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Reduced-Order Kalman Filtering for Time-Varying Systems

J. Chandrasekar, I. S. Kim, and D. S. Bernstein

I. INTRODUCTION

Since the classical Kalman filter provides optimal least-
squares estimates of all of the states of a linear time-varying
system, there is longstanding interest in obtaining simpler
filters that estimate only a subset of states. This objective is of
particular interest when the system order is extremely large,
which occurs for systems arising from discretized partial
differential equations [1].

One approach to this problem is to consider reduced-
order Kalman filters. These reduced-complexity filters pro-
vide state estimates that are suboptimal [2-5]. Alternative
variants of the classical Kalman filter have been developed
for computationally demanding applications such as weather
forecasting [6-9], where the filter gain and covariance are
modified so as to reduce the computational requirements.
A comparison of various techniques is given in [10]. An
alternative approach to reducing complexity is to restrict
the data-injection subspace to obtain a spatially localized
Kalman filter. This approach is developed in [11].

In the present paper we revisit the approach of [2,12],
which considers the problem of fixed-order steady-state
reduced-order estimation. For a linear time-invariant system,
the optimal steady-state fixed-order filter is characterized
by coupled Riccati and Lyapunov equations, whose solution
requires iterative techniques.

This paper extends the results of [2,12] by adopting the
finite-horizon optimization technique used in [11] to obtain
reduced-order filters that are applicable to time-varying sys-
tems. This technique also avoids the periodicity constraint
associated with the multirate filter derived in [13]. Related
techniques are used in [14].

In addition to the reduced-order filter considered in [2,
12], we also consider a fixed-structure subspace observer
constrained to estimate a specified collection of states. This
problem is considered in [3, 15]. The difference between the
reduced-order filter and subspace observer is apparent in the
the distinct oblique projectors 7 and p that characterize the
filter and observer gains, respectively.

II. FINITE-HORIZON DISCRETE-TIME OPTIMAL
REDUCED-ORDER ESTIMATOR

Consider the system
Apzy + D1 pwg,
Crzy + Do pwy,

2.1)
(2.2)

Te+1 =
Y =
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where z;, € R, y;, € RP*, and wy, € R% is a white noise
process with zero mean and unit covariance. We assume for
convenience that Dljk,DzT’ = 0.

We consider a reduced-order estimator with dynamics

(2.3)

where z. j, € R"*. Define the combined state variance Qk
by

Tek+1 = Ae,kxe,k + Be,kyka

Qr = ElEny], 2.4)
where 7j, € R, 7y, £ ny, + ne i, is defined by
~ T
T 2 [ (z)" (en)t ] (2.5)

Consider the cost function
A T
Jp = 5[(Lk$k+1 — Te 1) (LipThgr — xc,k+1)], (2.6)
where Lj, € R™x*" determines the subspace of the state x
that is weighted. It follows from (2.4) and (2.5) that Jj, can
be expressed as Jy = tr (QkHRk), where Rk € R is
defined by

~ Lrr, —-LT
A KLk k
Ry 2 [ A } . 2.7
Note that (2.1) and (2.3) imply that
Trp1 = ApFp + Dy gy, (2.8)

where

~ A 0 ~ D
Ay 2 k , D12 Lk .9
F [ BeiCr  Ack } Lk { Be D3 (2.9)

Therefore,

Qi1 = ApQrAL + Vi, (2.10)
where
-~ 5| Vi 0
Vl,k - |: O Be7k‘/27kB:3I:k :| 5 (2.11)
and
Vig £ D1 DYy, Voy £ DayDy . (2.12)
Partition Qk as
O = [ @ik %1“ ] . 2.13)
12,k 2,k
Hence, it follows from (2.10) that
Quit1 = AkQurAf + Vig, (2.14)
Q241 = ArQ1rCF Bl + AxQu2,u ALy, (2.15)
Qa1 = Bey (ChQuaCT +Vau ) BE, (2.16)

+ Ae QT kO BY g + BerCrQua ALy + Ak Q2.1 Ac k-
Proposition 2.1: Assume that A, and B, ; minimize
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Ji. Then, A\, and B, satisfy

Ae,kQQ,k = (Lg Ak — Be,kCh) Qm,k,
- - _ —1

Ber = (LkAle,k — Ae,kQ1T2,k> cr (CkQLkaT + V2,k)

(2.18)
8J’“ =0 and 3‘?3J’“k = ( yields the result.

2.17)

Proof. Setting
a

Next, we assume that ngk is invertible, define Qy, Qk S
Rnank by
Qr2Qur— Qua, kQQ_iQ?Z o Qr 2 Qo kQQ_kQ}; 2.19)
Voj € RPeXP by VQk £ CrQirCE + Vou, and Gy, €
Rk by Gy, = QQ kQu k-

Proposition 2.2: Assume that Qg,k is positive definite
and A, and B, j, minimize Jj. Then, A¢ j and B, j, satisfy

Aok = LiAe (1= QuCTV5 L) GE, - 20)

B = Ly ArQrCE V{k . (2.21)
Proof. It follows from (2.17) that

Aok = (Lk A — Be kCi) Qu2.5Q k- (2.22)

Substituting (2.22) into (2.18) yields (2.21). Finally, substi-

tuting (2.21) into (2.22) yields (2.20). O

Proposition 2.3: Assume that A, and B, satisty
Proposition 2.2. Then,

LiQuaks1 = Qaps1, (2.23)

Quakt1 = Qei1 LY, Qapr = LyQra LY. (2.24)

Proof. Substituting (2.20) and (2.21) into (2.15) and (2.16)
yields

Quakt1 = Ay, [Qk + QkCng}jC}ch] AL Ly,
j,jcka] ATLT. (226)

Q2,541 = Li Ay [Qk + QrCrV,

Pre-multiplying (2. 25) by Ly yields LkQ12 k1l = Qg kt1-

Usmg (2.19) and Llez k1 = QQ k+1 yields Qo p41 =

Qr+1LY and Qo i1 = LiQri1 L] O
Next, define M), € R™=*"x by

(2.25)

My 2 A (Qut QT Qi) AT, @21)
and define 73, 71 € R %™ by
TkéGng_l, TkLéI—Tk. (2.28)

Proposition 2.4: Assume that A.j and B, satisfy
Proposition 2.2. Then, 77, = 741, that is, 741 is an
oblique projector.

Proof. It follows from (2.27) that (2.25) and (2.26) can be
expressed as

Q241 = ML, Q2,11 = L My LY . (2.29)
Hence, (2.28) implies that
-1
i1 = My Ly, (LyMigLyg)  Ly. (2.30)

Therefore, 77 +1 = Tk+1-
Proposition 2.5: Assume that A, j and B,y satisfy
Proposition 2.2. Then,

Qrt1- (2.31)

Tk+1Qk+1 =

FrC12.4
Proof. It follows from (2.19) that
Qi1 = Qu2k41Q5 k+1Q12 kel (2.32)
Substituting (2.29) into (2.32) yields
R -1
Qi1 = MLy, (LyMyLy) — LM, (2.33)

Hence, pre-multiplying (2.33) by 7,41 and substituting
(2.30) into the resulting expression yields (2.31).

Proposition 2.6: Assume that A, and B,y satisfy
Proposition 2.2. Then,

Qrs1 = AQrAY + Vi — ArQrClV, [ ChQrAL  (2.34)
+ Tht1L [AkaA;E + AkaCka/gflekaAﬂ Tht1l
Qk+1 = Th+1 [AkaAE + AkaCEVQTISCkaAE] Tl;r+1:

(2.35)

The1 = MyLy (LxMyLg) ™" Ly. (2.36)
Proof. It follows from (2.23) and (2.26) that

LiQr1 Ly (2.37)

=Ly [AkaAE + ArQ1CY

Pre-multiplying and post-multiplying (2.37) by GEH and
G41, respectively, yields

V5 CrQiAt] LT

Th1 Q1 Thy (2.38)
= Tkt {AkaAE + AkaCkT‘éflekaAﬂ Tir1-

Hence, (2.35) follows from Proposition 2.5.
Since Q127k+1 = Qk+1Lk, (2.25) and (2.28) imply that

Tir1Qrt1 (2.39)
= Tht1 [AkaAk + AQrCyV, CkaAk}
Therefore, (2.35) imply that
Tt [ ARQuAT + AQUCTVE CLiAT|  240)

= Tht1 {AkaAE + ArQrCy
Hence, Qk+1 can be expressed as
Qi1 = ARQLAT + AkaCE%f;CkaAE (2.41)
— Tht1l [AkaA;f + AkaCkT‘N/szlckaAﬂ Thp1L-
It follows from (2.14) and (2.19) that
Qi1 = AQRAT + Vi + AQrAT — Qi1 (2.42)

Therefore, substituting (2.41) into (2.42) yields (2.34). O

Note that although A, and B, j depend on Qu . and
Qg &, it follows from Proposmon 2.3 that QQ . and ng L can
be obtained from @ and Q x. Hence, it suffices to propagate
Q. and Qk using (2.34) and (2.35), respectively.

Finally, we summarize the one-step reduced-order Kalman
filter.

State update:
Gy = (LkaLk)_lLka,
Te k1 = LAy (I QrCrV,
+ Ly ApQrCE Vik Y-

Vit ChQuAT | 7t

(2.43)

Ck) GTae,  (244)

6215



46th IEEE CDC, New Orleans, USA, Dec. 12-14, 2007

Covariance update:
A (Qu + QuCE VL ChQu ) AT,
Teyr = MiL}E (LpMyLg) ™" Ly, (2.46)
Qht1 = Tht1 {AkaAE + AkaOkTVQTIjOkaAE] Trp1{247)
Qi+1 = AkQrAg + Vi — ArQiCi Vo ChQr Ay (2.48)
+ Tetil [AkaAE + AkaCEVQTISCkaAE} Thi1l-

M, = (2.45)

III. TWO-STEP ESTIMATOR

Next, we consider a two-step estimator. The data assimi-
lation step is given by
(3.1
where xg";f € Rk is the reduced-order data assimilation
estimate of Lxj, and af ek € R":k is the reduced-order

forecast estimate of xy. The forecast step or physics update
of the estimator is given by

£t £
ek_c K%k T De pYks

(3.2)

First, we deNﬁne the combined state and forecast estimate
covariance @} € R™ > and the combined state and data
assimilation estimate covariance Qda R X"k by

A= E[EEDT], Q=M@
where Zf, 7% € R"*" are defined by

T T
~f A k ~da & k
xllcc:|: f :|,x§€1a:|: da:|'
X Z
e,k e,k

f
ek+1 - Ae kxek

(3.3)

3.4)
Define the data assimilation cost by

Jlr2g [(Lkl‘k — xgak)T (kak — x(eiak)} .
(Q{>Ry,), where Ry, is

(3.5)

Hence, (3.3) implies that J&* = tr
defined by (2.7).
It follows from (2.1), (3.1), and (3.4) that

it = ALzl + DY pwy, (3.6)

where Af € R™>7 and Df , € R™*? are defined by
- I 0 ~ 0
Al 2 Di, = . (37
b { Di,kck Cé,k } i Dg,kDZk ©7)
Therefore,
2 = ALQL (AT + D (D) (38)
Hence, Jg* can be expressed as
Ji = o [(ALQLADT + DL u(DL ) ) B 39)
Finally, partition Q as
50 A Qlas
Q= Ap (3.10)
: (Qlap)" Qz k

so that substituting (3.7) into (3.9) yields
The following result characterizes C!  and De  that
minimize J{2.
Proposition 3.1: Assume that C!  and De ;; Mminimize

FrC12.4

Jda, Then, Cf 1 and Df i satisfy
CerQhr = (Lk - De,k'ck‘> Qlz.ke

DL, = (LQLC — Cék(Qfmk)T) Cy

3.11)

- -1
(Cin,kaT + V2,k)
(3.12)

0T _ 0 yields the result.

da
Proof. Setting 97" — 0 and 3DF
e,k

act

D e,k
Next, we assume that Qg x 1s invertible and define

QL e R™x" by

= Qi x— Qhas(Qy, k> HQ1)",
f 2 - (3.13)
T, k(Q2 (! 12,k)
Next, define V;k € RPEXPr by
Var £ CLQLCF + Va. (3.14)
Also, define G%, € R"x " by
(e (Qg,k)fl(égzk)T- (3.15)

Proposition 3.2: Assume that C', and D!, minimize
J,‘Cja and assume that Qg & 18 positive definite. Then,

Cfy = Li(I-QLOF(VE)'Ch) (GD)T, (3.16)

DIy = LeQLCr(Vip)™ (3.17)
Proof. It follows from (3.11) that
Cth=(Lr—DL,Cr) (G})T. (3.18)
Substituting (3.18) into (3.12) yields
Dl =L@k — LiQ21(Q5x) " (Qlar) " CF (3.19)

~ ~ ~ ~ —1
+ DErCeQia(@h1) " (@h2) O (CQiACHE + V)
Therefore, (3.17) follows from (3.13) and (3.14). Finally,
substituting (3.17) into (3 18) yields (3.16). O
Next, partition Q

Ada Ada
Sda Lk 12,k
kK — (~da )T Ada .
12,k 2k

(3.20)

Proposition 3.3: Assume that 207 is given by (3.1), and
Cf K and Df ek satisfy (3.16), (3.17). Then,
Ada _ Af
1,k = &1k
12 k= (Qk +QLCF (Vz K 1CkQ§c) Ly,
2 % =Lu (Qk + QL0 (Vz k)~ 1Ckak) Lj. (323)
Proof. It follows from (3.8) that Ql = Qik and
12 k= Q12 R (CE ) + Qg,kck (De,k>T- (3.24)

Substituting (3.16) and (3.17) into (3.24) yields (3.22).
Similarly, it follows from (3.8) and (3.20) that

Q5% = CLLQh, k(Cefz B) T+ C R (Qla ) O (DL )T (3.25)
+De kaQm k( ) +Dek (CkQ1 wCr + V2 k) (De 0"
Finally, substituting (3.16) and (3.17) into (3.25) yields

(3.21)
(3.22)

(3.23). ) O
Next, define %a and Q%a by
da A Ada Ada Ada \—1/~da \T
= Q1% — Q15 £ (Q5%) T (Q15) 196
Ada & Ada Ada \—1/Ada \T ( : )
E = 12,k( Q,k) ( 12,k) .
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Corollary 3.1: Assume that Ci,k and Di)k satisfy
Proposition 3.2. Then,

LiQis = Q5% Q15 = Qi
Next, define G§* by

% = = L,Q%LE3.27)

Gt 2 (Q35) Q5" (3.28)
Also, define M, da by
M £ Q) + QLCF (V2 ) CRQ), (3.29)
and define T & and T “ by
Tt = (G e, T ST - (3:30)

Proposition 3.4: Assume that Cf  and DI satisfy
Proposition 3.2. Then, T,?a is an obhque projector.
Proof. The proof is similar to that of Proposition 2.4. O

Proposition 3.5: Assume that C{, and DI, satisfy
Proposition 3.2. Then,

T = (3.31)

Proof. The proof is similar to that of Proposition 2.5. O

Proposition 3.6: Assume that 203, is given by (3.1), and
Cgﬁ  and D;k satisfy Proposition 3.2. Then,

2 = i (Qh + QLCT (V) Ikl ) (1), (3.32)
= Qi — QiCi (V2 ) ' CrQ} (3.33)
+ 7 (Qk +QLCy (Vz k) 1Cka) (i)™
Proof. It follows from (3.23) and (3.27) that
LeQILE = L (Qf + QLCT (Vi) T Q) ) L. (334)

Pre-multiplying and post-multiplying (3.34) by (G¢{*)T and
G2, respectively, yields (3.32).
Next, it follows from (3.22), (3.27), and (3.30) that

Qi =l QL + QLT (Vi) I CkQ)) . (339
Therefore, Proposition 3.4 and (3.32) imply that
i (QF + QLT (V)T k) (3.36)

=74 (Qk +QLCF (VQ k) 1CkQ£> (i)™

Hence, Qda

QF* =Q, + QLCF (V4 )71 Cr @, (3.37)
Tl(cii (Qk + QkaT(V;,k) 1Cka> (TkL)T'

Finally, note that (3.21) implies that Q%* = ~§7 k= Q%a.
Hence, using (3.37) yields (3.33). O
Next, we define the forecast cost Ji by

VHE {(Lk$k+1 -

can be expressed as

xi,k+1) (Lk$k+1 - xi,kH)T} .(3.38)

Hence, it follows from (3.3) that J,£ = tr (QQHR;C). It
follows from (2.1) and (3.2) that

Ty = AR + D5 wy, (3.39)

where Af® € R and D{3 € R™*? are defined by

A, 0 Pda 2 Dy i
0 Ad |» TvT 0 |°

Ada & [ (3.40)

FrC12.4

Therefore,
Qrr = AL (AT + DI (D)™
Proposition 3.7: Assume that A& \ minimizes J{, and
assume that Qda is positive definite. Then

Ae = = L Ap(GR)T. (3.42)
Proof. Setting 5 Ada = 0 yields the result. O
satisfies (3.42).

(3.41)

Proposition 3. 8: Assume that A’
Then,

Lk@ﬁzkﬂ Qg,mu Q§2,k+1 ,(3.43)

Qb pir = LeQir Li- (3.44)
Proof. The proof is similar to that of Proposition 2.3. O
Next, define M, T by M 2 A4,Q%AT and define 7| and
by L £ (GH)TLy_, TkJ_—I—Tlg
Proposition 3.9: Assume that AC . satisfies (3.42).
Then, 7} 41 is an oblique projector, that is, (f )= f 41
Proof. The proof is similar to that of Proposition 2.4. O
Proposition 3.10: Assume that AS";C satisfies (3.42).
Then,

Af T
= Qpy1Li;

T£+1Qllcc+1 = Q§c+1' (3.45)
Proof. The proof is similar to that of Proposition 2.5. O
Proposition 3.11: Assume that AgjC satisfies (3.42).
Then,
Q£+1 :T£+1AkQAgaAE(TJ£+1)Ta
Qi1 =ALQPAT + Vi,
+ 1L (Aka AT) (Ther) ™
Proof. The proof is similar to that of Proposition 2.6. O

(3.46)
(3.47)

IV. FINITE-HORIZON DISCRETE-TIME OPTIMAL
SUBSPACE ESTIMATOR

Next, we consider reduced-order estimator that focuses
on a specific subspace of the state. Without any loss of
generality, we partition the system (2.1), (2.2) as

Ty k+1 Ar k Aus k Ty k Derk
’ = ’ ’ T+ Tl wg, (4.1
|:xs,k'+1:| |: 0 As,k ] |:5Us,k:| |:Dls,k F @D
Ty
yr = [Crn Csi] { ’k} + D3 pwy, 4.2)
Ts,k
we seek a reduced-order subspace estimator
Teo k1 = Ae ke, + Be kY, (4.3)
Ye,k = Ce,kxe,lm (44)
that minimizes
J(Ae,kyBeA,k::Ce,k-kl) (45)

£E ([Lk+1$k+1 — Yerpt1) " R [Ligp1Trgr — ye,k+l]> .

In this formulation the plant state x; is partitioned into
subsystems for x,j and zj of dimension n,; and ng g,
respectively. The state x, ; may contain the components of
z, of interest. Furthermore, the matrix state weighting matrix
Ly, is partitioned as L, = [Lyx  Lsy), where L, and
Ly}, are g, X n,, and g X ng  matrices, respectively. The
order n. j of the estimator state z. j is fixed to be equal to
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the order of the n, j-dimensional subspace for z,j. Thus,
the goal of the optimal reduced-order subspace estimator
problem is to design an estimator of order n, that yields
least-squares estimates of specified linear combinations of
the states of the system.

Next, we define the error state zj, = Ty ), — Te,k satisfying
Zk+1 = (Ar,k - Be,k’cr,k)xr,k’ - Ae,k'-re,k (4.6)
+ (Aus e — Be kCs )% ks + (D1uk — Be kD2 i)Wk
By constraining A, = Ay — Be,xCr i, (4.6) becomes
Zk+1 =(Ark — BekCr k) 2k + (Aus,k — BekCs k) Ts e
+ (D1u,k — BepDa ) wy. 4.7

Furthermore, the explicit dependence of the estimation error
in (4.5) on the z, ) subsystem can be eliminated by con-
straining Co , = Ly ;. Now, from (4.1)-(4.4) it follows that

Tpp1 = Apiiy + Dpwy (4.8)
where
~ A Zk A Ar,k - Be,kcr,k Aus,k: - Be,kcs,k
Th = |:Is.,k:| ’ A - 0 As,k :| ’
Dy 2 {Dn,k BBe,kD2,k:| . 4.9
1s,k

Then, the problem can be restated as finding B, j that
minimizes J(Bey) = tr (Qk+1Rk+1), where Rpy; 2
LEHRkLkH and @ is the n x n state-error covariance
defined as Qi £ & [,2}].

Following the procedure in Section 2, we obtain the

finite-horizon discrete-time optimal reduced-order subspace
estimator given by

Te g1 = PrAr(I — QuCh Vi "Ck) Fy e i (4.10)
+ . ALQCR Vi i,
Qi1 = ALQrAT — AQuC VI CLQLAR + Vi (4.11)

+ 11 ARQrC TV CLQr AR s 1
where pu1 2 T — g, Vi & CRQrO¥ + Vay, Fp 2
I:['n'r,k Onr,kxns.k ’
Oy 2 [I, (LrT:kRkLr,k)il(L;F,kRkLs,k)]a (4.12)

Furthermore, defining the data-assimilation cost J,‘ja and
the forecast cost J,ﬁ separately such that

Jla 2 g ( (Lo —y33] " Ri [Luay — ygi]) 7

HES ([Lkwk - ygk]T Ri—1 [Lywy — y(f;k]) ,  (4.15)

we obtain the following two-step finite-horizon discrete-time
optimal subspace estimator:
Data assimilation step:

(4.14)

2% = (I — QLT VL) il a® (4.16)
+ @kQ‘;CEfQj%

QR = Qi — QLCTV;, CrQl 4.17)
+ k1 QC Vo Cr Qi

Vo = ChQLCE + Vo, pun = ®rFyr. (4.18)

FrC12.4

Rk Ki1

m \/\ 000‘\/\m \/\ (XX ] \/\m
"1 TH SHT TH "

7

G . C11

Fig. 1. Mass-spring-dashpot system.
Forecast step:

al g = PRALE 385, (4.19)
Qki1 = ArQR™ L + Vi (4.20)

V. ASYMPTOTICALLY STABLE MASS-SPRING-DASHPOT
EXAMPLE

We consider a zero-order hold discretized model of the
mass-spring-dashpot structure consisting of 10 masses shown
in Figure 1 so that n = 20. For ¢ = 1,...,10, m; = 1.0 kg,
while, for j =1,...,11, k; = 1.0 N/m and ¢; = 0.05 Ns/m.
We set the initial error covariance Py, = 100/ and assume
that Vi, =1, Vo, =1 forall k > 0.

Let ¢; denote the position of the ith mass so that

e2la @ qo G |- 5.1
We assume that measurements of position and velocities of
mi,...,my are available so that Cy = [Ig Ogx12] for all

k > 0. Next, we obtain state estimates from the reduced-
order estimator with n, = 8. For the subspace estimator,
we consider a change of basis so that the system has a
block upper-triangular structure. Recall that the costs for
the estimators are defined as (2.6) and (4.5) with R, = 1.
The ratio of the cost J, to the best achievable cost when
a full-order Kalman filter is used is shown in Figure 2.
As expected, the performance of the reduced-order filter is
never better than the full-order Kalman filter (indicated by
ratios greater than 1). Next, we assume that measurements
of positions and velocities of mq,...,mg are available so
that Cy = [I16 O16x4] for all & > 0. The performance of the
reduced-order estimator with ne = 16 is shown in Figure 2.
The objective in both the cases is to obtain estimates of Lxy,
where for i = 1,...,n., j = 1,...,n, the (i,7)th entry of
L € R™e*(n=ne) is given by

1,  ifi=j,
Law = {0.05,

The plots also demonstrate that the one-step and two-step
estimators are not equivalent.

(5.2)
else.

VI. MASS-SPRING-DASHPOT EXAMPLE WITH
RIGID-BODY MODE

Next, we consider the case in which both ends of
the mass-spring-dashpot structure are free, that is, ky =
ki1 = 0.0 and ¢4 = ¢11 = 0.0, and thus the struc-
ture has an unstable rigid-body mode. We consider only
the subspace estimator with z, = [ qi1 ¢u1 | so that
= @1 ¢gu @ @ - qo o |. We assume
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1.4 T T T T
7 proj. (one-step), n =8

— — — 1 proj. (two-step), n =8

(
(

13 7 proj. (one-step), n
(

=16 |
. - = = T proj. (two-step), n =16

e

op

1.2 “one ]

JN

1
11h *’

0 100 200 300 400 500
k (time index)

(a)

1.4 T T
— uproj. (one-step)

>

( =8
— — — Wproj. (two-step), n =8
— L proj. (one-step)

(

>

- - - uproj. (two-step), n_

0 100 200 300 400 500
k (time index)

(b)

Fig. 2. Ratios of J to the corresponding full-order costs when the (a)
reduced-order and (b) subspace estimators are applied to the asymptotically
stable mass-spring-dashpot system. (a) and (b) demonstrate the performance
of both estimators for ne = 8, 16. The plots also demonstrate that the one-
step and two-step estimators are not equivalent.

that measurements of the position and velocity of mj; are
available so that Cy, = [ Iz 0zx1s | for all k> 0 and L
is given by (5.2) with ne = 4,8. The performance of the
reduce-order subspace estimator with n, = 4,8 is shown in
Figure 3. The subspace estimator is effectively able to handle
the unstable modes in the system.

VII. CONCLUSION

Using the finite-horizon optimization, an optimal reduced-
order estimator and optimal fixed-structure subspace esti-
mator have been obtained in the form of recursive update
equations for time-varying systems. These estimators are
characterized by the 7 and p oblique projectors. Moreover,
we derived one-step and two-step update equations for each
estimator. When the order of the each estimator is equal
to the order of the system, the oblique projections become
the identity and the estimators are equivalent to the classical
optimal recursive full-order filter. We demonstrated the per-
formance of the reduced-order and the subspace estimators

FrC12.4
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Fig. 3. Ratios of J to the corresponding optimal costs when the
subspace estimator is applied to the unstable mass-spring-dashpot system.
The subspace estimator is able to handle the unstable modes in its filter
structure.

for lumped-structures.
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