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Abstract—In many applications of system identification, displacement [2]. To compare a transmissibility [12] and a
output measurements are available, but measurements of the PTF, consider the syste in Figure 1. The transmissibility
input are not available. In these cases, sensor-only idefiitation from y1 to y» in Figure 1(a) assumeg; is colocated with

techniques are needed. In the present paper, we define a ; oo .
discrete-time MIMO pseudo transfer function (PTF) between the displacement excitation so that the transfer function

sensor measurements in a sampled-data system with multiple from u to the displacemeny; is
excitation signals. We show that the MIMO PTF does not

depend on the unknown initial state or the unknown excitatia. Y1 =1,
We also characterize the order and relative degree of the . .
MIMO PTF. To consistently estimate the Markov p?arameters the transfer function from to y» is
of the MIMO PTF in the presence of sensor noise, we use Ny
quadratically constrained least squares identification fo MIMO Y2 = 3%
systems. We apply this technique to a three-degree-of-frdem o .
mass-spring-damper system to assess the accuracy of theand the transmissibility frony; to y» is
identified PTFs. N

= —y. 1

. INTRODUCTION e W

In some applications, the excitation may be unknown an
thus sensor data may be the only available information fgSsume thay,
system identification. In this case, it is typically assurtfeat M
the excitation is generated by a white random process, and n=p
various system identification techniques are used to detephe PTF fromy; to y. is then [8]
changes in the dynamics of the system [1-4]. Researchers
have considered MIMO sensor-to-sensor relationships [5], Yo = — 1. 2
but correct identification in the presence of multiple exci-
tations is difficult [6]. Authors have noted that parameterdhe transmissibility (1) contains pole information, while
identified using only sensor measurements may not corrfle PTF (2) does not. Pole information appears in the
spond to the poles of the system [7], but the connectioPutput-to-output relationship only if the excitation arehsor
with system zeros has only recently been established [8]. measurement are colocated, and hence a transmissibity is

Pseudo transfer functions (PTFs) are used in [8,9] t&pecial type of PTF.

Idowever, the PTF fromy; to y» in Figure 1(b) does not
andu are colocated, and hence

detect system changes under unknown excitation. SISO PTF .

for single-input, two-output systems are characterize@Jn y2 T

Sampling introduces additional zeros into a discrete-time <-- - _ »
input-output model if the relative degree of the continuous s

time system is greater than 1 [10]. Hence, for a strictly ) (o)
proper continuous-time system, the order of the SISO PTE

L . . . Fig. 1. Difference between the transmissibility fram to y2 (a) and the
arising from a sampled-data applicationris- 1, wheren pseudo transfer function (PTF) from to 2 (b).

is the order of the underlying system [8, 9]. Since a PTF i Gjyen multiple excitation signals, it is shown in [8] that
essentially a ratio of transfer functions, the informatiora  ,44itional sensors can be used to obtain a MIMO PTF that
PTF consists of mformau_on about the zeros of the systera independent of the excitation signals. For example, the
from the unknown excitation to each of the sensors. system shown in Figure 2 is excited by both and u»

For _applications invoIvi_ng structural dynamics such agg, that the sensor measurements y», and y; contain
operational modal analysis (OMA) [11], PTFs are a genggniriputions from bothu; and us. For j = 1,2,3, as
eralization of transmissibilities, where PTFs do not regui ghown in Figure 2(a)y; » appears as sensor noise corrupting

that one of the sensors be colocated with the prescrib?ﬂeasuremeryj if the SISO PTF fromy; to y» is identified.
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o m=patma  w—l Z‘) z ;‘): i:‘): We rewrite (6) in terms of the forward-shift operatpras
“ =yt - Y3 =ys1+ Y32 6(q)z = adj (qf — A) Bu, (7)

(a) (b) where
Fig. 2. lllustration of how unknown multiple excitation sigls can cause
sensor noise. For = 1,2, 57 = 1,2, 3, excitationu; yields measurement 5(q) 4 del(qI _ A)

yj4,i- In diagram (a), identification of the SISO PTF fram to y2 involves
estimation in the presence of a disturbance due:4o In diagram (b),

A
identification of the MIMO PTF from{y; yg]T to ys is noise-free. o

and adj() denotes theadjugate operator. Definingy (k)
y(kh), it follows from (4) that
y(k) = Cx(k) + Du(k). (8)

The contribution of the present paper is to analyze MIMO For the remainder of this article, we assume> m.
PTFs in terms of the conditions on the sensors under whighence, substituting (7) into (8) yields
a MIMO PTF can be defined. In particular, we consider the
normal rank of the PTF as well its order and relative degree. 5(Q)y = N(Q)u, 9)
We also go beyond the results of [8] by considering the casgnhere, for U/(q) € R™*™[q], L(q) € RE-m)xm[q],
in which the sensors are corrupted by noise that is not dye, ¢ rmxn ¢, ¢ Re-mxn D, ¢ R™*™ and D; €
to an excitation signal. Since both sensors may be corruptgdp—m)xm_
by noise, we consider an errors-in-variables identificatio

problem. To address this problem, we apply quadratically N (d) = Cadj(al — A) B +4(q)D (10)
constrained least squares [13]. Since the results of [18] ar | U(q)
confined to SISO systems with ARMAX model structures, | L(q)
we develop and apply an extension to MIMO systems Cyadj (qI — A) B+ 6(q)Dy

ith u- i = . € RP*™[q].
with py-Markov model structures. Unlike an ARMAX model Cradj(ql — A) B+ 6(q)Dy,

structure, gu-Markov model structure requires only a lower

bound on the estimated model order. We can also write (10) as

Il. PROBLEM FORMULATION e
N [ —1

A 2 |C(ar - 4) B+D}u
o : == : _ | Gu(a) }u
| | Y1 | TD [ PTF G20
I e I B CU(qI—A)_lB+DU]u
i, 7, ¥, Tl CL(@l-A)""'B+Dy

gy I

1. OUTPUT-ONLY MODEL

Fig. 3. Pseudo transfer function (PTF) identification peoil Forl<i<j<p, we define

Consider system? with unknown inputSay, ..., 4., N T
and measured outputs, ..., 7, in Figure 3. Definen = Ylizj] = [ Yi Y ] )
[y i) oand g & (g gt For A€ RV oo hat
B € R™™, C € RP*", and D € RP*™, a state space
representation of” is denoted by(A, B, C, D), where y = [ yy[l’m] } .

B _ [m+1:p]
z(t) = Az(t) + Bu(t), 2(0) = =, (3) It follows from (9) that
0 o) =U 11

For k € {0,1,...} and sample intervatk > 0, we solve and

(3) for z(t) from ¢ = kh to t = kh + h, which yields (@A) Ypms1:p) = L(@). (12)

&(khth)=e*"&(kh)+ [ 5" A7) Ba(r)dr. (5)  Multiplying (11) on the left byadj (U(q)) yields

We assume that(t) changes sufficiently slowly that(¢) ~ 6(q)adj (U(Q)) yiim) = det (U(Q)) u. (13)

u(kh) for all ¢ € [kh, kh + h]. Hence, we rewrite (5) as Assumingdet (U(q)) is not the zero polynomial and thus

z(k +1) = Az(k) + Bu(k), (6) U(q) is invertible, we substitute (13) into (12) to obtain
Wherex(k) Iy z(kh), u(k) Iy a(kh), A Iy eAh, and 3(a)det (U () Ym+1:p1=0(q) L(@)adj(U(A))y[1:m] -
h Hence,

B2 / eATdrB.
0 Yim+1:p) = F(q)y[l:m]7



where OU_{—IOO}’ DU_{O o]_

0 1 1 0 0
L 5(q) adj (p—m)xm 14
FO sty L@ (@) R a (14) Note thatA is asymptotically stablel andCy are full-rank,
is the MIMO PTF fromy;y.,,,) t0 {41, FOr the casen = (4, B,Cy, Dy) is minimal, andrank P = rank S = m.
1, the common factod(q) can be cancelled [8]. However,
Note that R
R i
U(q) = PQ(a), (15) [ @+ HEa+1)  —(@+3)a+1)
(@ (@ | 1GIBGY iRty o
where IV. MIMO PTF ORDER AND RELATIVE DEGREE
P£[Cy Dy |eRmMm Fori=1,...,p, we write
and yi(k) = Ciz(k) + Dyu(k),
A ad] (qI - A) B (n+m)xm
= eR . and thus
Q(a) 5(Q) I
The following result uses (15) to provide a necessary condi- 5(@)y: = Ni(q)u,
tion for det U(q) # 0. whereN;(q) is thei®™® row of N(q), C; is theit® row of C,
Proposition 3.1: If det U(q) # 0, thenrank P = m. and D; is the*® row of D. For alli € {1,...,p} and all
Proof 3.1: jed{l,...,m},
normal rank U(g) = normalrank PQ(q) ni.5(q) £ (N(@)) .5y = Ciadj (al — A) Bj + D; ;6(q).
= min{rank P, normal rank Q(q)} Proposition 4.1: Let Gy(q) have full normal rank. Then
=rank P = m. O
Note that deg (det (U(q))) < nm,
U(q) = R(9)S, (16) and, foralli,j € {1,...,m},
where deg (adj (U(q))(i,j)) < n(m—1).
R(q) 2 [ Cuadj (qf — A) 8(q) L } € R (ndm) _ _Proof 4.1: Forallre {1,... zp} the degree of;m-(q)_
isnif D, ; # 0 andn — 1 otherwise [8]. Hence, computing
and det U(q) using the cofactor expansion yields
Ny B (n+m)xm
5= { Dy ] €R ' deg (det (U(q))) <m (H;gxm,j(Q))
The following result uses (16) to provide a necessary condi- = mn.
tion for det U(q) # 0.
Proposition 3.2: If det U(q) # 0, thenrank S = m. Furthermore,
Proof 3.2:

deg (a) @) < (1) (maxr (@)

=(m—1)n. O
Proposition 4.2: Let G(q) have full normal rank. Then,

normal rank U(q) = normal rank R(q)S
= min{normalrank R(q), rank S}

] = rank .S = m. 0 forallie {1,...,p—m}andallj e {1,...,m},
The following result provides necessary and sufficient
conditions fordet U(q) # 0. deg [L(q)adj (U(q))](; ;) < nm.
Proposition 3.3: det U/(q) # 0 if and only if G¢7(q) has Proof 4.2: For allr € {1,...,p} the degree of. ;(q)
full normal rank. is n if D,; # 0 andn — 1 otherwise [8]. Hence, for all
Proof 3.3: ke{l,...,m},
normal rank G (a) = normal rank Cor (47 — A)™" B+ Dy deg [L(@)ad) (U (@), ) < max (deg (L@, )
= normalrank U (q) = m. O ’
Propositions 3.1 and 3.2 provide necessary conditions for + nﬁx (deg [adj (U(Q))](j,k))
det U(q) # 0. However, the following example shows that —n _F’n(m _1)
these conditions are not sufficient f6f;(q) to have full
normal rank and thus fodet U (q) # 0. ) =nm. O )
Example 3.1; Let The following result cha_ractenzes the order and relative
degree of each of the entries of the MIMO PTF (14).
1L —20 2 2 Theorem 4.1: Let G(q) have full normal rank and
A=——2 1 0, B=]0 1}, assume that the common factgn) in (14) can be cancelled.
0 0 2 10 Then, for alli € {1,...,p—m} and for allj € {1,...,m},



the order ofl’(q); ;) is less than or equal tom. Further-
more, the relative degreg; ;) of I'(q); ;) is given by

d(;,j) = deg [det (U(q))] — deg[L(a)adj (U(9))]; ;-
Proof 4.3: The result follows from Prop. 4.1 and 4.2.
V. THREE-SENSOR, TWO-INPUT CASE
Let p = 3 andm = 1. From (54) of [8], the PTF fronmy,
to ys is given by
73,1(d)

= Ly, 18
3 771,1(Q)y1 (18)

Next, letm = 2. Assumingd(q) in (14) can be cancelled,
the PTF fromY[;.o) to y3 is given by

ys =T (@1 + T2, (19)
where
Lay(a) = 13,1(0)712,2(Q) = 713,2(Q)712,1(9)
; 771,1(Q)772,2(q) — 77271(q)77172(q)
and
L9)(q) = 13,2(A)71,1(a) — 73,1(9)71,2(9)

~ o (@)n2,2(a) = 12,1 (Q)m2(a)

It follows from (19) that, if two excitation signals are pest,
the SISO PTF fromy; to y3 given by (18) is incorrect. We
see from (19) that botly; andy, contribute toys.

VI. EXAMPLES

Consider the mass-spring-damper structure in Figure
which has the equations of motion

M(t) + Cad(t) + Kq(t) = F(t), (20)
where
a1 (t) mi 0 0
q(t) = q2 (t) s M = 0 mo 0 s
qs(t) 0 0 ms
c1 + co —Co 0
Cq = —Cc2 C2+cC3 —C3 )
0 —C3 c3 + ¢4
k1 + ko —ko 0 i
0 —ks ks + ky ]
1 0 1
F(t) = Bu(t) = o1[m@.
0 0 ua(t) |

We express (20) in state-space form (3), wheie) =
[ @) @) @) ) @) v@) ], 5

[at) @) wi) ],

Aé[ O3x3 I3 ] Bé[ O3x2 ]

—-M'K  —MT'Cy M~'B
and wherem; = 1my = tms = 1 kg, ky = 2ky = 2ks =
%k4 = 4 N/m, c1 = %02 = %03 = i03 =0.1 kg- /s, and

h=0.5s.

Q- V- Ay k Qas V2, Ay 3. V. A3

m;

Fig. 4. 3 DOF mass-spring-damper structure.

We use Markov parameter matrices to characterize the PTF
estimate. To do this, we use theMarkov model structure

Aoya(k) = — Apya(k —p) =+ = Apgny g —1Y2(k — 4 — Nmoa + 1)
+ Hoy1 (k) + -+ Hy—1y1(k—p+1)
+ Buyi(k —p) + -+ Bugnoq—191(k — = Nmod + 1)
(21)
of order ny.q4. The absence of terms involving,(k —
1),...,y2(k—pn+1) is responsible for the explicit presence
of the Markov parameter matricd,, ..., H,_i.

The p-Markov model structure has two principal advan-
tages over the traditional ARMAX structure. First, withiret
context of least squares identification with white inputisit
shown in [14] that the.-Markov model provides consistent
estimates of the Markov parameters in the presence of arbi-
trary output noise. Furthermore, unlike parameter coeffits
in an ARMAX model structure, the estimates of the Markov
parameters are insensitive to the assumed model arder
as long asn,.q is larger than the true model order.
%onsequently, only an upper bound on the true model order
IS needed.

For MIMO PTF identification, neither of the sensor signals
is white, and thus we use quadratically constrained least
squares (QCLS) with the-Markov model structure (21).
MIMO QCLS with au-Markov model structure is developed
in the Appendix. QCLS yields consistent parameter estisnate
in the presence of both input and output noise as long as
the noise autocorrelation matrices are known to within a
scalar multiple [13]. When this assumption is not satisfied,
instrumental variables methods can be used [15].

To quantify the difference between the estimated and
actual Markov parameter matrices, we define

a7 =Tl
1712~
where
vec(Hy)
TE|
vec(Hs)

and7 is the estimate of obtained from QCLS.

A. Effect of model order with noise-free measurements

We investigate the effect of the-Markov model order
nmoa ON the accuracy of the estimated Markov parameter
matrices of the PTF. We simulate (20) witl ~ 0 to obtain
the positiong; of the first mass, the positiap of the second
mass, and the velocity, of the second mass, whetg and



10°

uo are realizations of white Gaussian processes with mean
0 and variance 1.

First we consider the SISO PTF froga to v and use LS
with the p-Markov model structure (21) of relative degree 0
to estimate the first 4 (scalar) Markov parameters of the PTF
from ¢; to vo. For 10 realizations of 1000 samples of each
we constructs and compute the average estimation egror .

10° © ) ] B

107 - B

. . lw
over allu. Plottingz+ as a function of the.-Markov model 0w L |
ordernyoq In Figure 5 shows that the Markov parameters
are not correctly estimated for all,,,q from 1 to 15. This 10° L ]
is expected becauge andwv, are corrupted by contributions
from bothu; andus. 100 , , - 1
65 o ‘ ‘ il il ° L ° ° ®
6 1 2 3 4 5 6 7 8 9 10
oL | pu-Markov model order np,oq
551 B Fig. 6. Errorin the Markov parameters of the MIMO PTF fréga qg}T to
vg, estimated using MIMO LS with the-Markov model structure (21), as
5¢ 1 the u-Markov model order increases. Fof,,q > 4 the Markov parameter
us estimates equal the true values.
5F -0 B
\&j 4r ° T
3sf ° 7 and the measured pseudo-outpgts, ., are
sl i
o o §[m+1:p] = Ym+1:p) + W1:p—m]-
25 o o -0 o B
°o ° Since the pseudo inputs are not realizations of white
2r i ' ° o ° . . .
random processes, LS does not yield consistent estimates
By 4 s 6 7 s 9 10 11 12 13 14 15 of the Markov parameters. Hence, for comparison, we use
p-Markov model order 7,64 both MIMO LS and MIMO QCLS with thg:-Markov model
structure (21) withny,,q = 4 and relative degree O to

Fig. 5. Error in the Markov parameters of the SISO PTF frgmto vo, . . . A
estimated using SISO LS with the-Markov model structure (21), as the estimate the firs. = 4 Markov parameter matrices of the

_M-Markov model order increases. The error in estimated Mapgarameters ‘ PTF from[ qQ qe }T to v,. To obtain consistent estimates,
'ffo?r?'&iﬁrixfﬁiaim%isﬁ"“’d because the sensor measurements arisg)c| S requires knowledge of the noise autocorrelation to
' within a scalar multiple, as discussed in the Appendix and
in [13].

Next we consider the two-input, one-output PTF from We simulate (20) withzy # 0 to obtain the positiony;
(a1 @ }T to v and use LS with thei-Markov model O©f the first mass, the positiop, of the second mass, and
structure (21) of relative degree O to estimate the first f1€ velocity v, of the second mass, wheig andu, are
(2 x 2) Markov parameters of the PTF fromg; ¢ ]T realizations of white Gaussian processes with mean 0 and
to v. For 10 realizations of 1000 samples of eaghwe Vvariance 1. We choose;, v, andw; so that the signal-
constructs; and compute the average estimation eggr t0-NOIse ratio (SNR) of each measurement is 10. For LS
over allu. Plottingz7 as a function of thei-Markov model @nd QCLS, we lep = 4 in (21) and estimate the Markov
order meq in Figure 6 shows that the Markov parameter®arameter matrices of the PTF fropig; g2 | to vz We

are correctly estimated fof,oq > 4. use the estimated and true Markov parameter matrices to
computes7, which we average over 10 noise sequences and
B. Consistency of the estimated MIMO PTF 10 input sequences to obtainér. The estimates provided

by QCLS in Figure 7 appear consistent, while the estimates
We now investigate the effect of sensor noise on thprovided by LS do not. This result is expected since the
accuracy of the identified PTF by adding noise to th@seudo-inputg; andg, have colored spectra.
sensor measurements. We assume that measurgmeésnt

corrupted by white, zero-mean Gaussian naiseand we VIl. CONCLUSIONS

assume that each measurementis corrupted by white, |n applications, the number of excitation signals to a
Zero-mean Gaussian noisg ., wherei € {1,...,m} and  system, and their spectra, may be unknown. However, by
j € {m +1,...,p}. Hence, the measured pseudo-inputgsing at least one more sensor than the number of excitation
§m) are signals, MIMO pseudo transfer functions (PTFs) can be used

to characterize sensor-to-sensor relationships. In thide
§[1om] = Yl1em] + V[im] we provide conditions under which MIMO PTFs can be



10°° : : 8

10 —
o
10°°F 4
4 LS
o QCLS
10° 10°
Number of data samples [
Fig. 7. Error in the PTF from{q1 qg]T to vz, estimated using the-

Markov model structure (21), where white, uncorrelatedseds added to all
sensor measurements. The estimates of the PTF Markov pararbtained
using LS are not consistent, but the estimates obtained) B3ELS appear
consistent. The SNR is 1@,; andusy are white,zg # 0, andn,,oq = 4.

defined, as well as results on the order and relative degree

of each entry of a MIMO PTF.
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APPENDIX
We consider QCLS identification of a MIMO system with
input @(k) and outputy(k) that satisfy

A(9)j = B(q)i, (22)

where

A(Q) £ Aoq" + -+ A,
nd

Q

B(q) £ Boq™ + - + B,,.

Assuming A(q) has full normal rank, we can express the
identification problem (22) as the QCLS problem

1
min -0TdT 0,

23
0eD(N) [ (23)

wherel > 0, N = NT e Rlpn(ntu)tnti]xpmntp)+nti]

D(N) 2 {é € RPm (i Hn+l L GT N 1} ,

L[ D, —P, |,

yp+n—-1) yrn-1) y(0)
y(l) y(l—n) y(l—p—n+1)
wW(p+n-1)®I, W)@ T,
(I)u = : : ,
JT) @I, WTl—p-—n+1)®I,
and
_ a0 _
ay,
Optn—1
ved H)
= C( 0) c RP(ntu)+ntl
Vec(H;/l,—l)
vec(BL)
L VeC(B;/H—n—l) .

The solutiond of the QCLS problem (23) corresponds
to the generalized eigenvector associated with the srhalles
positive generalized eigenvalue (0][f<I>T(I>, N). Note that the
solution of the QCLS problem (23) is unbiased and consistent
under the persistency conditions given in [13].



