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Inertia-free Spacecraft Attitude
Trajectory Tracking with
Internal-Model-Based Disturbance Rejection
and Almost Global Stabilization

Amit SanyalT, Adam Fosbury, Nalin Chaturvedi and Dennis S. Bernstein

Abstract— We derive a continuous nonlinear control law for
spacecraft attitude trajectory tracking of arbitrary C' attitude
trajectories based on rotation matrices. This formulation pro-
vides almost global stabilizability, that is, Lyapunov stability
of the desired equilibrium of the error system as well as
convergence from all initial states except for a subset whose
complement is open and dense. This controller thus overcomes
the unwinding phenomenon associated with continuous con-
trollers based on attitude representations, such as quaternions,
that are not bijective. The controller requires no inertia infor-
mation and no information on constant disturbance torques. For
slew maneuvers, that is, maneuvers with a setpoint command,
in the absence of disturbances, the controller specializes to
the continuous, nonlinear PD-type almost globally stabilizing
controller of Chaturvedi, in which case the torque inputs can
be arbitrarily bounded a priori.

I. INTRODUCTION

Control of rigid spacecraft is an extensively studied prob-
lem. Despite the vast range of available techniques, however,
the development of a spacecraft control system is a labor-
intensive, time-consuming process. For applications in which
spacecraft must be launched on short notice, it is of interest to
employ control algorithms that are robust to uncertainty, such
as inexact knowledge of the spacecraft mass distribution,
errors in the alignment of actuators, and time delays in
network-implemented feedback loops.

Spacecraft control is an inherently nonlinear problem
whose natural state space involves the special orthogonal
group of 3 X 3 rotation matrices, that is, SO(3). Although
linear controllers can be used for maneuvers over small
angles, the desire for minimum-fuel or minimum-time opera-
tion suggests that control systems that are tuned for operation
on SO(3) are advantageous for large-angle maneuvers [2,
3]. However, the compactness of SO(3) presents difficulties
with regard to global asymptotic stabilization, that is, Lya-
punov stability of a desired equilibrium along with global
convergence. To appreciate these difficulties, we can consider
rotation about a fixed axis, that is, motion around a circle.
By covering the unit circle with the real line with the origin
0 viewed as distinct from 27 leads to controllers that rotate
the spacecraft needlessly from 27 to 0. The difficulty is due
to the fact that O and 27 represent distinct values on the real
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line R but correspond to the same physical configuration.
This unwinding phenomenon is discussed in [4].

The unwinding phenomenon suggests that global asymp-
totic stabilization is impossible when the controller is re-
quired to be continuous. However, if an equilibrium on
SO(3) is required to be Lyapunov stable, then the vector
field must have at least four equilibria; related issues are
discussed in [5]. The mere existence of multiple equilibria
precludes global asymptotic stability in the physical con-
figuration space. In view of this impediment, the quest for
continuous control signals may seem inadvisable, especially
in view of the fact that many spacecraft thrusters are on-
off devices, while some variable-structure control algorithms
achieve robustness through high-frequency switching [6, 7].
Nevertheless, discontinuous dynamics entail special difficul-
ties [8], and may lead to chattering in the vicinity of a
discontinuity. It is thus of interest to determine which closed-
loop properties can be achieved under continuous control.

A further complicating factor in spacecraft control is the
choice of representation for attitude. Various attitude repre-
sentations can be used, such as Euler angles, quaternions
(also called Euler parameters [1]), Rodrigues parameters,
modified Rodrigues parameters, direction cosine matrices,
and rotation matrices (the transpose of direction cosine
matrices). Difficulties arise from the fact that some represen-
tations, such as Euler angles, possess singularities and thus
cannot represent all orientations, while other representations,
such as quaternions, are not one-to-one. In fact, the quater-
nions constitute a double covering by the unit sphere S* € R*
of SO(3). Thus, every physical attitude is represented by two
distinct quaternions. The problem with a representation that
is not one-to-one is that control laws may be inconsistent,
i.e., the same physical orientation of the spacecraft may
give rise to two different control inputs, a property that is
undesirable in practice. Indeed, continuous controllers can be
defined in terms of the quaternion representation. Although
convergence to a desired equilibrium can be achieved for
every point except the remaining equilibria, Lyapunov sta-
bility fails for the desired physical equilibrium due to the fact
that trajectories starting near the desired physical equilibrium
may move very far before returning. In particular, when the
quaternion representation is used, convergence to one of the
two quaternion equilibria representing the desired physical
orientation causes the spacecraft to exhibit unwinding in
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the sense that initial conditions close to one quaternion
equilibrium can entail a large-angle physical rotation away
from and then back to the desired physical equilibrium,
thereby reflecting the lack of Lyapunov stability on the
physical space SO(3). This shortcoming arises in continuous
quaternion-based controllers such as those derived in [9—11].
A discontinuous quaternion-based controller that overcomes
unwinding is used in [7].

The present work is motivated by [12—15], where rotation
matrices are adopted as the unique global representation of
SO(3), and is a condensed version of the accompanying
journal paper [16]. Although global asymptotic stabilization
is impossible due to the inherent nature of SO(3) (regardless
of the adopted representation), the results obtained in [12—
15] possess the practically useful property of almost global
stabilization, which means that the desired equilibrium or
trajectory is Lyapunov stable and the set of initial conditions
that give rise to trajectories that converge to the undesirable
equilibria constitute a set of measure zero that is nowhere
dense. In practice, this property is effectively equivalent to
global stabilization. For numerical simulation of rigid body
control schemes, it is possible to use structured numerical
integration schemes, such as the Lie group variational in-
tegrator implemented in [21]. These numerical integration
schemes ensure that the attitude dynamics evolve on SO(3)
during numerical simulation and in practical application,
without resorting to local parameterization or reprojection
from R3*3 to SO(3).

The goal of the present paper is to extend the almost global
stabilization controllers of [12—14], which are confined to
slew maneuvers, that is, maneuvers that bring the spacecraft
to rest at a desired orientation, to the problem of attitude
tracking with disturbances. The results we obtain do not
require knowledge of the spacecraft inertia, and thus are
analogous to those given in [11]. The results given herein
are distinct from those of [15], which apply to the tracking
problem but use a controller that requires inertia information
while allowing disturbance moments with a known a priori
bound that vanish when the angular velocity vanishes.

In the present paper we consider a disturbance rejection
problem involving internally or externally applied distur-
bance torques. The disturbances are modeled as outputs
of a Lyapunov-stable exogenous system; this exogneous
system can model persistent disturbances such as steps and
sinusoids. To use this approach in practice, it is neces-
sary to know all of the spectral components of the torque
that may be present in each disturbance channel. We then
use an internal model control approach that automatically
determines whether each spectral component is present in
each disturbance channel. Internal model control requires
no knowledge of the amplitude or phase of each harmonic
component of the disturbance [17]. Finally, the contents of
this paper are based on the assumption that the spacecraft
attitude and angular velocity are available for feedback and
that the spacecraft is controlled by three independent torque
actuators. When these assumptions are violated, the rigid
body control problem becomes more complex [18-20].

II. SPACECRAFT MODEL

We model a spacecraft as a single rigid body controlled by
force and torque actuators, but without internal momentum-
storage devices. We consider only the rotational motion of
the spacecraft with control torques applied by the force
actuators. A body-fixed frame is defined for the spacecraft,
whose origin is chosen to be the center of mass, and an
inertial frame is specified for determining spacecraft attitude.
The spacecraft equations of motion are given by Euler’s
equation and Poisson’s equation,

Jw = (Jw) x w+ Bu+ zq4, (1)
R = Rw*, )

respectively, where w € R? is the angular velocity of the
spacecraft frame with respect to the inertial frame resolved
in the spacecraft frame, w* is the cross-product matrix of
w, J € R3*3 is the constant, positive-definite inertia matrix
of the spacecraft relative to the center of mass resolved in
the spacecraft frame. R is the proper orthogonal matrix (that
is, the rotation matrix) that transforms the components of a
vector resolved in the spacecraft frame into the components
of the same vector resolved in the inertial frame.

Both rate (inertial) and attitude (noninertial) measurements
are assumed to be available. Gyro measurements Y ate € R3
provide measurements of the angular velocity resolved in the
spacecraft frame, that is,

Yrate = W. 3)

For simplicity, we assume that gyro measurements are avail-
able noise free and without bias. In practice, bias can be
corrected by using attitude measurements. Attitude measure-
ments can be obtained by a noninertial sensor such as a star
tracker, and are assumed to be given by

Yattitude = IT. 4

When attitude measurements are given in terms of an alterna-
tive attitude representation, such as quaternions, Rodrigues’s
formula can be used to determine the corresponding rotation
matrix. Attitude estimation on SO(3) is considered in [21].

The objective of the attitude control problem is to deter-
mine control inputs such that the spacecraft attitude given
by R follows a commanded attitude trajectory given by the
possibly time-varying C? rotation matrix Rq(t). For t > 0,
R4 (t) is given by

Rq(t) = Ra(t)wa()*, Ra(0) = Rao, ®)
where wq is the desired time-varying C! angular velocity.

The error between R(t) and Rq(t) is given in terms of the
attitude-error rotation matrix

RERR. ©6)

Then R satisfies the differential equation

R = R&*, )
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where the angular velocity error @ is defined by
w 2 w— Rde.
We rewrite (1) in terms of the angular-velocity error as
Jo = [J(@+ RTwq)] x (& 4+ RTwa)
+J(@ x RTwq — R¥w4q) + Bu+z4.  (8)

A scalar measure of attitude error is given by the rotation
angle 6(t) about an eigenaxis needed to rotate the spacecraft
from its attitude R(¢) to the desired attitude Rq(¢), which is
given by [1, p. 17]

0(t) = cos™ ' (L[tr R(t) —1)). )
III. ATTITUDE CONTROL LAW

The following results are needed. The proofs of these
results are given in the companion journal paper [16]. Let 1
denote the identity matrix, whose dimensions are given by
context, and let M;; denote the ¢, j entry of the matrix M.

Lemma IIL1. Let A € R3*3 be a diagonal positive-definite
matrix. Then the following statements hold:
i) Foralli,j=1,...,3, R;; € [-1,1].
i) tr(A—AR) > 0.
iii) tr(A— AR)=0ifand only if R=1.

For convenience we note that, if R is a rotation matrix
and z,y € R?, then

(Rz)* = Re*R",
and, therefore,
R(z x y) = (Rx) x Ry.

Next we introduce the notation

Jw = L(w)~, (10)
where v € RS is defined by
’)’é [ Ji1 Jao Jss Jos Jiz Jio ]T
and
N wi 0 0 0 w3 we
Lw) = 0 wy, 0 w3 0 w
0 0 w3 wr wi O
With this notation, (8) can be rewritten as
Jo = [L(@ + RTwa) v (@ + R"wa)
+ L(& x RTwq — RYq)y + Bu+ 2. (11)

Next, let J € R3*3 denote an estimate of .J, and define
the inertia-estimation error

JEJT-J.
Letting 4,7 € R represent J,J, respectively, it follows that
y=-7 12)

Likewise, let 2; € R® denote an estimate of zg, and define

the disturbance-estimation error
- A .
Zd = 24 — Z4-
We now summarize the assumptions upon which the
following development is based:
Assumption 1. .J is constant but unknown.
Assumption 2. B is constant, nonsingular, and known.
Assumption 3. Each component of z; is a linear combi-
nation of constant and harmonic signals, whose frequencies
are known but whose amplitudes and phases are unknown.
Assumption 3 implies that z4 can be modeled as the output
of an autonomous system of the form

d = Aqd,
Zd = Cdd,

13)
(14)

where Ag € R™*"¢ and C; € R3*™¢ are known matrices
and A is a Lyapunov-stable matrix, but d(0) is unknown.
Note that Assumption 3 implies that A, can be chosen to be
skew symmetric. If z4 is constant, then we set A; = 0 and
Cyq =1. Let d € R™ denote an estimate of d, and define
the disturbance-state estimation error

d=d—d.
For 7 = 1,2, 3, let e; denote the ¢th column of the 3 x 3
identity matrix.

Theorem IIL.2. Let K|, be a positive number, let K, €
R3*3 let Q € R*6 and D € R3*? be positive definite, let
A = diag(ay, ag, a3) be a diagonal positive-definite matrix,
and define

3
S é Zai(RTei) X €.
i=1

Then the Lyapunov candidate
V(@& R,7,d) £ 3@+ K18)TJ(@ + K1 S) (15)
+ Kptr (A— AR) + 337Q4 + 1d"Dd

is positive definite, that is, V' is nonnegative, and V- = 0 if
and only if o =0, R=1,7=0, and d = 0.

Theorem IIL.3. Let K|, be a positive number, let K, &
R3*3_ let K1, D € R3*3 and Q € R5*S be positive definite,
assume that AT D + DA, is negative semidefinite, let A =
diag(a, as, as) be a diagonal positive-definite matrix, define
S and V as in Theorem II1.2, and let 4 and d satisfy

= (16)
QLT (w)w* + LT (K18 4+ & x w— RTwq)](@ + K1 S),
where
= a[(R"e;) x &] x i, (17)
=1
and
d=A4d+ D 1CT (@ + K, 8), (18)
2q = Cyd, (19)
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and let

u= B (v + vo + v3), (20)

where
v 2 —(Jw) xw— J(KiS +& xw— R q), (1)
- (22)

and

v3 £ —K, (@ + K1 8) — K, 8. (23)

Then,
V(@0,R,7,d) = —(0+ K18)"K (& + K,9) (24)

— Kp,STKS + 3d"(A]D + DAy)d.

If A, is chosen to be skew symmetric, then choosing D to
be a multiple of the identity implies that ATD + DA, = 0,
and thus is negative semidefinite. Equations (18) and (19),
which generate an estimate of the disturbance, is based on an
internal model of the disturbance dynamics. Internal model
control theory provides asymptotic tracking and disturbance
rejection without knowledge of the amplitude or phase, but
requires knowledge of the spectral content of the exosystem.
For details, see [17] and the references therein.

The proofs of the following results are given in [16].

Lemma IIL.4. Define S as in Theorem II1.2, and assume that
a1, as,az are positive and distinct. If S = 0, then R € R,
where

RE {I,diag(1, -1, -1),diag(—1,1, —1),diag(—1,—1,1)}.

Lemma IIL.5 below is given by Lemma 2 in [15], and
is necessary to prove almost global stability of the tracking
scheme.

Lemma IIL5. Let K,, Ky, K1,D,Q,%,d, and u be as in
Theorem 2, let 0 < a1 < as < ag, and let Ay be skew
symmetric. Then the closed-loop system (17)-(19) and (8) has
four disjoint equilibrium manifolds in R3 x SO(3) x RS x R3
given by

& :{(J},Rﬁ,d) eR?xSO(3) xRS xR : R=R;,
(:1507 (ﬁvd) € QZ}7

where, for all i € {0,1,2,3}, Q; is the closed subset of
RS x R? defined by

(25)

Q; 2{(3,d) € R® x R :
[L(RF wa) ) (Rfwa) — L(RT @a)F + Cad = 0,
5=0, d= Aud). (26)

Furthermore, the equilibrium manifold (@, R, (7,d)) =
(0,1,90) of the closed-loop system given by (17)-(19) and
(8) is locally asymptotically stable, and the remaining equi-
librium manifolds given by (0,R;,Q;), for i € {1,2,3} are

unstable. Finally, the set of all initial conditions converging

to these equilibrium manifolds forms a lower dimensional
submanifold of R® x SO(3) x RS x R3.

The following result now follows from Theorem III.3,
Lemma III.4 and Lemma IIL.5.

Theorem IIL6. Let the assumptions of Lemma 4 hold. Then,
there exists an invariant subset M in R3 x SO(3) x R® x R3
whose complement is open and dense and is such that, for all
initial conditions (&(0), R(0),7(0),d(0)) ¢ M, the solution
of the closed-loop system consisting of (7), (11), (17), and
(18) satisfies R(t) — I, &(t) — 0 as t — oc.

Theorem II1.6 does not imply that the estimates of the
inertia-matrix entries or the estimates of the disturbance
components converge to their true values. As discussed in
[11,22], convergence of the estimates of the inertia-matrix
entries depends on the persistence of the command signals.

IV. SPECIALIZATION TO SLEW MANEUVERS

We now specialize the results of Section 3 to the case of
slew maneuvers, where the objective is to bring the spacecraft
to rest with a specified attitude. Hence we assume that Ry
is constant, and we set wq = 0 in Theorem III.2.

In the special case in which the disturbance is zero, the
controller given in Theorem II1.2 simplifies considerably. In
this case, it is not necessary to include an estimate of the
unknown inertia. Specifically, set &y = 0 and define V' as

V(w, R) 2 twTJw+ Kytr (A — AR). (27)
Taking u to be the control law
u=—B Y K,w+ K,S) (28)
yields
V(w,R) = —w"Kw, (29)

which implies almost global stabilization of the constant
desired configuration Rq. This control law, which is given in
[12], achieves zero steady-state error for setpoint commands
without integral action and without knowledge of .J.

The following result shows that, for slew maneuvers
without disturbances, it is possible to arbitrarily bound the
level of torque about each axis. Let 0yyax (M) and opin (M)
denote, respectively, the maximum and minimum singular
values of a matrix M. Furthermore, let ||z|/~ denote the
largest absolute value of the components of the vector x.

Proposition IV.1. Let o and 3 be positive numbers, let A =
diag(a1, az,as) be a diagonal positive-definite matrix with
distinct diagonal entries, and let K, and K, = K,(w) be
given by

@]
K, =— 30
P irA (30)
and
1
o 0 0
Ke=8| 0 1oy O : (31)
1
0 ]
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Furthermore, assume that d = 0. Then, for all t > 0, the
control torque given by (28) satisfies

a+ 0
Umixl(B ) .

Numerical simulation results for a slew maneuver of
a satellite facing a constant disturbance torque, actuator
misalignment and time delay in actuation, are given in the
companion journal paper [16].

[u()]loo < (32)

V. SPIN MANEUVER EXAMPLE

We consider a spin maneuver with J given by

5 —01 —05
J=1] -01 2 1 | kg-m?, (33)
-05 1 35

whose principal moments of inertia are 1.4947, 3.7997, and
5.2056 kg-m?, B = I, and with the spacecraft initially at rest
with R = I. The specified attitude is given by R4(0) = I
with desired constant angular velocity

] T rad/sec,

wqg=1[05 —-05 -0.3
and the disturbance is chosen to be the constant torque
d=1[07 -03 0] Nm.

We choose A = diag(1,2,3), a =3=1, K1 =D =1,
and Q = 1. Figures 1-6 show, respectively, the attitude
errors, angular velocity components, torque inputs, torque
input norm, inertia-estimate errors, and disturbance-estimate
errors. Note that the spin command consists of a specified
time history of rotation about a specified body axis aligned
in a specified inertial direction. Figure 5 shows that the
disturbance estimates do not converge to the true values,
although this has no effect on asymptotic tracking.

In the companion journal paper [16], we give numerical
results showing asymptotic tracking of a spin maneuver with
a harmonic disturbance of known frequency.

VI. CONCLUSIONS AND FUTURE RESEARCH

Almost global stabilizability, that is, Lyapunov stability
with almost global convergence, of spacecraft tracking is
feasible without inertia information and with continuous
feedback. In addition, asymptotic rejection of harmonic dis-
turbances (including constant disturbances as a special case)
is possible with knowledge of the disturbance spectrum but
without knowledge of either the amplitude or phase. These
results have practical advantages relative to prior controllers
that 7) require exact or approximate inertia information or 7z)
are based on attitude parameterizations such as quaternions
that require discontinuous control laws, fail to be physically
consistent, that is, specify different control torques for the
same physical orientation, or suffer from unwinding.

A key problem that this paper does not fully resolve is
that of torque saturation. Although an approximate satu-
ration technique provides a simple technique for reducing
the torque during transients, it is desirable to extend this
technique to cases in which sufficient torque is not available

to follow the desired trajectory or reject the ambient distur-
bances. In addition, the problem of determining persistent
inputs that guarantee convergence of the inertia estimates
to their true values may be of interest in some applica-
tions. Finally, almost global stabilization for momentum-bias

spacecraft is of interest.
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Fig. 1. Eigenaxis attitude errors for the spin maneuver. Fig. 4. Torque input norm for the spin maneuver.
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Fig. 2. Angular-velocity components for the spin maneuver. Fig. 5. Disturbance-estimate errors for the spin maneuver.
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