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Abstract

In this paper we consider the design of robust con-
trollers with closed-loop poles constrained to lie in
specified regions in the left half complex plane. The
paper focuses in particular on hyperbolic and hori-
zontal strip regions. The hyperbolic region places a
lower bound on the damping ratio whereas the hori-
zontal strip region places an upper bound on the nat-
ural frequency of the closed-loop system. Each con-
straint region is characterized by a pair of matrix root-
clustering equations. These equations, which govern
the response of the closed-loop system, are utilized in
conjunction with a steady state quadratic performance
criterion. By applying fixed-structure synthesis tech-
niques, we obtain feedback controllers that achieve the
desired performance properties along with suboptimal
closed-loop performance.

Nomenclature

R, R™*  real numbers, m x [ real matrices
c,cmx complex numbers, m X [ complex matrices
£, tr expectation, trace operator
I, r X r identity matrix
®, B, Un Kronecker product, Kronecker sum, n X n

permutation matrix; as defined in Ref. 12
a(A), A spectrum of A , complex conjugate of A € C
z,u,y,r. n,m,land n. dimensional vectors

w d-dimensional standard white noise

A, B,C n X n,n X m and | X n dimensional matrices
Dy,Dy, K nxd,lxdand m x! dimensional matrices
Ac, B, C. nexngyne x 1 and m X n, matrices
Ri,Ri2, Ry n X n,nx m and m X m weighting matrices
a,b hyperbolic region parameters
AV, A+ BKC,D\DT >0
R, Ry + R1pKC + (Rp KCYT + CTKTRyKC
AL A, A+ BC,,A+ B.C
Vi,Vige, Vo D\DT >0, DD}, D, DY
v, Vi — B,V — ViaB. + BV, B!
R, Ri+ R12Ce 4 (R12C)T + CIR,C,
R. A [ Ry Ry, C. A  BC. ]

dr 2 CTRL, CTR,C. | | B.C A

Vy [ Vi V12E;I‘ ]

B.Vy B.V,BY
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I. Introduction

In Ref. 1, fixed-structure synthesis techniques were used
to design feedback controllers that place the closed-loop poles
within specified regions in the open left half plane. Specif-
ically, circular, elliptic, parabolic, vertical strip and sector
regions were considered with both static and dynamic out-
put feedback controllers. The purpose of the present paper is
to extend the results of Ref. 1 by considering two regions that
were not considered in Ref. 1, namely, hyperbolic and hori-
zontal strip regions. In practice, the hyperbolic region, which
was considered in Refs. 2-9, imposes a lower bound on the
damping ratio of the closed-loop poles, while the horizontal
strip region, briefly discussed in Ref. 10, imposes an upper
bound on the natural frequencies of the closed-loop poles.
The complicating aspect of both of these regions is that each
region is reflected into the right half plane. Hemnce, it is nec-
essary to exclude from considering the right half portion of
the constraint region.

Our development proceeds, in Section II, with an anal-
ysis of the hyperbolic constraint region. We then turn, in
Section III, to the problem of controller synthesis with static
output feedback controller, including the specialization to full
state feedback. Analogous results for full-order dynamic com-
pensation with regulator/estimator separation are given in
Section IV. In Section V, we show results for fixed-order dy-
namic compensation with an optimal projection condition.
We then, in Section VI, turn our attention briefly to the hor-
izontal strip region. Results from a given numerical example
is shown in Section VII. Finally, some conclusions and direc-
tions for further research are given in Section VIIL.

I1. Characterization of the Hyperbolic
Constraint Region

In this section we characterize the hyperbolic region, shown
in Figure 1, Hz(a, b). The two-sided hyperbolic region H(a, b)
is defined by

(Re A)? B (Im A)? > 1),

T a? b2

Ha,h) 2 {rec

where a and b are positive real numbers. In order to specify
the left half region which is of interest for stability, we focus
on the subset

He(a,b) 2 {h € H(a,b): Re A < 0},

which corresponds to the left branch of the hyperbola. It is
often convenient to write A = —(wy, + jwq, where 0 < ( <1
and wg = wpv/1 — . It is also known that the settling time



is related to Re(A). In practice, design criteria may involve
the damping ratio ¢ and the reciprocal of the settling time
n = (w,. The constraint ¢ > (min and 1 > #min can be
enforced by the hyperbola parameters a,b by choosing

@ = Thmin>
Nmin [

b= —y1- <2\in'
Cmin "

The following result provides an alternative characterization
of H(a,b).
Lemma 2.1. The set H(a,b) is equivalent to
2 . 2 2
Ha,b) S {A€C:1+26(ReX*)+7]|A|"< 0},

where

2 32 2 _ g2
A a*+b Aa®-b
PR L (1)
4a2b? 2a%b
Proof. The result follows from algebraic manipulation.
O

Proposition 2.1. Let A € R™*", let V}, € R"*" be
positive definite and let § and 7 be real numbers such that
8 < 0 and 26 < v < —26. Then, if there exists an n X n
positive definite matrix Q4 satisfying

0= Qn+8(A%Qn + QrA*") +7AQrAT + Vi, (2)
then ¢(A) C H(a,b), where
JaY i 1/2 Jay 1 1/2 .
=(——— b=(——)"". 3
02 (= bR ) 3)

Proof. Let X be an eigenvalue of AT such that ATz =
Az. Then, forming the equation z*(2)r yields

0= 2" Qrrt 62" A*Qra+27Qra?Ta) " AQu AT 407 Vipe,

(4)
which further implies that
) 2 2 z*Vyx .
A= ——. ;
146 ReA® +v | A} =T (5)
Since V, > 0 and Qy, > 0, it follows that both sides of (5) are
negative. Hence, o(A) C H(a,b). a

Note that H(«a,b) includes regions lying in the open left
half plane C~ and in the open right half plane C*. Proposition
2.1 applies to all of H{a,b), not just He(a,b). Considering
stability, we now combine the standard Lyapunov equation
with (2). Thus, the characteristic roots will be constrained
to lie inside the hyperbolic constraint region.

Theorem 2.1. Let A, V, Vi, Q,Qn € R™™ and let
V and V}, be positive definite matrices. Then, if there exist
positive definite matrices (, @, and real numbers ¢ and vy
such that 6 < 0 and 26 < 7 < —20 satisfying

0=Qn+6(A2Q) + QuA*T) + YAQLAT + Vi,

0=AQ + QAT +V,
then o(A) C Hc(a,b), where a, b are given by (3).
Proof. It follows from (6) and Proposition 2.1 that
o(A) C H{a,b). In addition, (7) implies c(A) C C~. Hence,
o(A)CHNC™ =Hela,b). a
Remark 2.1. Equation (6) and (7) characterize the

hyperbolic constraint region, where V and V; are positive
definite but otherwise arbitrary.

(7)
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Lemma 2.2.
Define G 2 [gix] by

Let A bestableand 6(A4) = {X1,..., An}.

-1
b

Then G is a non-negative definite matrix.
Proof. Since A is stable, it follows that the eigenval-
ues of A lie in the open left half plane. Thus define the stable

diagonal matrix T’ 2 diag(A1,..., An). Then the Lyapunov
equation

0=TG+GT* + E,

has the non-negative definite solution

)

G:/ enEer“dt:[ - <:|
0 A+ Melik=1,n

where E has all 1’sin its entries and '*’ denotes the Hermitian
operator. O

Let A, A € R?"X?" be defined as follows:

AST+6(A% 6 A% +4 A5 A,

A2 1 % (Ad A2+ (y—26) Aw A
Proposition 2.2 Let 6 and 5 be real numbers such
that § < 0, and 26 < v < —24 and let a, b be given by (3).
Then the following statements hold.
(1) Suppose a > b. Then A and A are asymptotically
stable if and only if a(A4) C He(a,b).
(1i) Suppose a < b. Then A and A are asymptotically
stable if and only if 6(A) C He(a,b).

Proof. We will start with the proof of statement (7).
Let a(A) = {A1, A2, ..., A} and note that each eigenvalue of
A can be expressed as

L+ 8 A2+ 20+ 7 A

This result is directly obtained from Theorem 7 in Ref. 2.

Then letting A; 2 i+ 3y, Ak & zk + jyk, the real part of each
eigenvalue of A is given by

2 2 a? + b, 2
RE{l + 6(/\1 + Ak) + vy ’\i/\k} = Re{l - W(/\I + /\k)
112 —b2
—— A
ez Mk
a®+ b . . , a? —b?
=l- (zf+ai -yl —ud) + W(Iin — Yilk)

= 1—{ﬁ[(zi*fk)t(yi—yk)zHﬁ[(ﬂfﬁu)z*(l/ﬁm—)‘z}}

To prove sufficiensy of (¢), we note that since o(A) C He(a, b)
it follows that A is stable and that

2 2
i Yi

a?

b2 oat b2 ’

where z; < —a and z4 < —a. This further implies that

(z; + a)? (i + vi)? So4 2rire 2y
a? b? (g B2’
(@i-on) (=g’ 2@z 2y
a? b2 ay Y

Now, since a > b, the following inequalities hold



(zitze)® (vt )’ S99+ 2wz 2y
a? a? y b2
(i —2x)® (i —w)? 2a;0r | 2y

- 2 — -
be H2 > ay b2

Then, we have

Re {1+ 6(A2 + M%) + v AiAg)

1 . 1 .
= l—{@[(rz—u)z— —yx)*]+ ol +oe) = (g +ue)*])
1 2x,x 20Tk 2Yiyk 2}/1}/;c

1- {4 - - - 0.
< 4{ + a? a? b2 b=

Hence A and A are both stable. To prove necessary of (i),
since A and A are stable, it follows that

Re{1+6(AF + A1) + 7 Aide}

= 1=k (s P o i = (b))

TR

< 0.

If A\; = A then let z; = z; and y; = —yi and thus

1 - 1
{4b?[( —ap) - yk)2]+m[(zi+17k)2—(?/i+3/k)2]}
2 472
=1- 4b2 T et <
This implies that
#l Yl
“—2 — [)—2 > 1

where x; < 0 and r; < 0 since A is stable. If A has a real
root, then we let A; = Ag so that @, = rp and y; = y. = 0.
It follows that «? > a® which further implies that r, < —a
since A is stable. Thus, we have o(A) C Hy(a,b).

In statement (7i), we note that eigenvalues of A can be
expressed as —1 + m;, where
o 4P (1 4+ EFAAe)
Mip = .
ET @0+ A
This result can be seen by transforming A into Jordan form.

Let M 2 [mik] € R™*™. By using the Hadamard product, it
is readily seen that

_a2+b2

4a?h? [ —1 } [ ]
C
/\ + /\k 1,k=1 /\1 + /\k 1,k=1 n

o [14— /\‘F)\k}

Now, using Lemma 2.2 and the fact that the Hadamard prod-
uct of non-negative definite matrices is a non-negative definite
matrix (see Theorem 7.5.3 in Ref. 13), we conclude that M
is non-negative definite. From the properties of non-negative
definite matrices, it is well known that

mameg— | mi |2 0.

Now, to prove the sufficiency of (i1
Hela,b), it follows that

), note that since o(A) C

a? b

where A; S Z; + jy;- Thus,
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40262 (1 + FAN)
(a1 6N + A )2

4"202(1 + #(x? + 7))
a? 4 b%)a?

my; =

a*b? + a¥(z? + %T;L -
(a? + 1)

mymee < 1 since my; < 1 and my < 1.

b2)

= 1.

Hence, | my |*<
This implies that

Re{—1+ miy} < —1+ | my [< 0.

Thus, A and A are stable. To prove necessary of (), we can
simply reverse the arguments. This completes the proof of
statement (1z). o

Lemma 2.3 Let o(A) C Hela,b) and V), Vy, € R
be positive definite matrices. Let § and 4 be given by (1).
Then there exist unique n X n positive definite matrices Q,
@ » satisfying

0=Qn+8(A%Qn+QrA )+~ 4Q, AT+ V), (8)

0=AQ +QA" + V. (9)
Proof. The existence of a positive definite solution
to (9) is a well known result and hence the proof is omitted.
We now turn to the proof of (8). Here, we will first give a
proof for the case in which ¢ > 0. From Proposition 2.2, it
follows that A is stable. By using the 'vec’ operator defined
in Ref. 12, we obtain
Qn=—vec !t A7!

.
vec Vj,

which is the unique solution to (8). Furthermore, since A is
stable, the following integral exists

o0
Qn = / vec ! et
0
oo
=/ vec™
0

L vec V), di

1[4+ (A2@A7)]t 1y (AQAY g0 v, di

o At
:/ 11+ (A2 A7)]; {Z—A—@—H—vec Vi) dt
0
oo t)* Akv, 4FT
_ /0 vee—1 (lI+8 (42@47))t {Z lTha_} dt
k=0 )

k
- / ol 1o e 5o O AVRAT gy g
o k!
k=0
where the last inequality follows from the fact that in this
case, that is, b < a, it follows that v > 0. Thus (8) has a
unique positive definite solution.

For the case in which a < b, it follows that ¥ < 0 and the
above proof must be modified. Now we note that (&) can be
written as

F(AG AP A=A

Since A is stable, A ® A is also stable and thus (8) can be
written as

(A AT Avec Qi = & (A% A)?

vec V),

D]

or equivalently
7 Lo a2
A vec Qp = g(A & A vec V.

It can now be seen that there exists an unique @, which



satisfies (8) given by

1 .
Qn = 5 vec AT (A @ A)7? vec V).
Since A is stable, the integral
Lo i -2
vec Qp = 5/ € (A A)™ % vec V3] dt,

exists. Now, defining ¥; by

Iy -1 -2

Y1 = vec T H(A® A)7? vec Vi),

it then follows that Y] satisfies
A*Y) 4240 AT + AT = v

This matrix equation is in fact a combined form of the fol-
lowing two Lyapunov equations

0=AY; + V14T + Y,

0 = AY, + YoAT + V5.

Hence Y7 > 0 since Vi, > 0, Yy > 0 and A is stable. Thus, we
now have

1 -
vec Qp = ") A= 1-5 (AT I+ (=20 4841  yoc ¥,
LS Ay ¥
= e "e”t vec Yidt
§ Jo

] vec Y1 dt,

- ‘E —t[z

where @ is defined by

2

] —%(A & A) I+ (v~ 26)A® A

Now, when k=1, we define Z; such that

N
vec Z1 = dvec Y7,

which further implies that Z; satisfies

1 -
A2y + 2420 AT + 21 AT = — 21+ (7~ 20)AYi AT
Note that since —_5—1 >0and vy-26 = 317 > 0, the right hand
side of the matrix equation is non-negative definite. The
equation can be written as the pair of equations

0= AZ + Z AT + 2y,

1
0= AZy+ ZoAT — g[yl + (v - 26)AY; AT].
Thus, Z; is positive definite since Y} and Z; are positive
definite and A is stable. When & = 2, we simply definite Z;
such that A
=dvecZ; =

vec Z3 3?2 vec vy.

Using the same arguments, it then follows that Z, is positive
definite since Z; is positive definite. Thus we conclude that

ec™! (Fvec ;) > 0

for each integer k. Thus,

Qn = —g "t{z ve [(AGBA)” vec Vj]dt > 0,
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since V), is positive definite. This completes the proof. ]

III. Controller Synthesis With Static
Output Feedback

We consider the linear time-invariant system
&(t) = Ax(t) + Bu(t) + Dyw(t), (10)

y(t) = (11)

where z(t), u(t), w(t) and y(t) are n, m, d and [-dimensional
vectors and A, B, C, D; are corresponding constant matrices.
In this section, we consider static output feedback of the form

u(t) = Ky(t).

Then the goal is to select K such that the closed-loop system
has the following properties:

(7) the closed-loop poles are constrained to lie in the
hyperbolic constraint region H(a,b);

(#7) the performance index

C(t),

(12)

J2 thrgoé' [ (TR z(1)+22(t)T Rygu(t)+u(t)T Ryu(t)}dt
(13)
is minimized.
Now, for the closed-loop system (10)-(12), we have
#(t) = Asz(t) + Diw(t). (14)

Then, to determione a feedback gain K satisfying (i) and (74),
we begin by defining an open set of feedback gains

Ko 2 (K :0(A,) C He(a,b)}

which places the closed-loop poles in H,(a,b). We assume
that K, is not empty. Equation (13) can be written as
J(K) = Jim £ (zTR,z). (15)
Furthermore, by defining the non-negative definite state co-
variance A
Q Slmé (az7), (16)
the system (10)-(12) combined with criteria (é¢) will be: min-
imize
J(

K) = tr QR,, (17)

subject to

0=A4,Q +QAT +V,.

However, in order to impose criteria (4¢), we may overbound
the desired performance index as shown in the following lemma
so that a minimization procedure can be carried out later.

Lemma 3.1 Let K € K, and let V,V, € R™™" be
positive definite matrices. Then there exist n X n positive
definite matrices @, Q, satisfying

(18)

0=Qn+6(A2Qn+ QuAIT) +7 AQrA] + Vi, (19)
0= A3Q+QA5T + V. (20)
Furthermore,
J(K) < J(K), (21)
where

T(K) 2 11 (QR, +Qu). (22)



Now, we may formulate the Auxiliary Minimization Prob-
lem: determine K € K, that minimizes J(K) where the pos-
itive definite matrices Q and Q satisfy (19) and (20).

Theorem 3.1 Let K € K, minimize J(K). Then
there exist positive definite matrices Qp, Q, Py, P, € R"™™
satisfying

0=A4Q + QAT +V,, (23)
0=Qn+6(A%Qn+QrA™) +7 AQLAT + Vi,  (24)
0=ATP+ PA+ R, (25)
0=1+6A"TP, + PLA>)+v ATQ,A + Py, (26)

where, under the assumption that II defined below is nonsin-
gular,
AL A— B (vec™ I vec 0)C,
R, 2 Ry — Ryp(vec™! I tvec Q)C
~CT(vec™! U vec ©)TRY,
+CT(vee™ M vec Q)T Ry(vec™! T vec Q)C,
02 RLQCT + 6 (BTATPQ,LCT + BTPQ,ATCT)
+v BTP,AQwCT + BTPQCT,
IS CQCT® Ry +6 ((CQuPLB® BTCT Uy
+(CB & BT PiQaCTYUmxil + 7 (CQ4CT ® BT P, B),

such that the feedback gain K is given by
K = —vec™  II™! vec Q. (27)

Proof. We first formulate the Lagrangian

L(K,Q,Qn) = tr {QR, + Qn + PilQn + 6 (A2Q4 + QA7)
+7 AsQnAL + Vi)

+ P(A4,Q + QAT + i)},

Then, setting the partials of £ with respect to @ and Q,, to
zero imply that

(28)

0=R,+ATP+ PA,, (29)

0=T+Py+68 (AP, + P A% + 74 AT P4, (30)

Similarly, by setting the partial of £ with respect to & to
zero, yields (27). Using (27) to replace K in (19)-(20) and
(29)-(30), we then obtain (23)-(26). !

IV. Suboptimal Full-Order
Compensation With
Regulator/Estimator Separation

In this section, we consider the linear time-invariant sys-

tem
#(t) = Az(t) + Bu(t) + Dyw(t), (31)

y(t) = Cz(t) + Daw(t), (32)

where z(t), u(t), w(t) and y(t) are n, m, d and [-dimensional
vectors and A, B, C', Dy and D, are corresponding constant
matrices. Now, the goal is to choose A., B., C. such that the
dynamic compensator

ic(t) = Aczc. + ch(l),
u(t) = Cez,,

satisfies properties (z) and (#7) in Section III.

(33)
(34)

501

The closed-loop system (31)-(34) and performance crite-
rion (13) can be restated as: minimize

J(AC’BCVCC): trQRd’ (35)

subject to
0= A4Q + QA] + Vy. (36)
As in Section I, the set of dynamic compensators that places

the closed-loop poles in H(a,b) is defined by

A
Ka = {(Acy B., Cc) 1 0(Ag) C He(a, b))
The following result is analogous to Lemma 3.1.

Lemma 4.1 Let the triple (A¢, B.,C.) € K4 and let
V4, Vi € R™*" be positive definite matrices. Then there exist
positive definite matrices Q,Q, € R™*" satisfying

0=Qn+6(A3Qn+ QuATT) + v AsQuAT + Vi, (37)
0= 44Q + QAT + Vi (38)
Furthermore,
J(AC,BC,CC) < J(A., B, C.), (39)
where
J(Ac, B, Co) 2 11 (QRa + Q). (40)

Here we enforce regulator/estimator separation for determin-
ing (A, B, C.). Thus, the dynamic compensator is assumed
to be of the form

Zi)cz AIC+BU+Bc(y“Czc)7 (41)

u=C.x.. (42)

A
such that A. = A+ BC.~ B.C. To exploit this, it is useful to
design the estimator by defining the tracking error e 2,- T

[BIREAE

z | | A+ BC,
el 0
(43)
Then the goal is to separately place the eigenvalues of the
error dynamics and regulator in the hyperbolic constraint
region Hc(a,b). From (43), it is noticed that there are in
fact two separate problems for determining B, and C.. The

subproblem for the estimator can be formulated such that
the weighted estimator cost is given by

-BC.
A+ B.C

D,
Dy~ B.D,

Je(Be) = lim £ (eTWe), (44)

where W is a given n X n positive definite matrix. However,
(44) can be rewritten as

Je(Be) = tr Q. W. (45)
Note that Q. satisfies the Lyapunov equation
0=A4.Qc + QA + V.. (46)
For the regulator, we consider
t = Az + Bu + Dyw, (47)
u=C.x. (48)
which implies that
z= A,z + Dyw. (49)



The corresponding cost is
J(C) = tlim £ (J,‘TRlil‘ +2¢TRyyu + 11T1?2u)

=tr Q,R,. (50)

where (), satisfies

0=A4,Q, + Q. AT + V1. (51)

Now, let K, be defined as follows to characterize a dual set
of gains for closed-loop pole assignment.

Ky 2 {K:0(A+ B.C)C Hel(a,b)CC™}

Remark 4.1 Note that the results derived for full
state feedback in Section III can be utilized here to determine
the regulator gain C.. Nevertheless, the same procedure given
in Section III can also be followed to determine the estimator
gain B, since it is essentially dual to the problem formulated
in Section III.

Remark 4.2
ics and regulator in H,(a,b), it is also required that A, and
A, be stable which directly follow the results of Proposition
2.2.

To place the eigenvalues of error dynam-

Lemma 4.2  Let B, € K,,C. € K, and let V,, Vi, V4,
Vi, € R™*™ be positive definite matrices. Then, there exist
positive definite matrices Qp., Q@ € R"*" satisfying

0= Qhe +46 (Athe + Q}LeAzT) +v AeQ}LeAE + Ve, (:)2)
0= A0+ QAT + V.. (53)

such that (45) satisfies the bound
Je(Bc) < je(Bc) =tr (QeVV + Qhe)- (5‘1)

Furthermore, there exist positive definite matrices Qp,, @, €
R™*™ satisfying

0= Qur +6 (A2Qu + Qe AZT) + 9 A Qe AT + Vi (55)
0=A4,Q, + Q- AT + V). (56)

such that (45) satisfies the bound
JT(C'C) < jr(cvc) =1tr (QTRT + Qhr)- (57)

Proof. Since A, and A, are stable, it is well known
that Q. > 0,Q, > 0 given that Vi > 0,V, > 0. To prove
(52) and (55), we simply follow the fact that Proposition 2.2
can also be implemented here. Thus, similar to the proof
of Lemma 2.3, (52) and (55) follows with no difficulties. In-
equalities (54) and (57) hold since Q. > 0 and @, > 0.
O

Theorem 4.1 Let B. € K,,C. € K, where J.(B.)
and 7,(C,) are minimized and let V,, Vi, Vi, Vi, € R*X" be
positive definite matrices. Then, there exist positive definite
matrices Pre, Pe, Qe, Qre € R™*™ satisfying

0= A8Q6+Q€A8T+VE' (58)

0= Qhe + 6 (AZQne + QreAXT) + v A.Qre AT + Vi, (59)
0=ATP. + P A, + W. (60)

0=1I+4 Ph +6 (A Pre + PrcAl)+ 7 AP, (61)
and positive definite matrices Py,, Py, Qr, Qnr € R™™" satis-

fying
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0=AQr+Q.Af + V1. (62)

0=Qur + 6 (AZQn + Qur AZT) + v A,Q), AT + Viip, (63)
0=ATP, + P.A, + R,. (64)

0=1+ Pu + 8§ (AT Py + P A2) + 9 AL P AL (69)

where, under the assumption that II, and II, defined below
are non-singular matrices,

A, 24 (vec™! T vee 2,)C,
Ay £ A - B(vee ' 17 vec Q,),
R, 2 Ry — Rypvec P 17 vee Q, — (vec ™ T tvec Q,.)TREZ
+(vec™! T vec 2,)T Ry(vee™ I tvec ©,).
Q 28 (ATPQueC" 4 P ATCT)
+7 P}LeAQheCT + PEQECVT - P6D1D2T=
N _ . . “Tirr
Hf =é (C & (PheQ}LeCT)(’/nxl + {(('Q}LEP}LP) o C T](‘uxl)
9 (CQreCT) % Po + (D2 D) 0 Py,
Q, 2 RLQ, + 6 (BTATP, Qi + BT P,Qu, A”)
+y BY A, AQy, + BTP.Q,,
A
Hr = Qr ® RZ + 6 [(B £ BTP/‘LTQ’LI')(':’”X"
+(QhrPhrB & BT)Umxn] + Y Qhr % BTP}LI'B-

such that the compensator is given by

A. = A- B.C + BC,, (66)
B, = —vec™! T tvec Q,, (67)
C. = —vec™ 7 vec Q,. (68)

Proof. Note that we separately design B, and C.
where B, and C. are simply regarded as gains. Thus the
proof is similar to the proof given in Theorem 3.1 and hence

a

is omitted.

Remark 4.3 The closed-loop cost satisfies

J(Ag, B, Co) £ T(Ac, Be,Co)y
where

Ry

](Acv B, CC) =1ir Q _(anec—lnr—lvec QT)T

—~Ryyvec I Pvec ,
(vec I Ivee Q)T Ry(vec I vee Q)

and @ is given by (35).

V. Suboptimal Fixed-Order
Compensator With an Optimal
Projection Condition

In this section we do consider separation. We will min-
imize the performance bound defined in (40) with the con-
straint equations (37), (38) and follow an approach as of Sec-
tion III. The problem addressed in this section is more gen-
eral than that of Section IV in that we now consider both full
and reduced order compensators. We will first consider the
reduced order case in which the compensator is constructed
with dimension less than that of the state vector. The full
order case then follows as a special case.



In optimizing with respect to A., it turns out that the
equation which determines A., which is a function of B, and
C., also includes A;r. Thus it is difficult to express A, as
a function B, and C. unless we impose some conditions to
simplify the problem. Here, we impose an optimal projection
condition such that the terms involving AT vanish in the
equation. The projection condition is completely analogous
to that given in Ref. 11. Thus, the following results will be
suboptimal.

Lemma 5.1 Let ) and P be n x n non-negative def-
inite matrices and suppose that rank QP = n.. Then there
exist unique n, x n matrices G, I' and an n. X n, matrix M,

except for a change of basis in R™, such that

QP =aGTMr, (69)
6T =1, (70)
Proof. See Ref. 11. a

By the application of Lemma 5.1, we may impose the op-
timal projection by defining the following quantities so that
the derivation for obtaining (4., B., C.) will be greatly sim-
plified. Thus, we define (n 4 n.) X (n + n.) matrices P, and
Q@ which are partitioned into n X n, 1 X 1., Ne X N subblocks
as

P Jay P Pr Qhé Qni Qe
" Pthz Py |7 Qzu Qna |’

where it is assumed that Pnz > 0, Qr2 > 0. We also define
A -1 pT 4T & -1
Ty = ‘P}LQ P)Ll2~, (1)1 = th?th »
Ay ~1pT ~T & -1
r=-P"P, G = Q@3
and non-negative definite matrices

Py —1,T & ~1pT
Qn=Qn — @ri2Q52Qi1as Pr = Pu — Pria Py Frias

A A 14T S -1 pT
Qn = thsz Qhias P, = Phl'zphz Pria,
Jay

FaN -
Q2 Q- 010;'QL,, P=P - PuPPL,
VAN — EVAN —
02010;'QL., P=Pupry'PL

Theorem 5.1 Let (A., B.,C.) € K4 minimize J{A.,
B.,C.) and let Vg, Vi € R™™™ be positive definite matri-
ces. Then there exist positive definite matrices Py, @, P, Qe
R™X™ satisfying

0= A4Q +QA] + Vu (71)
0=Qn+6(A3Qn+ QrAiT )+ v AQrAL + Vi, (72)
0=AYP+ PAs + Ry (73)

0=1+Py+6 (AP, + PoAY) + 4 ATPiAs,  (7T4)
such that A., B. and C, are given by

Ac = TR AGT + T BC, - B.CGT
é
-;[P,L“;CCTBTP;LGE -~ TQaCTBI Q. (75)
-1
Bc _ @11 912 vec Ql
l: Cc ] = Tvee (l: 021 @22 vec Qz )" (76)

. (]
under the assumption that 1 O is non-singular, where
O Oy

M 2 —PrQCT - PyIVig — 6 (PaalrQrATCT

+GRATPQuCT) = 4 Pl AQCT,
022 RLGTQ, + BTPGTQ, + 6 (BTATPGTQus
+BTP.OWATTT) + 4 BT P AGT Q).
O 2 Vo Py + 6 (CQuIT Pry & G CT
+CGT & PuThQuCY iUy i

52 -
_7CQhPthCT ®Qiy +7 CQrCT & Ppa,
A o*
0122 6 (CQLPLB ® I)Upixn, + —TCQLTT & Gy P B,
Y
N T T 82 . ;
021 =6 (I ® BT PQuC T Up 1 + —11QuCT @ BT PGy,
v

02 = Qu® o+ 6 (ThB @ BT PGTQn
+Qr2GrPaB © BT} )Uixn,
62 o .
*E‘P{gl 2 BTP.QuPyB+ v Q2 ® BT P B.
Proof. The proof is straightforward but complicated
in algebra and hence is omitted. O

Remark 5.1 To obtain a full order compensator with
the imposition of optimal projection condition, we simply let
I'=1Iy = GE =GT =]. By comparing A, = A+ BC. - B.(
for the case of separation and

§ R
Ac= A+ BCo = B.C = (P COBT Py = QuCTBIQR),
for the case that enforces optimal projection, we observe that

the results from both cases are not directly related. i}

VI. Characterization of the Horizontal
Strip Region

In this section we will briefly discuss regional pole place-
ment within the horizontal strip region. To guarantee stabil-
ity, we are only interested in the region which is in the open
left half plane. The left portion of the horizontal strip region,
as shown in Figure 2, can be characterized as

Ho(w) £ {A€C:Re A <0,(ImA)? < WP},

where w is the upper frequency bound.

Lemma 6.1 The set H,(w) is equivalent to

Ho(w)={A€C:—1+6Re M+~ | X|*< 0},

where
s 2 1 a1
T 4w?’ 1= 2w’
Proof. The result can be shown using simple algebra.
a

By comparing H(a.,b) defined in Lemma 2.1 and Hy(w)
defined in Lemma 6.1, we immediately notice that the con-
straint inequalities are similar. The differences only arise at
the coeflicients of the inequalities. Thus, the major results
derived so far for the hyperbolic constraint region can be car-
ried over to be the results for the horizontal strip region with
slight modifications at the coefficients.



VII. Numerical Example

Consider the dynamical system shown in Figure 3 which
includes mass, spring and damper. The system can be con-
verted into a state equation that involves two states, one
input and two outputs. Namely, letting z; be the position
vector and z; be the velocity vector, it then follows that

s ][] ] 0]
MR

The goal is to design a feedback controller such that the
closed-loop system maintains settling time less than 20 sec-
onds and damping ratio 0.4. This performance criteria cor-
responds to Nmin = 0.2 and (pin = 0.4. Thus the desired
hyperbolic region is constrained by

T2 y2

- =],
0.22  0.45832

where z, y are Re A and Im A, respectively. It is assumed
that
R = { 0.1 0

0 0.6 ] , Ri2=0, RZ = 80,

in order to meet the performance requirement. We shall im-
plement Theorem 4.1 to design a feedback controller for the
system. Following the numerical procedures discussed in Ref.
1, we then obtain gains B, and C.. It is shown in Figure 4
that the open loop system has poles close to imaginary axis
and lightly damped whereas the poles from full-state feedback
regulator design are at —0.156 * j0.87 and the closed-loop
poles, under the hyperbolic region constraint, are located at
—0.402 £ j0.763 (regulator), —0.462 £ j0.692 (estimator). In
Figure 5, we show the impulse responses from the full-state
feedback regulator design. In Figure 6, it shows the impulse
responses y; and y; where the separation technique is imple-
mented. It is observed that the design that minimizes a per-
formance measure J with the closed-loop poles constrained
to lie in the left hyperbolic region is better.

VIII. Conclusion

In this paper we have shown that it is possible to establish
an upper bound for the cost which can be minimized with a
pair of matrix root-clustering equations. These equations are
then utilized to characterize the poles of the closed-loop sys-
tem such that they are all constrained to lie in a hyperbolic
or horizontal strip region contained in the left half plane. The
left hyperbolic region was chosen because of its ability to set
desired bounds on the damping ratio and settling time. It is
also shown that due to the similarity between root-clustering
equations of hyperbolic and horizontal strip regions, the re-
sults obtained for the hyperbolic region can be applied to

horizontal strip region with minor coefficient changes. Fu-
ture research will focus on numerical techniques for solving
the matrix algebraic equations.
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