Proceedings of the 37th IEEE Conference on Decision & Control « Tampa, Florida USA « December 1998

WMO04-4 14:20

Least Squares Identification Using
u-Markov Parameterizations

Tobin H. Van Pelt

Department of Aerospace Engineering

The University of Michigan
vanpelt@engin.umich.edu

Abstract

In this paper we introduce p-Markov parameterizations for
use in least squares estimation. These parameterizations ex-
plicitly contain the system impulse response parameters, or
Markov parameters, and, under very general noise models,
the least squares estimates of the Markov parameters are
consistent regardless of model order choice when the input
is white noise. A numerical example is given to illustrate
this result.

1 Introduction

Although least squares techniques are commonly used for
identification, it is well known [1, 2] that for most types of
noise models, least squares estimates of parameters in a full
parameterization are not consistent, and thus biased model
estimates result. Moreover, accuracy of these techniques is
highly dependent on knowledge of the true system order.

An alternate approach is to use a finite impulse response
(FIR) model structure to approximate the infinite impulse
response (IIR) system when performing least squares iden-
tification. FIR model parameterizations contain only im-
pulse response, or Markov, parameters, and it is interesting
to note that the estimates of these parameters are consistent
[1,2] even when the model structure is not correct. The sig-
nificance of this result arises from the fact that the estimates
of the Markov parameters can then be used to construct a
model of the system using realization theory [3]. Therefore
it is natural to seek a more general model parameterization
that contains an arbitrary number of Markov parameters,
but retains the appropriate IIR model structure. The ob-
jective in using such a model parameterization is to obtain
consistent estimates of the Markov parameters with faster
convergence than with FIR models.

2 p-Markov Parameterizations

Consider the discrete-time single—input single—output
transfer function G(g) with the fully parameterized pth-

1This research was supported in part by the Air Force Office
of Scientific Research under grant F49620-97-1-0406 and F49620-
98-1-0037 and the University of Michigan Office of the Vice Pres-
ident for Research.

0-7803-4394-8/98 $10.00 (c) 1998 IEEE

Dennis S. Bernstein ?
Department of Aerospace Engineering
The University of Michigan
dsbaero@umich.edu

order parameterization
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where ¢ is the forward shift operator.

Proposition 1. Let G(g) be a transfer function of relative
degree r and let ho, h1,... denote the Markov parameters
of G(gq). Consider the parameterization (1) of order p and
let 4 be a positive integer such that 4 < p—r. Then b; = h;,
i=0,...,pu+r,ifandonlyifa; =0,i=1,...,p.

Definition 1. Let G(g) be a transfer function with McMil-
lan degree n and consider the non-minimal parameteriza-
tion of G(g) as G(g) ~ —i—g%, where A(g) = ¢° 4+ a1¢®~* +
-+ +ap. Furthermore, let 1 be a positive integer such that

4 < p—n. Then % is a u-Markov parameterization of

Gl ifa,=0,i=1,...,u.

We note that all y-Markov parameterizations are non-
minimal by definition. Moreover, when p = n + p it can
be shown that for each positive integer p there exists a
unique pu-Markov parameterization.

3 u-Markov Least Squares Identification

In this section we consider least squares identification us-
ing p-Markov parameterizations. Consider the output y(k)
generated by the linear time-invariant system

y(k) = G(g)u(k) + H(gw(k), )

where G(q) and H(q) are stable, proper transfer functions,
u(k) is the input signal, and w(k) is the disturbance signal.
Next consider the p-th order y-Markov parameterization of
G(g) and write (2) in regression form

y(k) = ¢, (k)0 + v(k), 3)
where
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and where a = [au41---ap] and B = [buy1---bp]. Next
assume that G(g) and H(q) are unknown, that w(k) is a
zero-mean stochastic sequence, and that measurements of
the inputs and outputs of the system are available. We then
define the prediction of y(k) as

(k) 2E[y(E)] = o1 (k)6 +E[v(k)] = o5 (k)6.  (5)

We note that when H(g) is unknown (5) is equivalent to
the k-step ahead prediction of y(k) for k = p [1].

Next define the prediction error

e(k) 2 y(k) — §(k) = y(k) — 6" ()0, (6)

and the least squares cost function

N N
WOEL Y EER =5 > bk -6 B (1)
k=p+p k=p+p

The parameter estimate fy that minimizes Jy () using
data from k = p +p through k = N, where N > 2p+pu+1
and (&% ®n)~! is invertible, is given by
by = (®ndN) 'ONYN (8)
-1

N N
> buk), (k) > du®)y®)| (9)

k=p+p k=p+p

Ifhy — foas N — 00, then the estimates of the parameters
are consistent. The following theorem gives conditions for
consistency of p-Markov parameterized models.

Theorem 1. Consider the n-th order system (2), and
let u(k) and w(k) be realizations of independent, zero-
mean, white noise stochastic processes. Furthermore, let
ho, h1,... be the Markov parameters of G(g) and consider
the least squares estimate (9) using the y-Markov parame-
terization of order p in (4). Then the estimate of the Markov
parameters satisfy hin > h;as N> oofori=0,...,uin
both mean square and with probability one.

We note that Theorem 1 does not place any restrictions on
the choice of p in the y-Markov parameterization, and thus
the least squares estimates of the Markov parameters are
consistent regardless of model order choice.

4 Simulation

Data was obtained from &k = 0 to k = 600 using the
sampled-data system in (2), where
Glo) = Smeisetn H(y) - 2,

and where the input w(k) and disturbance w(k) were real-
izations of a zero-mean, white noise Gaussian random se-
quence with variances o2 = 1 and o2, = 0.1, respectively.
Figures 1 and 2 show the estimates of the Markov parame-
ters of G{gq) obtained by extracting the Markov parameters
(+) from the least squares estimate of a u-Markov parame-
terization with u = 40 and p = 1 and p = 2. For comparison
the true Markov parameters (o) and the Markov parame-
ters (x) obtained from the impulse response of the least
squares estimate of the full parameterization (g = 0) are
also shown.

0-7803-4394-8/98 $10.00 (c) 1998 IEEE

WMO04-4 14:20

using full parameterization

-0.05

=01

-0a5

X / 4
¥° _/ \
true Markov parameters using p-Markov parameterization
s ) L . . .

n
° 5 10 15 20 25 30 E3 40

-0

Figure 1: Markov parameter estimates with correct order

(0 = 2).
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Figure 2: Markov parameter estimates with incorrect or-
der (p=1).
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5 Conclusions

In this paper we have introduced y-Markov parameteriza-
tions which can be viewed as an IIR extension of FIR models
in the sense that they explicitly incorporate Markov param-
eters in the parameterization. It was shown that these pa-
rameterizations yield consistent least squares estimates of
Markov parameters without correct knowledge of the sys-
tem order and for a general class of noise models.
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