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Nomenclature
� Hadamard product
k � k2, k � kF spectral norm, Frobenius norm
0l�m; 0l l �m zero matrix, 0l�l
Il; 1l�m l � l identity matrix, l �m ones

matrix

1. Introduction
Frequency-domain identi�cation methods, which are

applied o� line, require fast Fourier transforms of mea-
sured time histories to construct an estimate of the fre-
quency response function (FRF) of the system. Re-
cently, frequency-domain methods have been studied in
the framework ofH1 control theory to obtain models with
error bounds that are suitable for robust controller design
[2, 3, 4, 5].

A widely used identi�cation technique is the eigensys-
tem realization algorithm (ERA) [9, pp. 133-137] which
uses Markov parameters to obtain a state-space realization
of the system. Estimates of the Markov parameters, ob-
tained from an inverse of the FRF, are used to construct a
block-Hankel matrix whose singular value decomposition
provides an estimate of the system order and which is used
to construct state space realizations.

While frequency-domain methods and ERA are
o�-line identi�cation methods, recursive on-line methods
have been developed using time-domain data. Recursive
time-domain identi�cation techniques using a recursive
least-squares algorithmwith an ARMA representation [10,
pp. 305-310], [12, pp. 320-324] have been used to identify
the transfer function coe�cients of SISO systems. More
recently, recursive subspace methods [11, 13] have been
used to construct minimal realizations of MIMO systems
from time-domain data. Recursive time-domain identi�-
cation techniques have also been derived in the context of
neural networks and learning processes [7].

In this paper we derive an alternative recursive
time-domain identi�cation technique that is based upon
recursive identi�cation of the Markov parameters of a sys-
tem. Our approach is based upon the ideas proposed in [7]
and further developed in [1, 8]. The present paper intro-
duces the recursive ARMARKOV/Toeplitz identi�cation
algorithm, which estimates the Markov parameters recur-
sively from time-domain input-output data. This iden-
ti�cation technique is based upon linear time-invariant
�nite-dimensional systems having an ARMARKOV rep-
resentation that relates the current output of a sys-
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tem to past outputs as well as current and past inputs.
The ARMARKOV representation is an overparameter-
ized and nonminimal representation. Appropriate \stack-
ing" of time-delayed ARMARKOV representations yields
a block-Toeplitz weight matrix which contains Markov pa-
rameters and which maps a vector of past outputs and
inputs to a vector of current and past outputs. A recur-
sive update law based upon a gradient that preserves the
block-zero structure of the block-Toeplitz weight matrix
and which, in the presence of a persistent input sequence,
guarantees that the estimated weight matrix converges to
the actual weight matrix. This algorithm provides the
�rst step in the two-step identi�cation algorithm we refer
to as the recursive ARMARKOV/Toeplitz/ERA identi�-
cation algorithm where ERA is used as the second step to
construct minimal realizations from the estimated Markov
parameters extracted from the converged weight matrix.

An advantage of using an ARMARKOV representa-
tion to estimate the Markov parameters instead of using
an ARMA representation to estimate the transfer func-
tion coe�cients is the ability to avoid the sensitivity of
the poles and zeros with respect to the estimated coe�-
cients. Another advantage is that the singular value de-
composition of a block Hankel matrix constructed from
the estimated Markov parameters provides an e�ective
model order indicator as in ERA. The recursive AR-
MARKOV/Toeplitz/ERA identi�cation algorithm can be
used either on line or in an o�-line batch mode.

2. ARMARKOV Representations
Consider the discrete-time �nite-dimensional linear

time-invariant system
x(k + 1) = Ax(k) +Bu(k); (2.1)

y(k) = Cx(k) +Du(k); (2.2)

where A 2 Rn�n; B 2 Rn�m; C 2 Rl�n; and D 2 Rl�m:
The Markov parameters Hj are de�ned by

Hj
�
= D; j = �1; (2.3)
�
= CAjB; j � 0;

and satisfy

G(z)
�
= C(zI �A)�1B +D =

1X
j=�1

Hjz
�(j+1): (2.4)

We refer to G(z) =
P
1

j=�1Hjz
�(j+1) as the Markov pa-

rameter representation of G(z):
The ARMA transfer function representation of G(z)

is given by
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G(z) =

�
B0z

n +B1z
n�1 + � � �+ Bn

�
zn + a1zn�1 + � � �+ an

; (2.5)

where det(zI � A) = zn+a1zn�1+� � �+an andBi 2 R
l�m,

i = 0; : : : ; n: Although (2.5) provides a rational represen-
tation of G(z), it contains only the �rst Markov parameter
B0 = H�1: Our goal is to blend (2.4) and (2.5) to obtain
rational representations of G(z) that explicitly involve ad-
ditional Markov parameters. The ARMA time-domain
representation of G(z) corresponding to (2.5) is given by

y(k) = �a1y(k � 1)� � � � � any(k � n) + B0u(k)

+ � � �+Bnu(k � n): (2.6)

Next we express y(k) in terms of past inputs, past
outputs, and additional Markov parameters. Replacing k
by k � 1 in (2.6) and substituting the resulting relation
back into (2.6) yields

y(k) = (a21 � a2)y(k � 2) + (a1a2 � a3)y(k � 3)

+ � � �+ (a1an�1 � an)y(k � n)

+ a1any(k � n� 1) +B0u(k)

+ (B1 � a1B0)u(k � 1)

+ (B2 � a1B1)u(k � 2)

+ � � �+ (Bn � a1Bn�1)u(k � n)

� a1Bnu(k � n � 1): (2.7)

Equating (2.4) and (2.5) and multiplying both sides by
zn + a1z

n�1 + � � �+ an yields2
64
B0

B1

.

.

.

Bn

3
75 =

2
6664

H
�1 0 : : : 0

H0

.
. .

.
. .

.

.

.

.

.

.
. .

.
. .

. 0

Hn�1 : : : H0 H
�1

3
7775
2
64

Im

a1Im

.

.

.

anIm

3
75 (2.8)

and
Hn+j = �

nX
i=1

aiHn+j�i ; j � 0: (2.9)

Noting from (2.8) that H�1 = B0 and H0 = B1 � a1B0,
then (2.7) yields

y(k) = �2;1y(k � 2) + � � �+ �2;ny(k � n� 1)

+ H�1u(k) +H0u(k � 1) + B1u(k � 2)

+ � � �+ Bnu(k � n� 1); (2.10)

where �2;1; : : : ; �2;n 2 R and B2;1; : : : ;B2;n 2 Rl�m

are given by

�2;i
�
= a1ai � ai+1; i = 1; : : : ; n� 1;

�2;n
�
= a1an;

B2;i
�
= Bi+1 � a1Bi; i = 1; : : : ; n� 1;

B2;n
�
= a1Bn:

Since (2.10) explicitly involves the �rst two Markov pa-
rametersH�1 andH0 ofG(z); it is called an ARMARKOV
time-domain representation of G(z). Repeating this pro-
cedure � � 1 times yields the ARMARKOV time-domain
representation of G(z)

y(k) =
nX

j=1

���;jy(k � �� j + 1)

+

�X
j=1

Hj�2u(k � j + 1)

+
nX

j=1

B�;ju(k � �� j + 1): (2.11)

where ��;1; : : : ; ��;n 2 R and B�;1; : : : ;B�;n 2 Rl�m.
This substitution procedure can be used to obtain re-
cursive expressions for ��;1; : : : ; ��;n and B�;1; : : : ;B�;n.
However, the explicit form of these relationships will
not be needed. Note that (2.11) involves the �rst �
Markov parameters H�1; : : : ;H��2. Furthermore, note
that the ARMA time-domain representation (2.6) is a spe-
cialized ARMARKOV time-domain representation (2.11)
with � = 1.

De�ning the ARMARKOV regressor vector ��(k) 2

R(p+n�1)(l+m)+�m by

��(k)
�
=

2
66666664

y(k � �)
...

y(k � �� p� n+ 2)
u(k)
...

u(k � �� p� n+ 2)

3
77777775
; (2.12)

it follows that Y (k) = W���(k); (2.13)

where the ARMARKOV/Toeplitz weight matrixW� is the
block-Toeplitz matrix de�ned by

W�
�
=

2
6664
�A� 0l : : : 0l H�1 � � �

0l
. . .

. . .
... 0l�m

. . .
...

. . .
. . . 0l

...
. . .

0l � � � 0l �A� 0l�m � � �

H��2 B� 0l�m � � � 0l�m
. . .

. . .
. . .

...
. . .

. . .
. . . 0l�m

0l�m H�1 � � � H��2 B�

3
7775(2.14)

where A�
�
= [��;1Il � � � ��;nIl ] 2 Rl�nl and B�

�
=

[B�;1 � � � B�;n ] 2 Rl�nm. Note that p determines the
window of input-output data that appears in (2.12).

It follows from the ARMARKOV time-domain repre-
sentation (2.11) that an ARMARKOV transfer function
representation of G(z) with � Markov parameters is given
by

G(z) =

�
H�1z

�+n�1 + � � �+ B�;n
�

z�+n�1 + ��;1zn�1 + � � �+ ��;n
: (2.15)

This representation of G(z) can be viewed as a blend-
ing of the Markov parameter representation (2.4) and the
ARMA transfer function representation (2.5), which cor-
respond to � = 1 and � = 1; respectively. The ARMA
transfer function representation and the ARMARKOV
transfer function representation are di�erent representa-
tions of G(z): However, the ARMARKOV transfer func-
tion representation, which is nonminimal when � > 1,
provides greater 
exibility in identifying G(z) by allowing
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direct estimation of the Markov parameters. Note, how-
ever, that the ARMARKOV transfer function representa-
tion is not equivalent to an arbitrary nonminimal ARMA
representation since the coe�cients of z�+n�2; : : : ; zn in
the denominator are constrained to be zero.

Henceforth, for convenience we omit the subscript �
and write W and �(k) for W� and ��(k); respectively.

3. Recursive ARMARKOV/Toeplitz
Algorithm

Let cW (k) denote an estimate of the AR-
MARKOV/Toeplitz weight matrix W at time k,

where cW (k) has the same block-zero structure as W .

Let bY (k) denote the estimated output vector de�ned bybY (k) �
= cW (k)�(k) 2 Rpl. Furthermore, de�ne the output

error "(k) 2 Rpl by "(k)
�
= Y (k) � bY (k), and the output

error cost function J(k) by J(k)
�
= 1

2
"T(k)"(k).

Lemma 3.1 The gradient of J(k) with respect to

the estimated weight matrix cW (k) is given by

@J(k)

@cW (k)
= �U �

�
"(k)�T(k)

�
; (3.1)

where U 2 Rpl�[(p+n�1)(l+m)+�m] is de�ned by

U
�
=

2
6664
Il�n 0l � � � 0l 1l�(n+�)m

0l
. . .

. . .
... 0l�m

...
. . .

. . . 0l
...

0l � � � 0l Il�n 0l�m
0l�m � � � 0l�m
. . .

. . .
...

. . .
. . . 0l�m

� � � 0l�m 1l�(n+�)m

3
7775 : (3.2)

where Il�n = [ Il � � � Il ] 2 Rl�nl.

We now consider the estimated weight matrix update
law cW (k + 1) = cW (k)� �(k)

@J(k)

@cW (k)
; (3.3)

where �(k) � 0 is the adaptive step size. Furthermore,

de�ne the estimated weight matrix error by E(k)
�
= W �cW (k), and the estimated weight matrix error cost function

J (k; �(k))
�
= kE(k + 1)k2F � kE(k)k

2
F . Then it follows

from the estimated weight matrix update law (3.3) that

E(k + 1) = E(k) + �(k) @J(k)
@ bW (k)

, and "(k) = E(k)�(k).

To implement the estimated weight matrix update law
(3.3) starting at time k = 0 requires that �(k) be available
for all k � 0. Since �(0) has the form

�(0) =

2
66666664

y(��)
...

y(�� � p� n+ 2)
u(0)
...

u(��� p� n+ 2)

3
77777775
; (3.4)

it is assumed that measurements of u(k) and y(k) are
available for all k � �� � p� n+ 2.

Let the optimal adaptive step size �opt(k) be de�ned
by

�opt(k)
�
=

k"(k)k22
@J(k)

@ bW (k)

2

F

: (3.5)

The following result shows that �opt(k) minimizes
J (k; �(k)):

Theorem 3.1 Let cW (0) have the same block-zero
structure as W and consider the estimated weight matrix

update law (3.3). Assume that @J(k)

@ bW (k)
6= 0, k � 0, and

assume that the adaptive step size �(k) satis�es
0 < �(k) < 2�opt(k) ; k � 0: (3.6)

Then fkE(k)kFg
1

k=0
is decreasing, and thus J (k; �(k)) <

0; k � 0: Furthermore, for all k � 0; �(k) = �opt(k) min-

imizes J (k; �(k)), and J (k; �opt(k)) = �k"(k)k22�opt(k).
If, in addition,

sup
k�0

�(k)

�opt(k)
� 1 < 1 (3.7)

and sup
k�0

k�(k)k2 <1; (3.8)

then 1X
k=0

k"(k)k22 <1: (3.9)

Consequently, lim
k!1

"(k) = 0; (3.10)

and
lim
k!1

@J(k)

@cW (k)
= 0: (3.11)

Remark 3.1 Note that (3.7) implies (3.6), whereas
the converse is not true. Note also that (3.8)
is equivalent to supk����p�n+2 ku(k)k2 < 1 and
supk����p�n+2 ky(k)k2 < 1. If we choose �(k) =
�opt(k), � 2 (0; 2), then Theorem 3.1 holds.

Next, assuming �(k) 6= 0; de�ne the computationally
e�cient step size �e�(k) by

�e�(k)
�
=

1

k�(k)k22
: (3.12)

Note that if @J(k)

@ bW (k)
6= 0, then �e�(k) � �opt(k). In the

following corollary of Theorem 3.1, � opt(k) is replaced by
�e�(k). In this case (3.15) is needed along with (3.14) to
verify that (3.7) is satis�ed.

Corollary 3.1 Let cW (0) have the same block-zero
structure as W and consider the estimated weight matrix

update law (3.3). Assume that @J(k)

@ bW (k)
6= 0, k � 0, and

assume that the adaptive step size �(k) satis�es

0 < �(k) < 2�e�(k) ; k � 0: (3.13)

Then (3.6) holds and fkE(k)kFg
1

k=0 is decreasing. If, in
addition,

sup
k�0

�(k)

�e�(k)
� 1 < 1; (3.14)
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inf
k�0

2
4 u(k)

...
u(k � � � p� n+ 2)

3
5

2

> 0 ; k � 0; (3.15)

and (3.8) is satis�ed, then (3.7), (3.9), (3.10), and (3.11)
hold.

Remark 3.2 If we choose �(k) = �� e�(k), � 2
(0; 2), then Corollary 3.1 holds.

4. Convergence of the Weight Matrix
Theorem 3.1 provides su�cient conditions that guar-

antee that the output error vector "(k) converges to zero.
However, condition (3.8), which implies that the input
and output sequences are bounded (see Remark 3.1), is

not strong enough to guarantee that cW (k) converges to

W: To guarantee that cW (k) converges to W we require a
persistent excitation condition.

For convenience, de�ne

�(k)
�
=

2
66666664

y(k � �)
...

y(k � �� n + 1)
u(k)
...

u(k � �� n + 1)

3
77777775
2 Rq ; (4.1)

where q
�
= n(l+m) +�m: Note that if p = 1 then �(k) =

�(k): Furthermore, comparing (3.4) and (4.1) it can be
seen that, for all p � 1, if data for �(0) is available, then
data for �(0) is available. For F 2 Rq�q let �1 � � � � �
�q � 0 denote the singular values of F:

De�nition 4.1 The input sequence fu(k)g 1k=0 is
persistent with respect to G(z) if there exists � > 0 such
that, for all k > 0; there exist k � r1(k) < � � � < rq(k)
such that �q [�(r1(k)) � � � �(rq(k)) ] > �:

The following result provides conditions that guaran-

tee convergence of the estimated weight matrix cW (k) to
the weight matrixW . In particular, this result shows that
if (3.8) is satis�ed then the estimated weight matrix up-
date law (3.3) with the adaptive step size �(k) satisfying
(3.7) and a persistent input sequence fu(k)g1k=0 guaran-

tees that cW (k) converges to W: Alternatively, if (3.15) is
satis�ed and the adaptive step size �(k) satis�es (3.14)

then convergence of cW (k) to W is guaranteed.

Theorem 4.1 Let cW (0) have the same block-zero
structure as W and consider the estimated weight ma-
trix update law (3.3). Assume that (3.8) is satis�ed,
fu(k)g1k=���p�n+2 is persistent with respect to G(z), and
@J(k)

@ bW (k)
6= 0, k � 0. If �(k) satis�es (3.7) then

lim
k!1

cW (k) = W: (4.2)

Alternatively, if (3.15) is satis�ed and �(k) satis�es (3.14),
then (4.2) holds.

In the following corollary of Theorem 4.1 we choose

�(k) so that �(k)
�opt(k)

is a constant or alternatively �(k)
�eff(k)

is
a constant.

Corollary 4.1 Let cW (0) have the same block-zero
structure as W and consider the estimated weight ma-
trix update law (3.3). Assume that (3.8) is satis�ed,
fu(k)g1k=���p�n+2 is persistent with respect to G(z),

and @J(k)

@ bW (k)
6= 0, k � 0. If �(k) = ��opt(k); k � 0,

then (4.2) holds. Furthermore, if (3.15) is satis�ed and
�(k) = ��e�(k), k � 0, then (4.2) holds.

5. Numerical Example
In the following numerical example the �rst six

Markov parameters of a second-order asymptotically sta-
ble SISO system are estimated using the recursive AR-
MARKOV/Toeplitz identi�cation algorithm. The esti-
mated Markov parameters are obtained after each up-
date of the estimated ARMARKOV/Toeplitz weight ma-

trix cW (k) by averaging over the corresponding entries

of cW (k). Consider the continuous-time single-degree-of-
freedom oscillatorbG(s) = !2n

s2 + 2�!ns + !2n
; (5.1)

with a natural frequency fn = 10 Hz (!n = 6:28 rad/sec)
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Figure 1: Markov parameter estimates obtained from
the recursive ARMARKOV/Toeplitz identi�cation
algorithm with � = 6; n = 2; and p = 4.

and a damping ratio � = 1%. A balanced realization of
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Figure 2: Error, gradient, and step size of the
ARMARKOV/Toeplitz identi�cation algorithmwith
� = 6; n = 2; and p = 4.

a zero-order-hold discretization of (5.1) at a sampling fre-
quency of 100 Hz is given by
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x(k + 1) =

�
0:80595 0:58408
�0:58408 0:80199

�
x(k)

+

�
0:63417
0:46041

�
u(k); (5.2)

y(k) = [ 0:63417 �0:46041 ]x(k): (5.3)

The input u(k) is chosen to be zero-mean white noise uni-
formly distributed on [�1; 1]. The input was applied to
(5.2), (5.3) for 10 seconds (�10 � k � 990) with zero ini-
tial conditions so that data for �(0) is available. Although
not shown, u(k) is persistent with respect to G(z) for the
available data.

The six estimated Markov parameters obtained from
the recursive ARMARKOV/Toeplitz identi�cation algo-
rithm with � = 6, n = 2, p = 4, and �(k) = �opt(k) for
10 seconds of data are shown in Figure 1. The values of

k"(k)k2 and @J(k)

@ bW (k)

2

F
, shown in Figure 2, can be seen

to be decreasing nearly exponentially. The six estimated
Markov parameters, which were obtained after each up-

date by averaging over the corresponding entries of cW (k),
converge to within 1% of their respective true values after
1 second or 100 time steps (see Figure 1).

6. Identi�cation of an Acoustic Duct
In this section the recursive AR-

MARKOV/Toeplitz/ERA identi�cation algorithm was
used to obtain a realization of the dynamics of an acoustic
duct. The acoustic duct is constructed from a 19.75
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100
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 (
de
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ARMARKOV

Figure 3: Time-domain identi�cation of the dy-
namics of an acoustic duct using the recursive AR-
MARKOV/Toeplitz/ERA identi�cation algorithm
yielding a 31st-order realization.

foot long 4 inch diameter PVC pipe with open-closed
boundary conditions and a colocated microphone and
speaker mounted on the side. The speaker input and
microphone output were recorded at a sampling frequency
of 1024 Hz with a time-record length of 4096 data points
spanning 4.0 seconds. The input u(k) was chosen to be
white noise. The experimentally measured frequency
response was obtained using a spectrum analyzer with
the frequency range chosen to be 0 - 400 Hz with 1601
spectral lines of resolution. Hence the measured FRF is
an estimate of the frequency response of the duct at the
discrete frequencies 0; 0:25; 0:5; : : :; 399:5; 399:75;400 Hz.

Based upon an analytical model of the acoustic
duct [6] the system order was estimated to be approxi-

mately 40, hence � was chosen to be 210. Three AR-
MARKOV/Toeplitz representations were evaluated, all
having � = 210 and n = 40; with p = 4; p = 20; and
p = 50; respectively. For each ARMARKOV representa-
tion, estimates of the �rst 210 Markov parameters were
obtained. The 210 estimated Markov parameters were
used within ERA to obtain a minimal realization. The
frequency response of these minimal realizations was com-
pared to the experimentally measured frequency response.
Based upon this comparison, it can be seen that the accu-
racy of the minimal realizations increases as p increases.
The ARMARKOV representation with p = 50 yields a
31st-order realization whose frequency response is shown
in Figure 3.
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