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Abstract

A general framework for the feedback interconnection of
passive nonlinear systems is used to investigate the ef-
fectiveness of modifying positive-real LQG compensators
with nonlinearities to enhance disturbance rejection and
energy dissipation. The primary purpose of the nonlinear
modifications is to spread the spectrum of the compen-
sator states, and thereby enhance the energy flow from the
plant to the compensator. This framework is also used as
a basis for the active emulation of vibration absorbers.

1. Introduction

While modern control techniques can produce high perfor-
mance controllers, the robust stability properties of pas-
sive designs are often desirable. This is particularly true
for flexible structures that have poorly modeled modes and
for which a dissipative controller is adequate for vibration
suppression.

To meet this objective, controller synthesis techniques
have been developed to yield linear controllers that are
positive real. For example, modified LQG and H, con-
troller synthesis techniques for producing positive-real
compensators have been 1nvestigated in [1], [2? Addition-
ally, some specialized nonlinear compensator design tech-
ni uizs [b]ased on passivity concepts have been investigated
in {3], [4].

The passive “chaotic” compensator designs of [3], [4] sug-

est specific features that may serve to enhance the per-
%ormance of the control system while maintaining stability
robustness. These features include a skew-symmetric term
for mixing the compensator modal “energy,” as well as an
input squaring nonlinearity for spreading the spectrum of
the compensator states to higher frequencies, where en-
ergy is dissipated more quickly.

In this paper, we investigate the ability of nonlinearities to
enhance the performance of positive-real LQG controllers.
Throughout this investigation we remain within the frame-
work of passive systems interconnected by feedback in or-
der to guarantee stability [5].

The contents of the paper are as follows. In Section 2 we
begin by reviewing the passive compensation framework,
which is specialized in Section 3 to linear systems. Section
4 considers the use of the framework for the absorber em-
ulation problem on an example system. In Section 5§ we
consider the special case of positive-real LQG synthesis,
and in Section 6 we introduce nonlinear modifications re-
lating to the approach of [3], [4]. In Section 7 we design a
positive-real LQG compensator for an illustrative example
and in Section 8 assess the performance enhancements ob-
tained by modifying this compensator with nonlinearities.
Some conclusions are made in Section 9.
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2. Feedback Interconnection of Passive Systems

In this section, we describe a general framework for passive
controller design. We consider systems of the form

i = f(2)+G@u, W
y = hiz)+J(2)u, (2)

where f§0) =0, h(0) = 0,.f(-), G(-), h(:), and J(-) are
smooth functions, and u and y have the same dimension.
Furthermore, (1), (2) are assumed to be zero-state de-
tectable and completely reachable. We say that (1), (2) is
zero-state detectable if u(t) =0, y(t) = 0 implies z(t) = 0,
and it is completely reachable if for all finite states zg, 21
there exists a finite time ¢; and a square integrable control
u(t) defined on [0, ?;] such that the state can be driven
from z(0) = zo to z(t1) = z1.

A system with internal state «, input u, and output y is
said to be passive if there exists a positive-definite function
Ve(z), with V,(0) = 0, called a storage function such that

forallT >0 T
Va(a(T)) < / y(®)Tu()dt. 3)

The system is called lossless if equality holds in (3) for all
T > 0; otherwise the system is called dissipative [6], [7].
The following result, which characterizes a passive system
in terms of its realization,is proved in [8].

Lemma 2.1. The system (1), (2) is passive if and only
if there exist functions V; : R" — IR, I : IR" — IR?, and
W : IR — IRP*™ with Vi(z) continuously differentiable
and positive definite, V;(0) = 0, such that, for all 2 € IR",

Vi(@)f(@) = -1T(=)(=2), 4
1V (2)G(z) = »hT(x) — Y)W (=), (5)
J(z) + JT(z) WT(2)W(z). (6)

If the system (1), (2) is strictly proper, that is, J(z) = 0,
then W(z) = 0 and (4)-(6) are equivalent to

V(=)f(=) < 0,3V(2)C(z)=h"(z).  (7)

The framework we consider involves the negative feedback
interconnection of a passive nonlinear plant with a passive
nonlinear dynamic compensator. Hence, we consider the

passive plant = f(a)+ G(af)u, (8)
y = h@), ©)

controlled by the passive compensator
& = fc(mc) + Gc(y, :cc)y, ( )
—u = he(y,ze) + Je(z)y,  (11)

where ¢ € R", 2. € R™, v,y € IR™, and f(0) = 0,
fe(0) = 0, h(0) = 0, and %.(0,0) = 0. We assume that

3224



f(‘)’ G()) h((i)) fC('{)’ GC(' )

functions, and that both the plant and compensator are
completefy reachable and zero-state detectable. Stability
of the closed-loop system §8)h- S(ll) is guaranteed by the
following result. Results of this kind are well known, and
have been studied in [6] — [14].

Theorem 2.1. Suppose there exist C! positive-definite
functions V; : IR® — IR and V. : IR"*® — IR, such that

V(z,2)2Vs(z) + Vac(zc) > 0, (z,2c) # (0,0), and func-
tions I : IR" — IR?, I : IR" — IRP¢, W, : IR"c — IRP<*™,
such that

V! (2)f(z) =~ (2)I(=),
h*(2) = 1V, (2)G(2),
Vic(2e) fe(ze) = _l::r(xc)lc(zc):
h::r(y; zc) = %Vs'c(zc)Gc('y: zc)
+lcT(zc)Wc(zc); z. € IR"e,
J(xe) + I (xc) = WE () We(2c)-

he(-), and J¢(-) are smooth

zeR", (12)
z € R", (13)
z. € R"<(14)

yeR™ (15)
2. € IR™(16)

Then the origin of the closed-loop system (8) - (11) is
Lyapunov stable. If, in addition,

V/(@)f(z) <0, z R,
' T

[te(ee) + $We(2) G @)V, ()] x

[Ic(rc) + -;-Wc(zc)GT(x)V;'T(Z)] >0, z € R", z. € R™,

then the origin of the closed-loop system is asymptotically
stable. ’ :

3. Passive Framework for Linear Systems

In this section, we specialize Theorem 2.1 to linear sys-
tems. The following definitions will be needed. A square
transfer function G(s) is called positive real [15] if 1) all
poles of G(s) are in the closed left half plane and poles on
the imaginary axis are semisimple, and 2) G(s) + G*(s)
is nonnegative definite for Re[s] > 0, where ( )* de-
notes complex conjugate transpose. Furthermore, G(s)
is called strictly positive real [16] if 1) G(s) is asymptot-
ically stable, and 2) G(yw) + G*(jw) is positive definite
for all real w, and 3) if det[G(o0) + G*(00)] = 0, then
limy — 00 w?[G(w) + G*(3w)] > 0 and G(o0) + G*(c0) 2 0,
else limy, 00 [G(w) + G*(w)] > 0.

Next we recall the positive-real lemma [15] which relates
the positive realness of a transfer function to the KYP con-
ditions, which are algebraic equations involving a minimal
realization of the transfer function.

Lemma 3.1. A transfer function G(s) with minimal re-
alization (A, B, C, D) is positive real if and only if there
exist matrices P, L, and W, with P positive definite, such

that
ATP+PA = -LTL, a7
PB = CT-L™W, (18)
D+ DT wTw. (19)

It follows that if there exists € > 0 such that
ATP+PA = —LTL-¢P, (20)

am} (18), (19) are satisfied, then G(s) is strictly positive

real.

A minimal realization of G(s) that satisfies conditions (17)

and (18) with P = I is called a self-dual realization [2].

Given P satisfying (17) and (18), a self-dual realization
of G(s) can be obtained from the change of coordinates

2z = P2z where z is the internal state of the realization
(A,B,C, Dl) of G(s). Then the realization of G(s) with
the internal state z is a self-dual realization.

We now specialize Theorem 2.1 to the feedback intercon-
nection of a strictly proper passive linear plant

z(t) = Az(t)+ Bu(t), (21)

y(t) = Ca(1), (22)

controlled by a proper passive linear compensator of the
form solt) = Aceolt) + Bey(t), (23)
—u(t) = Cezc(t) + Dey(t), (24)

where necessarily D. + DY > 0. The following is a corol-
lary of Theorem 2.1.

Corollary 3.1. Suppose there exist positive-definite ma-
trices P € IR™*" and P, € IR"<*"< and matrices L, L.,
and W, such that

ATP+PA = -LTI, (25)
¢ = BTp (26)
ATP. + P.A. = -LTL, (27
C. = BYP.+WI L, (28)
D.+DY = wrw.. (29)

Then the closed-loop system (21) — (24) is Lyapunov sta-
ble. If in addition, LTL > 0, and [L¢ 4+ §WcB.P)T[L. +
1W.B.P] >0

The following lemma will be used in the next section to
construct a storage function for the inverse of a positive-
real transfer function.

Lemma 3.2. Let G(s) with minimal realization
(A, B,C, D) be positive real, where D + DT > 0,
and let P, L, and W, with P > 0 satisfy (17) -
(19). Then G~1(s) with realization (4,B,C, D) = (A -
BD-1C,BD~!,-D~1C, D) is also positive real, and P
satisfies

ATp+PA = -ITL, (30)
BTP = C-WTI, (31)
D+ DT WwTw, (32)

where L = L = WD~1C and W = WD~1.

4. Passive Absorber Emulation: Linear Systems

In this section, we use Theorem 2.1 to design compen-
sators that emulate passive linear absorbers. Related
problems have been considered in [17, 18]. For illustra-
tive purposes, we consider the system shown in Figure 1,
which consists of a mass-spring-dashpot absorber subsys-
tem, and a primary mass-spring subsystem that is dis-
turbed by a force w. Our goal is to replace the absorber
subsystem with a control force generated from a passive
linear dynamic compensator. This compensator will then
emulate the dynamic vibration absorber,

To emulate the absorber subsystem by means of a dynamic
compensator, we remove the absorber subsystem from the
primary subsystem and analyze the two subsystems sepa-
rately. The primary subsystem is shown in Figure 2, where
u represents the control force. The equations of motion
for this subsystem are given by

[§] = [-gm ol [§]+[1]w ©®

3225




Mg
11
LI |

Ca

— —

Figure 1: Oscillator with Dynamic Vibration Absorber
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Figure 2: Controlled Oscillator

Choosing as a storage function Vi(g,q) = i(mg? + k¢?),
condition (12) is satisfied with I(z) = 0, and condition
13) is satisfied with the output given by y = h(q,4) = ¢.

ith this output, the primary subsystem 1s passtve.

To develop a controller that emulates the effect of the ab-

sorber subsystem, we analyze the isolated absorber sub-

system shown in Figure 3. Since the transfer function of
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Figure 3: Dynamic Vibration Absorber Subsystem

the primary subsystem is given as an impedance, we write
the transfer function of the emulated absorber as an ad-
mittance, as shown in Figure 4. The absorber admittance
has a realization

& = Acxc+ Bey, (34)
—u = Cczg + Dcy, (35)
where 0 : 0
4. = [kc/mc "Cc/mc]’Bc=[1]
C. = [ —cckc/mc kc"cg/mc ]> D. = ¢,

with corresponding matrices
P = kZ/me ccke/me
¢ cckefme ke -+ cg/mc
W = \/52,

to satisfy conditions (17) - (19). The procedure given in
G/Q] was useful in determining the matrices P, L, and
o

Sk,

me

-

Since conditions (12)—(15) of Theorem 2.1 are satisfied,
Lyapunov stability is guaranteed. In fact, it follows from
the invariant set theorem that for all positive values of
m,, Ca, and k, the system is asymptotically stable.

s2+k/m

Plant Impedance

cs?tks
s2+c/ms+k/m

Absorber Admittance
Figure 4: Block Diagram For The Absorber Emulation

5. Positive Real Compensator Synthesis

In this section we review the positive-real LQG synthesis
grocedure given in [1]. Consider (21), (22) with distur-
ance and measurement noise. In a self-dual basis we

have
(36)
(37)

z(t) =

y(t) =
where A + AT < 0, w; and w, are uncorrelated, zero-
mean Gaussian noise with normalized intensities, and
R, 2 D, D3 > 0. The following result is given in [1].
Theorem 5.1. Let R; > 0 and assume

Az(t) + Bu(t) + Dywi(t),
BT:c(t) + Dz’U)z(t),

DiDT = BR;'BT - A-AT. (38)
Furthermore, let Ac, B, C. be given by

A, = A-BR;'BT(I+P), (39)

B. = BR;', (40)

C. = R;'BTP, (41)

where P is the positive-definite solution of the algebraic
Riccati equation

ATP 4+ PA-PBR;'BTP+ R+ BR;'BT = 0. (42)

Then the compensator (23), (24) is positive real, and
(Ac, Be, Cc) minimizes the H cost

>
J(4e,B,C) = Jim -;,—,IE [ /0 [T(8)(R: + BR;*BT)z(t)

+uT(t) Rou(t)]dt] -

If, iln addition, R1 > 0, the compensator is strictly positive
real.

6. Nonlinear Modification of the Linear Design

In this section we modify the linear compensator (39)—(41)
to obtain nonlinear dynamic compensators that conform
to the framework of Theorem 2.1. As suggested in [3, 4],
we are interested in nonlinearities that spread the spec-
trum of the compensator states in order to enhance energy
flow between the plant and compensator and thus increase
energy dissipation. One such modification involves squar-
ing the input signal to the compensator, which doubles
the frequencies of the harmonic signals. A second mod-
ification of the nonlinear compensator involves replacing
the compensator dynamics matrix A. with A;+ S, where

S € IR***" is a skew-symmetric matrix. The purpose of
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this modification is to further spread the spectrum of the
compensator states by coupling the compensator modes.
For convenience, we assume that the positive-real linear
compensator (23), (24) has been transformed into a self-

dual realization so thaij;
A+ Al <o, C. = BT,

(44)
and thus Vec(ze) = z;rfvc, (45)
is a storage function for the compensator. Since A,

satisfies (44) and S is skew symmetric, it follows that

(Ac+ 8) + ﬂAC + 8)T < 0, so that the modified com-
pensator is also passive.

Next we replace the input y to the compensator by a vector
of squared inputs given by )
2elt) = (Act S)rc+ Beding(ly,  (46)

where diag(y) is a diagonal matrix whose entries on the
diagonal are the elements of y. Now, to satisfy condition
(15) of Theorem 2.1, we replace (24) by

(47)

ut) = -—diag(y)B]z.,

so that the resulting compensator (46), (47) with storage
function (45) is passive.

Compensators of the form (46), (47) appear in [4] where
the skew-symmetric matrix is multiplied by a quadratic
term. In [4] the linear dynamics of these compensators
are chosen to have modal frequencies near those of the
plant, so that energy can be efficiently transferred from
the plant to the compensator. The skew-symmetric term
couples the modes of the compensator, so that energy in
one mode excites all of the other modes. Consequently,
the spectral content of the compensator is broadened. By
spreading the spectrum of the disturbance, energy dissi-
pation is enhanced through improved energy flow between
the mismatched plant and compensator modes, and by
faster energy dissipation in the higher frequency modes.

7. Baseline Positive-Real LQG Design for an
Illustrative Example

Consider the two-mode, mass-spring system of Figure 7
with disturbance w and control input w. The velocity
of the second mass serves as the output signal y which
is colocated with the control input. Choosing m; = 2,

ks ks
WA ™ FWA
}-——»w l——u

Figure 5: Two-Mode Plant

mo=1k = %, and ks = 1, the dynamic equations in a
modal basis are given by

z = Az+ Bu+ D, (48)
y = BTz, (49)
z = Ez, (50)
where

r 0 0.40 0 0

A = -040 O 0 0

- 0 0 0 1.26 |-

| 0 0 -126 0
0 0

B o= | 00| p=| 03 |,
| 0.77 —-0.45

and B = DlT, so that the performance variable z repre-
sents the velocity of the first mass. Note that the transfer

function Gyy(s) = BT (sI — A)™! B is positive real.
The positive-real compensator was synthesized using The-

orem 5.1 with Ry = I and R; = . The resulting
positive-real compensator in its self-dual basis is given by

£e = Aczc+ Bey, (51)
u = -Blz, (52)
where r —0.1366  0.3461 —0.0395 —0.1223
A = —-0.3917 —2.3322 —0.0497 -2.4111
c = —0.0440 —0.2865 —0.2592 0.8861 |°
| —0.0693 -—2.4555 —1.4074 -2.8731
- 0.1691
B = 1.7837
c - 0.6357 | -
| 1.8941

Notice that while the compensator is realized in a self-
dual basis, it is not in a modal basis. The basis for the
real(iizzlation of the plant, however, is both self dual and
modal.

8. Nonlinear Modification of the Positive-Real
LQG Compensator

In this section we consider nonlinear modifications to the
linear compensator given in Section 7. We then compare
the disturbance rejection capability of the resulting non-
linear compensators with that of the baseline linear (%esign.

8.1. Squaring the Input Signal
Consider the SISO dynamic compensator

i, = Acxc"‘ch?; (53)

(54)

where A. and B, are given in the previous section. Note
that this compensator 1s passive, with the storage function
Ve = xg‘:cc as before.

To examine the disturbance rejection properties of the
closed-loop system, we inject sinusoidal disturbance sig-
nals at fixed amplitude. For each disturbance, we analyze
the spectrum of the performance output, and determine
the steady-state amplitude of the portion of the signal
that has the same frequency as the disturbance. This
amplitude is compared to the frequency response of the
closed-loop system involving the linear positive-real LQG
design of Section 7.

As can be seen in Figure 6, the nonlinear compensator out-
performs the positive-real design at some frequencies, and
reduces the peak amplification of the linear design consid-
erably. Spectral analysis of the performance output indi-
cates that energy is found at multiple frequencies, most
often at the disturbance frequency, at three times the dis-
turbance frequency, and for higher frequency disturbances,
at the open-loop modal frequencies of the plant.

T
u = -—DB yz.,

8.2. Skew Symmetric Mixing

Since the positive-real LQG design is in a self-dual real-
ization, we can add a skew-symmetric matrix to the dy-
namics matrix A;, without losing the positive-real prop-
erty, as discussed in the previous section. We consider
this skew-symmetric augmentation of the dynamics ma-
trix while also squaring the input signal. In particular, we
augment the dynamics matrix Ac (%3) with the matrix

0 1 1 1 _
10 1 1

S=|21 21 o 1)=-5" (55)
-1 -1 -1 0
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As in the previous subsection, we probe the nonlinear con-
trol system with sinusoidal disturbance signals of fixed
amplitude and analyze the spectrum of the performance
output. The results, which are plotted in Figure 6, show

—taa

- Squered inpjit & Skew §
— Squaved iniut

Gan 8B
&

Frequency (rad/sec)

Figure 6: Fixed Amplitude Gain Plot for Positive Real LQG
with Squared Input and Skew-Symmetric Mixing

that while this compensator does not improve the distur-
bance rejection at every frequency, it does much better
than the linear design over a significant range of frequen-
cies. In particular it has roughly 14 dB better suppression
of the disturbance frequency content at 0.9 rad/sec. Sim-
ilar frequency spreading is observed for these cases as was
observed for the squared input case above. A typical plot
of the frequency spreading effect is given in Figure 7. This
figure shows the spectral content of the output when the
closed-loop system is forced at w = sin0.3¢.

M

UL

107

.

Figure 7: FFT of Performance Output Signal

(5} 1 15 25
Frequency in 1/asc

9. Conclusions

We have investigated the ability of certain nonlinear modi-
fications to enhance disturbance rejection and energy dis-
sipation  compared with linear positive-real compensator
designs. In particular, we considered squaring the input
to t%xe compensator, and mixing the modal states with
a skew-symmetric addition to the compensator dynam-
ics matrix. These passive nonlinear designs enhanced the
disturbance rejection through a range of frequencies by
distributing the energy -among multiple frequencies. The
extent to which nonlinear modifications improve the per-
formance robustness in the presence of plant uncertainties
will be the subject of later work.
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