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I. INTRODUCTION

In this paper we demonstrate adaptive flow control for
an incompressible viscous fluid through a two-dimensional
channel without the use of an analytical model. An adaptive
algorithm is implemented within a CFD simulation to control
the performance variables, which are velocity components
of the flow at downstream locations, to desired steady-
state values. The algorithm requires minimal knowledge of
the system, specifically, the numerator coefficients of the
transfer functions from the control inputs to the performance
variables. System identification, based on CFD simulations
prior to the closed-loop simulations, is used to identify the
required parameters.

Steady flow field modification is achieved using the AR-
MARKOV disturbance rejection algorithm [1], [2] imple-
mented within Fluent, a commercial CFD software package
available from Fluent, Inc [3]. The ARMARKOV algorithm
has been applied to various testbeds in [4]–[12], and has been
demonstrated to work for CFD-based adaptive disturbance
rejection in [13].

An alternative objective in active flow control is to modify
the steady-state flow field. Applications include modifying
the flow field around obstacles to reduce drag and delay stall.
To demonstrate the concept, we consider 2D channel flow
without a disturbance actuator. The control objective is to
command the flow field at the location of the performance
sensors to independently achieve desired transverse and
longitudinal flow velocities.

Fig. 1. 2D channel geometry for adaptive flow control.

We consider a two-dimensional channel geometry with
velocity sensors y and z and two control jets u1 and u2 as
in Figure 1. The goal is to control the performance variables
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to desired steady-state values using the control jets posi-
tioned between the measurement and performance sensors.
Traditionally, the goal of the ARMARKOV algorithm has
been to reduce the effects of an unknown disturbance on
the performance sensor. Here, we locate two performance
sensors downstream such that one is aligned with the longi-
tudinal (downstream) flow direction and the other is aligned
with the transverse flow direction. Independently controlling
the desired longitudinal and transverse flow velocities at the
performance sensor generates steady flow field modification.

An overview of flow control is given by [14]. Many
standard control techniques have been applied to active flow
control. For example, PI and LQG controllers have been
considered in [15]–[17] based on a reduced-order model of
the linearized Navier-Stokes equation, obtained by a Galerkin
procedure. LQG/LTR control of the streamfunction formu-
lation of the Navier-Stokes equation is used in [18], [19]
to achieve drag reduction below the laminar level. An LQG
controller based on a reduced-order model obtained from a
finite element code is used in [20]. In addition, a nonlinear
control law is developed in [21], where a Galerkin method is
used to derive a reduced-order model of the two-dimensional
Navier-Stokes equation. Alternative methods presented in
[22]–[24] include PDE-based control, robust control, and
predictive control with direct numerical simulation.

Flow control using the ARMARKOV adaptive algorithm
differs from model-based control methods since a detailed
model of the flow is not required. Instead, a CFD simulation
is used to generate input/output data of the flow while
band-limited white noise is applied at the control jets. The
numerator coefficients of an ARMARKOV model are then
identified off-line using a system identification algorithm.
The combination of CFD simulation and the ARMARKOV
adaptive algorithm thus constitutes a technique for con-
trolling a fluid without analytical modeling. An alternative
method to identify fluid-dynamic systems is given by [25].

To apply this technique to a physical system one would
first use a CFD simulation coupled with system identification
to obtain the numerator coefficients of an ARMARKOV
model of the system. Alternatively, measurements obtained
from the physical system can be used for identification as-
suming that the disturbance levels are manageable compared
to the control input. Adaptive steady flow control using the
ARMARKOV algorithm could then be implemented in real
time on the physical system.
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II. PROBLEM STATEMENT AND DESCRIPTION

The goal of this paper is to demonstrate the use of
the ARMARKOV adaptive algorithm for steady flow field
modification directly on a CFD simulation of 2D channel
Poiseuille (viscous) flow. Consider the 2D channel geometry
shown in Figure 1. Let u1(t) ∈ R be the control signal
applied to the flow on the upper wall, u2(t) ∈ R be
the control signal applied to the flow on the lower wall,
y(t) ∈ R

2 the measurement variables, and z(t) ∈ R
2

the performance variables. Here y(t) and z(t) are velocity
components of the flow at the sensor locations. Both u1(t)
and u2(t) represent mass flow into (or out of) the system.

Two suction/blowing jets are placed in the walls of the
channel, one to apply control along the upper wall (located
1.25 m from the inlet on the lower wall) and the second
to apply control along the lower wall (located 1.5 m from
the inlet on the upper wall). Measurement and performance
velocity sensors (y and z) are located in the center of the
channel at 1.0 m and 1.5 m, respectively, from the inlet.
The wall separation distance is 0.25 m. For the purpose of
simulation, we take the channel centerline velocity to be 2
m/s and the fluid to be incompressible. Taking the fluid as air
at standard temperature and pressure and wall separation as
the characteristic length, the Reynolds number is 3.3× 104.

A segregated, 2D, unsteady, implicit, second-order solver
is used for the CFD simulation, along with User Defined
Functions (UDFs) and function hooks to integrate the custom
C-programming code into the simulation. ASCII text files are
used to transfer data to and from the simulation environment.

III. ADAPTIVE DISTURBANCE REJECTION ALGORITHM

DESCRIPTION

We now provide a brief overview of the key components of
the ARMARKOV adaptive disturbance rejection algorithm.
Consider the nth-order discrete-time finite-dimensional linear
time-invariant system

x(k + 1) = Ax(k) + Bu(k) + D1w(k), (1)

z(k) = E1x(k) + E2u(k) + E0w(k), (2)

y(k) = Cx(k) + Du(k) + D2w(k), (3)

with the transfer function representation

z = Gzww + Gzuu, (4)

y = Gyww + Gyuu. (5)

The controller Gc that produces the control signal u(k) using
feedback y(k) is written as

u = Gcy. (6)

The ARMARKOV model of (1) - (3) is the µ-step ahead
model

z(k) =
∑n

j=1 −αjz(k − µ − j + 1)

+
∑µ

j=1 Hzw,j−2w(k − j + 1)

+
∑n

j=1 Bzw,jw(k − µ − j + 1)

+
∑µ

j=1 Hzu,j−2u(k − j + 1)

+
∑n

j=1 Bzu,ju(k − µ − j + 1), (7)

Fig. 2. Standard problem with controller adaptation

y(k) =
∑n

j=1 −αjy(k − µ − j + 1)

+
∑µ

j=1 Hyw,j−2w(k − j + 1)

+
∑n

j=1 Byw,jw(k − µ − j + 1)

+
∑µ

j=1 Hyu,j−2u(k − j + 1)

+
∑n

j=1 Byu,ju(k − µ − j + 1), (8)

with the Markov parameters

Hyu,−1 � D, Hyu,j � CAjB, j ≥ 0,

Hyw,−1 � D2, Hyw,j � CAjD1, j ≥ 0,

Hzu,−1 � E2, Hzu,j � E1A
jB, j ≥ 0,

Hzw,−1 � 0, Hzw,j � E1A
jD1, j ≥ 0.

Next, for a data window p, define the data vectors

Z(k) �

⎡
⎢⎣

z(k)
...

z(k − p + 1)

⎤
⎥⎦ ,

Y (k) �

⎡
⎢⎣

y(k)
...

y(k − p + 1)

⎤
⎥⎦ ,

U(k) �

⎡
⎢⎣

u(k)
...

u(k − pc + 1)

⎤
⎥⎦ ,

where pc � µ + n + p − 1, and the regressor vectors

Φzw(k) �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

z(k − µ)
...

z(k − µ − p − n + 2)
w(k)

...
w(k − µ − p − n + 2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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Φyw(k) �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(k − µ)
...

y(k − µ − p − n + 2)
w(k)

...
w(k − µ − p − n + 2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Furthermore, define the block-Toeplitz ARMARKOV
weight matrices Wzw, Wyw and block-Toeplitz
ARMARKOV control matrices Bzw, Byw as in [1]. Then
(7) and (8) can be written as the ARMARKOV/Toeplitz
model

Z(k) = WzwΦzw(k) + BzuU(k), (9)

Y (k) = WywΦyw(k) + ByuU(k). (10)

The adaptive disturbance rejection algorithm for (9) and
(10) uses a strictly proper controller in ARMARKOV form
of order nc and µc Markov parameters, so that, analogous
to (7) and (8), the control u(k) is given by

u(k) =

nc∑
j=1

−αc,j(k)u(k − µc − j + 1)

+

µc−1∑
j=1

Hc,j−1(k)y(k − j + 1)

+

nc∑
j=1

Bc,j(k)y(k − µc − j + 1), (11)

where Hc,j ∈ R, j = 1, 2, . . ., are the Markov parameters
of the controller. Next, define the controller parameter block
vector θ(k) by

θ(k) � [−αc,1(k) · · · − αc,nc
(k) Hc,0(k)

· · · Hc,µc−2(k) Bc,1(k) · · · Bc,nc
(k)].

Now from (11) it follows that u(k) and U(k) are given by

u(k) = θ(k)R1Φuy(k), (12)

U(k) =

pc∑
i=1

Liθ(k − i + 1)RiΦuy(k), (13)

where Li and Ri are zero-one matrices defined in [1], and

Φuy(k) �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

u(k − µc)
...

u(k − µc − nc − pc + 2)
y(k − 1)

...
y(k − µc − nc − pc + 2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Next, we define the retrospective performance

Ẑ(k) � WzwΦzw(k) + Bzu

pc∑
i=1

Liθ(k)RiΦuy(k),

which has the same form as (9) but with θ(k−i+1) replaced
by the current controller parameter block vector θ(k). We
thus define the retrospective performance cost function

J(k) �
1

2
ẐT(k)Ẑ(k). (14)

Finally, the update law for the controller parameters is
given by

θ(k + 1) = θ(k) − η(k)
∂J(k)

∂θ(k)
, (15)

where η(k) is the adaptive step size, and the gradient of J(k)
with respect to θ(k) is given by

∂J(k)

∂θ(k)
=

pc∑
i=1

LT
i BT

zuẐ(k)ΦT
uy(k)RT

i . (16)

By defining a desired performance Ẑ∗(k) we can derive the
optimal step size

ηopt(k) =
‖Ẑ∗(k) − Ẑ(k)‖2

2∥∥∥∂J(k)
∂θ(k)

∥∥∥2

F

. (17)

Since Ẑ∗(k) is unknown, ηopt(k) is not computable. Hence
we define the implementable adaptive step size

ηimp(k) �
1

pc‖Bzu‖2
F‖Φuy(k)‖2

2

, (18)

which satisfies

0 < ηimp(k) < ηopt(k). (19)

The use of ηimp(k) guarantees a decrease in the cost.

IV. SYSTEM IDENTIFICATION FOR A LINEARIZED FLOW

MODEL

To obtain the required controller parameters for the AR-
MARKOV model, a CFD simulation is used with band-
limited white noise signals injected into a near nominal
(undisturbed) laminar flow from the control jets. Both the
input and performance velocity measurements are recorded
at a sampling rate of 100 Hz.

Following the open-loop CFD simulation, we implement
a time domain system identification technique using AR-
MARKOV/Toeplitz Models [4], [5] to extract the necessary
controller parameters, specifically the numerator coefficients
of the transfer functions from the control inputs to the
performance variables. These coefficients are subsequently
used by the adaptive controller during a closed-loop simula-
tion. The combination of CFD simulation and the adaptive
disturbance rejection algorithm thus constitutes a technique
for controlling a fluid without analytical modeling and with
limited empirical (identification) modeling.

Now, we provide a brief review of the recursive AR-
MARKOV/Toeplitz algorithm for system identification [5].
Consider the nth-order discrete-time finite-dimensional linear
time-invariant system

x(k + 1) = Ax(k) + Bu(k), (20)

y(k) = Cx(k) + Du(k). (21)

45th IEEE CDC, San Diego, USA, Dec. 13-15, 2006 ThB03.6

3107



Defining the ARMARKOV regressor vector Φyu(k) by

Φyu(k) �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(k − 1)
...

y(k − µc − nc − pc + 2)
u(k − µc)

...
u(k − µc − nc − pc + 2)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (22)

it follows that Y (k) = WyuΦyu(k), where the AR-
MARKOV/Toeplitz weight matrix Wyu is the block-Toeplitz
matrix defined in [5].

Let Ŵ (k) denote an estimate of the AR-
MARKOV/Toeplitz weight matrix Wyu at time k, where
Ŵ (k) has the same block-zero structure as Wyu. Define
the estimated output vector Ŷ (k) � Ŵ (k)Φyu(k), the
output error ε(k) � Y (k)− Ŷ (k), and the output error cost
function J(k) � 1

2εT(k)ε(k).
The gradient of J(k) with respect to the estimated weight

matrix Ŵ (k) is given by

∂J(k)

∂Ŵ (k)
� −U ◦ [ε(k)ΦT

yu(k)], (23)

where U is a zero-one matrix defined in [5].
We now consider the estimated weight matrix update law

Ŵ (k + 1) = Ŵ (k) − η(k)
∂J(k)

∂Ŵ (k)
, (24)

where η(k) ≥ 0 is the adaptive step size. Furthermore, define
the estimated weight matrix error E(k) � Wyu−Ŵ , and the
estimated weight matrix error cost function JW (k, η(k)) �

‖E(k+1)‖2
F−‖E(k)‖2

F. Then it follows from the estimated
weight matrix update law (24) that

E(k + 1) = E(k) + η(k)
∂J(k)

∂Ŵ (k)
, (25)

ε(k) = E(k)Φyu(k). (26)

For the flow simulations using one control input, an
identified system of order n = 20 is used with a data window
p = 1 step. For the flow simulations using two control inputs,
a system of order n = 50 is used with a data window p = 5
steps. Figure 3 shows the predicted error norm generated
by the Toeplitz system identification algorithm for the two
control input case.

V. RESULTS

Three types of CFD simulations are used to test the
adaptive algorithm for steady flow field modification. First,
we consider the case of only one actuator (u1) and its
ability to control the longitudinal flow direction at z, which
is a velocity sensor aligned parallel to the nominal flow
direction. Next, we again consider the case of one actuator
(u1) and its ability to control the transverse flow direction
at z, which is now a velocity sensor aligned tangent to
the nominal flow direction. Finally, we consider the case
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Fig. 3. Predicted error norm for the case of two control inputs, system
order n = 50, and recursive data window p = 5 steps.

of two actuators (u1, u2) and their ability to control both
the longitudinal and transverse flow directions at z, which
are now two velocity sensors aligned perpendicular to one
another. Independently controlling both the longitudinal and
transverse flow directions at z constitutes modifying the
nominal flow angle at that particular location. In all three
cases, the objective is to control the flow field velocity, at
the location of the performance sensor, to a desired steady-
state value.

The CFD mesh is a rectangular grid with cell size 0.01
m × 0.01 m, resulting in 300 streamwise cells and 25 wall
normal cells. The simulation step size is 0.01 s. Multiple
simulations were run with different space and time discretiza-
tions to determine appropriate values for maintaining the
underlying fluid dynamics.

We first use only one actuator (u1) and show its ability
to control the longitudinal flow component of z. Figure 4
shows the longitudinal flow velocities at the location of the
performance sensor for several cases of steady longitudinal
flow. In each of the four cases depicted, the flow velocity
reaches steady-state in under 20 seconds. It should be noted
that the transverse velocities, which are not shown, are not
controlled in these cases. For these simulations, the controller
is of order nc = 20 with recursive data window p = 1 step.

Similarly, Figure 5 shows a plot of the steady-state flow
field obtained from Fluent while controlling the longitudinal
flow velocity at z to exactly 0.0 m/s. We see that the
flow is nonzero in a neighborhood of z, but the flow is
exactly stopped at the desired location. Figure 6 shows a
plot in which the longitudinal flow velocity is controlled to
5.0 m/s. It is interesting to note that the control actuator
induces reversed flow along the upper wall of the channel
downstream from the input.

Next, we continue to use one actuator (u1) and show its
ability to control the transverse flow component of z. Figure
7 shows the transverse flow velocities at the location of the
performance sensor for several cases of steady transverse
flow. In the four cases depicted, the flow velocity essentially

45th IEEE CDC, San Diego, USA, Dec. 13-15, 2006 ThB03.6

3108



0 5 10 15 20 25 30
1.4

1.6

1.8

2

2.2

2.4

2.6

Time (sec)

V
el

oc
ity

 (
m

/s
)

2.5m/s
2.1m/s
2.0m/s
1.5m/s

Fig. 4. Flow velocities at z-sensor for four cases of steady longitudinal
flow. Nominal channel velocity is 2 m/s in the longitudinal direction.

Control Input

Performance Variable

Velocity Vectors Colored By Velocity Magnitude (m/s)  (Time=3.0000e+01)
FLUENT 6.1 (2d, segregated, lam, unsteady)

Feb 17, 2006

8.63e+00
8.20e+00
7.77e+00
7.34e+00
6.91e+00
6.47e+00
6.04e+00
5.61e+00
5.18e+00
4.75e+00
4.32e+00
3.88e+00
3.45e+00
3.02e+00
2.59e+00
2.16e+00
1.73e+00
1.30e+00
8.63e-01
4.32e-01
1.90e-04

Fig. 5. Steady-state flow field velocities while controlling longitudinal z-
sensor to 0.0 m/s. This plot shows the 2D channel zoomed in close to the
control input and performance sensor

reaches steady-state in about 25 seconds. It should be noted
that the longitudinal velocities, which are not shown, are not
controlled in these cases. For these simulations, the controller
is of order nc = 20 with recursive data window p = 1 step.

We see in Figure 7, for the case of controlling the
transverse velocity to 0.2 m/s, the flow reverses direction
before reaching its ultimate steady-state value. Throughout
the simulations, using u1 makes it difficult to arbitrarily
control transverse velocities in the negative direction. We
can see this in the case of controlling the transverse velocity
to -0.1 m/s. Here, the flow oscillates before reaching steady-
state. This is due to the dynamics of the channel and the
location of u1 with respect to z. Alternatively, using u2

makes it difficult to control positive transverse velocities, as
expected by symmetry.

We now present two-dimensional flow control results with
the use of two control actuators. Figure 8 shows the flow field
extracted from Fluent after a 50 second simulation. Here,
the longitudinal z sensor is commanded to 2.0 m/s while the
transverse z sensor is commanded to 0.2 m/s. This results in

Performance Variable

Control Input

Velocity Vectors Colored By Velocity Magnitude (m/s)  (Time=3.0000e+01)
FLUENT 6.1 (2d, segregated, lam, unsteady)

Feb 17, 2006

7.12e+0
6.77e+0
6.43e+0
6.08e+0
5.73e+0
5.38e+0
5.03e+0
4.68e+0
4.34e+0
3.99e+0
3.64e+0
3.29e+0
2.94e+0
2.59e+0
2.24e+0
1.90e+0
1.55e+0
1.20e+0
8.51e-0
5.02e-0
1.54e-0

Fig. 6. Steady-state flow field velocities while controlling longitudinal z-
sensor to 5.0 m/s. This plot shows the 2D channel zoomed in close to the
control input and performance sensor
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Fig. 7. Flow velocities at z-sensor for four cases of steady transverse flow.
Nominal channel velocity is 2 m/s in the longitudinal direction.

a 5.7 deg commanded deviation from the nominal flow. At
50 seconds, the flow hasn’t quite reached steady state; the
resulting angle at the performance sensors is 5.2 deg.

At some point, the flow dynamics reach physical limita-
tions. From further simulation, it is clear that as the flow
angle is commanded more forcefully, steady-state, if even
achieved, takes a longer time to reach. Figure 9 shows the
flow field extracted from Fluent after a 200 second simula-
tion. Here, the longitudinal z sensor is commanded to 0.5 m/s
while the transverse z sensor is commanded to 0.2 m/s. This
results in a 21.8 deg commanded deviation from the nominal
flow. At 200 seconds, the flow still hasn’t reached steady
state, and the resulting angle at the performance sensors is
12.0 deg. From a time-history plot, the longitudinal and
transverse velocities at z are unresponsive to the control
inputs, which continue to increase with positive slope at 200
seconds. Given longer simulation times with stressing cases,
extreme values of the control inputs excite nonlinearities in
the flow and affect the performance sensors’ velocity. For
these simulations, the controller is of order nc = 50 with
recursive data window p = 5 steps.
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performancecontrol 2

control 1

Velocity Vectors Colored By Velocity Magnitude (m/s)  (Time=5.0000e+01)
FLUENT 6.1 (2d, segregated, lam, unsteady)

Mar 08, 2006

6.34e+00
6.02e+00
5.71e+00
5.39e+00
5.07e+00
4.76e+00
4.44e+00
4.12e+00
3.81e+00
3.49e+00
3.17e+00
2.86e+00
2.54e+00
2.22e+00
1.91e+00
1.59e+00
1.27e+00
9.56e-01
6.39e-01
3.23e-01
5.99e-03

Fig. 8. Steady-state flow field velocities while controlling longitudinal z-
sensor to 2.0 m/s and transverse z-sensor to 0.2 m/s. This corresponds to a
5.7 deg deviation from the nominal flow. This plot shows the 2D channel
zoomed in close to the control inputs and performance sensors

performancecontrol 2

control 1

Velocity Vectors Colored By Velocity Magnitude (m/s)  (Time=2.0000e+02)
FLUENT 6.1 (2d, segregated, lam, unsteady)

Mar 08, 2006

1.36e+01
1.29e+01
1.23e+01
1.16e+01
1.09e+01
1.02e+01
9.54e+00
8.86e+00
8.17e+00
7.49e+00
6.81e+00
6.13e+00
5.45e+00
4.77e+00
4.09e+00
3.41e+00
2.73e+00
2.05e+00
1.37e+00
6.88e-01
7.34e-03

Fig. 9. Steady-state flow field velocities while controlling longitudinal z-
sensor to 0.5 m/s and transverse z-sensor to 0.2 m/s. This corresponds to a
21.8 deg deviation from the nominal flow. This plot shows the 2D channel
zoomed in close to the control inputs and performance sensors

As seen from the simulations, arbitrary flow specifications
along the longitudinal or transverse directions are not diffi-
cult to achieve. Alternatively, specifying both the magnitude
and angle of the flow at a point in the channel presents a
more challenging problem.

VI. CONCLUSION

Adaptive flow control using the ARMARKOV adaptive al-
gorithm for steady flow field modification was demonstrated
by means of a 2D channel Poiseuille flow CFD simulation.
System identification was used to estimate the numerator
coefficients of the transfer functions from the control inputs
to the performance variables. Steady flow field modification
was demonstrated in both the 1D and 2D cases. No analytical
model was derived or is needed for this adaptive algorithm,
nor does the algorithm require constant tuning, as in PID
control, for example. Future work will focus on refining the
2D control results for better performance as well as studying
flow around objects in the flow field. This method can be
used as a first step in applying adaptive algorithms within
flow fields to modify their properties in a desired manner.
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