago are unknown, a similar argument shows that S has
exactly one element.
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iv) Consider the case where a1 and a5 are unknown.
Thus (25)-(27) have the form

boarz — biage = Bo, (52)
a1l + a2 = —ag, (53)
11022 — Q12021 = QQ. 54
Since as1, a2 # 0, (52)—(54) imply

ayy = —op — s, (55)
4y, = 2102 700 (56)

a_21

bid

by — Bo + 16122’ (57)

@12

and thus S has exactly one element. In the case where a1
and ago are unknown, a similar argument shows that S has
exactly one element.

v) Since Oé% —4((104—5,12@21) =0and a2 # 0, 29)-(31)
imply

—o
G2 = A11 = 707 (58)
b
by = M. (59)
a2
Thus S has exactly one element.
]

Theorem IV.1 shows that (A, B) is not identifiable in the
case where either the diagonal or off-diagonal entries of A
are unknown, which is consistent with the results obtained
in Section II using UKF.

V. IDENTIFIABILITY ANALYSIS FORn = 3

We now state necessary and sufficient conditions under
which (A, B) is generically not identifiable in the case n = 3
and C' =[10 0 ]. Note that b; is known and b2 and b3 are
unknown.

Theorem V.1: Let n = 3,

ail a2 Qs by
A= | an axn a3 |, B=| b |, (60)
asp azz2 ass b3
and assume that (A, B, C) is a minimal realization of
2
Glz) = B2z + P12z + Bo 1)

24+ a2+ a1z +ag’
whose numerator and denominator are coprime. Then (A, B)
is not identifiable if and only if at least one of the following
statements holds:
a2 ais
13032 — G12G033 Q12033 — 13022
2) g = 3, a;; is unknown, a;; = 0, and agra;; —
0, where i £ j # k < n.
3) ¢ =4, ay and aj; are unknown, and a;xGr; = GikOks,
where i # j # k < n.
4) Generically, ¢ = 4, a;; and ay; are unknown, where
i1#£k,j£Ll,i# 7, and k #£[.
5) q =4, a;; and a;y, are unknown, ax; = 0, and ag;a; —
apiay; = 0, where either i = j #k Al <nori=Fk #
l#1<n.

is singular.

AjkQki =

6) q =4, a;; and ajy, are unknown, ay; = 0, and (ij(CVQ —
ajj — agk) + a;jag; = 0, where ¢ # j # k < n.
7) q =4, a;; and ay,, are unknown, and
—Qjg —Qm]

QjiQkk — AjkAk;  AmlGoo — GmoQol
where i =l #j#m<norj=m+#1i#Il<mn,
i1#£j#k<n,andl#m#o0<n.

8) ¢ =5, ay, a;;, and ayy are known, where ¢ # j # k <

n.
9) Generically, ¢ = 5 and a;; and a;; are unknown, where
i#j<n.
10) Generically, ¢ = 5, a4, aji, and ayy, are unknown,
where i < n, j#1<n,and k #m < n.
11) g = 5, a4, aji, and a,,, are unknown, and
—ak;

Akl — AklaL;
where i < n,j=m#k#*o0o<nork=
jEFmMm<n, j#k#I<n,andm#o#p<n.

12) ¢ > 6.

Proof: The proof is similar to the proof for Theorem IV.1
and thus is omitted.

For ¢ = 4, Theorem V.1 shows that (A, B) is identifiable
only in the cases where either at least one entry on the
diagonal of A is unknown, or both unknown off-diagonal
entries of A are in the same row or column. For ¢ = 5,
Theorem V.1 shows that (A, B) is identifiable only in the
cases where exactly one entry on the diagonal of A is
unknown, and the remaining unknown entries are in the same
row or column.

is singular,

—a L
om is singular,

0 #

Gom app - aop apm

VI. UKF EXAMPLES FORnn = 3

Example VI.I Letn=3,C=[100], and
0.51 -0.29 04 -1
A=1]-112 034 1 |,z0=] 10 (62)
0.03 0 0.34 —20

Consider the case where the entry as; of A is unknown. It
follows from 2) of Theorem V.1 that CSPE for this example
is feasible. We thus use (7)—(9) with

0.51 —-0.29 04 0
1 14
bt _ §a21(k) 034 1 5.’51([43)
Alk) = 0.03 0 0.34 0 (63
0 0 0 1
&1 (k)
- 2o (k)
G=lc o], x)=]| , 64
[ o X®) =] 50 (64)
ao1 (k)

Z1(k), Z2(k), 23(k) are estimates of x1(k), x2(k), and 3 (k)
and Qs ~( ) are the estimates of as1. At each step, UKF uses
A(k), C, and X (k) to update X (k), beginning with & (0) =
xl(O) = —1, i‘Q(O) = O, i‘g(O) = O, and dgl(O) = 0.1. For

UKF, we set the initial covariance matrix P = 1081, and
tuning parameters o« = 1, kK = 0, 8 = 2 [7]. Figure 5 shows
the resulting state and parameter estimation relative error.
Note that UKF estimates ao; and significantly decreases the
relative error in the unmeasured state. The relative error in
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Fig. 5. State and parameter estimation of (1)—(3), where a21 is unknown
and the second and third components of x is not measured. Since the first
state is measured, the error is approximately equal to machine precision.

the unmeasured state eventually increases as y(k) approaches
zero due to numerical resolution. [ ]

Example VI.2 This example is the same as Example VI.1
except with A given by

0.51 0 104
A=| —-112 034 1 (65)
0.03 0 034

It follows from 2) of Theorem V.1 that CSPE for this
example is not feasible. Figure 6 shows the resulting state and
parameter estimation relative error. Note that the parameter
estimation errors for as; remain on the same order of

magnitude as the initial errors. [ ]
<] <]
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Fig. 6. State and parameter estimation of (1)—(3), where a2 is unknown
and the second and third components of x is not measured. Since the first
state is measured, the error is approximately equal to machine precision.

VII. CONCLUSION

The purpose of this paper is to establish the limitations of
combined state and parameter estimation (CSPE) for linear
systems with unknown entries in the dynamics matrix A.

The analysis was confined to the cases n = 2 and n = 3,
assuming that C = [1 O] and C = [1 0 O]. This
analysis is a first step toward developing necessary and suf-
ficient conditions for CSPE assuming an affine but arbitrary
uncertainty structure in A and C. Once these conditions are
established, nonlinear estimation techniques, such as UKEF,
can be compared in terms of the speed and accuracy of their
estimates.
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