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Abstract—In this paper, we discuss an extension of the
unscented Kalman filter that propagates a surrogate reduced-
order covariance and also uses a complementary static esti-
mator gain based on the steady-state correlation between the
error in the estimates of the state and measurements to obtain
estimates of the entire state.

I. INTRODUCTION

State estimation for very large scale systems remains an
area of interest research. These systems arise in applications
based on spatially distributed models or spatially discretized
partial differential equations. Weather forecasting and related
atmospheric applications are the main driver for this line
of research [1,2]. Although the literature on reduced-order
filtering extends back several decades [3,4], the challenge
in addressing very large scale systems is to propagate the
covariance efficiently, especially in view of the fact that co-
variance propagation is O(n?®) in computational complexity,
where 7 is the number of states.

To address the problem of computational complexity,
a reduced-order error-covariance propagation algorithm is
developed in [5] based on balanced reduction, and this
algorithm is compared to several alternative reduced-order
error-covariance propagation algorithms in [6].

In the present paper we extend one of the approaches
considered in [6] to nonlinear systems by using the unscented
Kalman filter [7]. Since balancing is usually not feasible
for systems of very large order, we consider nonlinear
extensions of only the algorithms studied in [6] that avoid the
need for balancing. These algorithms include the localized
unscented Kalman filter (LUKF), which is essentially an
unscented Kalman filter applied to a truncated model that
includes all states that affect the measurements, as well as
LUKF augmented by static estimator gains that are based on
complementary steady-state error correlations.

To compare the performance of theestimation algo-
rithms, we consider three examples that are computation-
ally tractable on single-processor machines. First, we con-
sider a finite-volume compressible hydrodynamic simulation
for one-dimensional. Next, we consider a two-dimensional
finite-volume magnetohydrodynamic (MHD) simulation us-
ing the BATSRUS MHD code developed in [8]. Finally, we
consider a one-dimensional model of the Global Ionosphere-
Thermosphere Model (GITM) [11], which considers the
effect of solar flux on the dynamics of the atmosphere.
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II. THE UNSCENTED KALMAN FILTER

Consider the discrete-time nonlinear system with dy-
namics

Tht1 = f(xk,uk,k) + wg 2.1
and measurements
yr = h(zr, k) + vy, (2.2)

where zp, wr € R", up, € R™, and yg, vy, € RP. The input
uy and output yj are assumed to be measured, and wy and
vy, are uncorrelated zero-mean white noise processes with
covariances Qi and Ry, respectively. We assume that Ry is
positive definite. If the dynamics and the measurement map
are linear, the Kalman filter yields the optimal (minimum
variance) estimates of the state x,. The Kalman filter de-
pends on the error covariance which is propagated using the
Riccati equation [9].

In this paper, we consider the unscented Kalman filter
(UKF) [7]. Assume that T € R?, P € R™" is positive
semidefinite and A > 0. The unscented transformation is used
to obtain 2n 4 1 sample points X; € R™ and corresponding
weights vy ; and vp 4, fori = 0, ..., 2n, so that the weighted
mean and the weighted variance of the sample points is
7 and P, respectively. The unscented transformation X =
U(z, P, \) of T with covariance P is defined by

7, if i =0,
X;={T+P, if i=1,...,n, (2.3)
T—P_,, ifi=n+1,...,2n,

where P 2 ()\?)1/2, P, is the ith column of P € R"*",
X € R™ 1 has entries X = [ X Xon | and
A > 0 determines the spread of the sample points around 7.
Note that 32" ;i X; = 7 and 32" vp.i(X; — ) (X, —
Z)T = P, where the weights are defined by v,0 £ 1 — %,
o2 1l—2+(1—2+p),andfori=1,...,2n, %, =
TP,i £ %

UKEF involves simulating 2n + 1 copies of the model and
using these ensembles to approximate the mean and error
covariance. We assume that an initial estimate zf) of the state
x¢ is given, and the covariance of error in the initial condition
is P§ e R™*™,

For all k£ > 0, the analysis step of UKF is given by

2 = ot + Kp(yre — b)), 2.4

Yk = h(x}, k), 2.5)
Xda = w(afa, pda) ), (2.6)
Pl = Pl — Ky Py 1 KF, 2.7)
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where
Ky = ny,ku;, k> (2.8)
Py k = vaz — ) (Vi — o)™, 2.9)
Pyy k= vaﬂ e ) (Vi — 9T + R, (2.10)
i=0
Xi = V(zh, PL ), (2.11)
1k_h( 1kak)7 (212)
and the forecast step of UKF is given by
2n
Xi o = FX u k), why = waiXipp,  (213)
i=0
2n R
P1£+1:ZVP,i(X§,k+1_$£+1)(Xf i1~ Thi1) HQr. (2.14)
i=0

Since UKF involves 2n 4+ 1 model updates given by
(2.13), the computational burden of UKF is of the order
(2n + 1)n? = 2n3 + n?. If n is large, for example, in finite
volume discretization of partial differential equations, then
the computational burden of implementing UKF is enormous.
Next, we consider an extension of UKF that approximates the
error covariance corresponding to only a specific subspace of
the state, thereby reducing the number of ensembles needed.

III. LoCALIZED UNSCENTED KALMAN FILTER (LUKF)

Assume that the state z;, € R™ has components

; (3.1

where z1,;, € R"" and g € R™. Also, assume that
the measurements depend on the state xy, so that y, can
be expressed as

Tk = [ xE,k xg,k ]T

Y = h(wLk, k) + vg. (3.2)

The objective is to directly inject the measurement data
yr into only the states corresponding to the estimate of
21,k by using a reduced-order surrogate error covariance.
For example, in weather prediction models involving spatial
dimensions, x1,, may represent the states corresponding to
a small region surrounding the location where measurements
are available, and xg j, may represent the states that are
outside this localized region.

Assume that for all £ > 0, the error covariance P,f of UKF
has the structure

r=| e 0],

Lk (3.3)

where P, € R™". represents the covariance of error
corresponding to the state xr,,%- Hence, it follows from (2.3)
and (3.3) that if X! = W(al, P X\) then for i = ng, +
1,...,n,n+np +1,...,2n, Xif)k = X&k = a:fC Since
2ng + 1 ensembles are exactly the same, it suffices to retain
only one such ensemble. Therefore, the number of ensembles
required is reduced from 2n + 1 to 2ny, 4+ 1. Furthermore, it
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follows from (3.3) that instead of a n X n error covariance,
only a np, X nj, reduced-order error covariance has to be
estimated using the 2ny, + 1 ensembles.

The data assimilation step of LUKF is given by

‘T%?k = xi,k + Kve(yk — Yi), xdEE,lk = xi},k (3.4)

yr, = h(af, g k), (3.5)

XLk—‘I’(wL kvPL % A (3.6)

P% =Pl — KupPyy kKL g, (3.7)
where

Kik = Py i Py (3.8)

Pyy i, is given by (2.10), Y; . is given by (2.12), Py, and
X3 f L, are given by (2 9) and (2.11), respectively, with X K
replaced by X{ ik o} replaced by :cL 4> and P} replaced by
P{yk, and for 1 = 0,...,2ng, XL i €R™ s the (i + 1)th
column of X7 ,.

Next, for all i = 0,...,2n;, define ng € R" by

xda & Xxda T da T
ik L,i,k TE k

is the (i 4 1)th column of Xﬂf‘k. It follows from (3.3) that
the correlations corresponding to the error in the state g j
are assumed to be zero, and therefore, the estimate xdE*?k of
the state xg ; in all the ensembles X % d of LUKF are the
same. However, the estimate of the state 21,k 1s different in
each ensemble. The forecast step of LUKF is given by

, where ng’;)k € R

2nL

Xl = S w k), 2y =) miXip. 39
i=0
Next, for 1 = 0,...,2ng, let ka € R™ have entries
T
N T . T
=] ($)" ()| 6o

with X{Z r € R™ and )A(Ifaz r € R"E. Finally, to account
for the increase in the error covariance due to the process
noise, represented by ()1, x, the surrogate covariance of the
error in the estimate of xr,j is given by

2ny,
£ of f of £ T
Pr, g4 :Z’pr’i(XL,i,k+l 20, k1) (XL, k1%L, k41) +Qu.x(3.11)

i=0
LUKEF involves 2nr, + 1 model updates and therefore the
number of computations involved is of the order (2n1,+1)n?
Hence, if n;, < n, then LUKF is computationally efficient
compared to UKF.

IV. COMPLEMENTARY STEADY-STATE CORRELATION

Since ignoring the correlation between the error in the
estimates of the states 1, and xg ; in LUKF may result
in poor estimates, we consider a modification of LUKF that
uses a constant correlation between the error in the estimates
of the states z1,; and g . In the following sections, we
assume that Q; = @Q and Ry, = R for all k£ > 0.

If the dynamics and the measurement map in (2.1) and
(2.2) are linear and time-invariant, then, the error covariance
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generally converges to a steady-state value. If the dynamics
are nonlinear, then there is no guarantee that UKF or LUKF
will reach a statistical steady-state. However, simulations
may indicate that after a certain period of time, the per-
formance of the estimators do not vary significantly, and in
that case, we assume that the estimator has almost reached
statistical steady-state.

A. LUKF with Complementary Open-Loop Correlation
(LUKFCOLC)

If the dynamics are linear and time-invariant, that is
f(z,u, k) = Ax + Bu and h(z, k) = Cx for all k > 0, and
(A, Q) is stabilizable, then the steady-state state covariance
Py is the solution of a Lyapunov equation. Furthermore,
the steady state correlation Py, between the measurement
yi and the state xy, is given by Py, = P.CT.

However, since the dynamics are nonlinear, we approxi-
mate the steady-state state covariance by using Monte Carlo
simulations. Consider N copies of the open-loop model of
the system (2.1)-(2.2) so that fort =1,..., N,

Zikr1r = [(Tig,ur, k) + Wik, Tk = h(Tig, k) + Vi, (4.1)

where Z; ¢ is a random variable with the specified mean xg
and variance Pg, and w; j and v; j are sampled from zero-
mean white processes with variances ) and R, respectively.
Next, we define an approximation of the steady state open-
loop correlation Por, xy and Por, yy by

N
1 - _
Por, xy hm ﬁ (UCi,k - ﬂ%)(yz k— ) 4.2)
=1
N
1 . _
PoLyy = Jim 0N Z(yi,k — )ik —Tp)T (4.3)
1=1

where T}, £ % Zﬁl ji,ku Ui £ % Zﬁl QM.

Alternatively, the unscented transformation can also be
used to approximate the steady state open-loop state covari-
ance. Note that the state covariance of (2.1) is the same as
the open-loop error covariance, that is the covariance of error
of an estimator when the estimator gain is zero. Hence, we
use (2.4)-(2.14) with K, = 0 for all £ > 0, and define
POL,xy and POL.,yy by POL,XX £ limy_ oo ny.,k, POL,yy £
limy oo Pyy k. If m is small, then the computational burden
of using the open-loop unscented Kalman filter to estimate
the open-loop error correlation is small. However, when n
is large, approximating the error covariance by using Monte
Carlo simulations with a small N is computationally more
efficient.

Finally, we define the static estimator gain Ko, € R™*?
based on the steady-state open-loop correlations by Koy, £
POL,XyPgﬁ)yy and let Ko, have entries

T
Kor = | (KoLL)" (KOL,E)T} ; 4.4

where Kor, 1, € R"*? and Kor, g € R"®*P. The forecast
step of LUKFCOLC is given by (3.9) - (3.11). The analysis
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step of the LUKFCOLC is given by

Ti% = oL + K (ye — yi), (4.5)
2% = o + KoL e(yk — vk), (4.6)

Yk = hiz], g, k), (4.7)
XLk—‘I’(IL kaPL s A)s (4.8)
P = Pl — KuiPyy kK7, 4.9)

where Py ;. and K7, ), are defined in (2.10) and (3.8).

Note that injecting measurement data in an estimator
affects the error covariances and hence, the actual closed-
loop error correlation between ¥y, and the error in estimates
xfC —x, will be different from the open-loop error correlation.
However, (4.6) implies that the estimator gain corresponding
to the estimate :c is based on only the open-loop error
correlation and is not aware of the change in correlation due
to data injection.

B. LUKF with Complementary Closed-Loop Correlation
(LUKFCCLC)

Next, we use a static estimator gain that is based on
the closed-loop steady-state correlations. Specifically, we
estimate the steady-state correlations between the error in
the estimates when LUKEF is used for state estimation. We
assume that LUKF has reached a statistical steady-state when
the performance of LUKF does not change significantly.

The Monte-Carlo procedure to determine the steady-state
closed-loop correlation is as follows. First, we simulate N
copies of the open-loop model of the system as shown in
(4.1) and obtain outputs g; . Next, for ¢ = 1,..., N, we
perform state estimation using LUKF with the outputs ¥; .
Let g§ i and 5:2 i, be the estimate of y; . and ; 1, respectively,
provided by the ith simulation of LUKF. We approximate the
steady-state closed-loop correlations by (4.2) and (4.3) with
Z;, — Ty replaced by :EZ v — Zik, and Y; p — yk replaced
by ylk Yix. Note that y; , Ti ., ylk, and 7t ik are all
simulation outputs and hence Pcr,x, and FPcp,yy, can be
evaluated.

Alternatively, the unscented transformation can also be
used to obtain an estimate of the closed-loop error corre-
lations. To do this, we first use LUKF with one of the
simulated measurement data, for example, % %, to obtain
estimates 7! , of the state &1 for k > 0. Assuming K1,
does not vary significantly after a sufficiently long time
interval, we define the steady-state LUKF estimator gain K7,
by K1, £ limp o Ki, ., where Ki, 1, is the estimator gain
given by (3.8) when obtaining the estimate 5c§ .- Note that
LUKEF ignores correlations between certain states and hence
cannot be used to estimate the closed-loop error correlation.
Instead, we use the unscented transformation to estimate
the closed-loop steady-state error correlations. Specifically,

we use (2.4)-(2.14) with K = (KL)T 0
k > 0, and view the correlations Pyy 3, and Py  in (2.9) and
(2.10) as an estimate of the closed-loop error correlations of

LUKF. We then estimate the closed-loop steady-state error
correlations Pcr, xy and Pcr,yy by Porxy = limg o0 Py i

, for all
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and Pcr,yy = limp_o Py k. Finally, the static estimator
gain that is based on the steady-state closed-loop error
correlations is given by K¢y, = PCL,XyPng)yy, with entries

T
KcL =£(KCL7L) (Kergp)" ] . The forecast step of
LUKFCCLC is given by (3.9) - (3.11), and the analysis step
of LUKFCCLC is given by (4.5)-(4.9) with Ko, g replaced
by KCL,E in (46)

V. ONE-DIMENSIONAL HYDRODYNAMICS

First, we consider state estimation of one-dimensional
hydrodynamic flow. The flow of an inviscid, compressible
fluid along a one-dimensional channel is governed by Euler’s
equations. A discrete-time model can be obtained by using
a finite-volume based spatial and temporal discretization.

Assume that the channel consists of n identical cells.
For all i = 1,...,n, let plil, vl and pl be the density,
velocity, and pressure in the ith cell, and define Ul € R? by
Uth = [ plil ol pli ]T. We discretize Eulers equations
and obtain a model that enables us to update the flow
variables at the center of each cell.

Next, define the state vector z € R34 by z 2

T

{ (UE’])T (UIL”*QJ)T } . Furthermore, we assume
Neumann boundary conditions at either ends of the one-
dimensional channel. Let n = 54 so that z € R, The
second-order Rusanov scheme yields a nonlinear discrete-
time update model of the form (2.1), where wj, € R34
represents unmodeled drivers and is assumed to be zero-
mean white Gaussian process noise with covariance matrix
Q € R3=9x3(n=4) 5o that the flow variables in only
the 5th, 15th, 25th, 35th, and 45th cell are directly affected
by wy. We assume that measurement y, € RS of density,
momentum and energy at cells with indices 24 and 26 is
available and v; is zero-mean white Gaussian noise with
covariance matrix R = 0.01/5xs.

‘We simulate the truth model with the initial condition
Qg] =1, v([;] =0, and p([)l] =1fori=1,...,n and obtain
measurements yi. The objective is to estimate the density,
momentum, and energy at the cells where measurements of
flow variables are unavailable using UKF, LUKF, LUKF-
COLC, and LUKFCCLC.

The square root of the sum of the square of the error
in the estimates of the energy at cells 1,...,50, when
measurements ¥y, are used in the UKF is shown in Figure 1.
The error in energy estimates when no data assimilation is
performed is also shown in the same figure for comparison.
Next, we compare the performance of LUKF for various
local grid sizes, that is, we set

a [ e Lalyr |

n 2 | ) (G S L I A

where (L1, L,,) € {(20,30),(16,34), (12,38)}. The square
root of the sum of the square of the error in energy estimates
of LUKEF is shown in Figure 1 for the three different local
grid sizes. For all three local grid sizes, the performance of
UKF is much better than the performance of LUKF because
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T T T
— = No data assimilation
o UKF
. LUKF (L.L,)=(20,30) ]
- S~ o _ | S LUKF (L L)=(16,34)
+ LUKF (L L,)=(12,38)
v

0 ! 4 L ® v vor v
5 10 15 20 25 30
Cell index i

Square root of the sum of squares of errors in energy estimates at each cell

Fig. 1. Plot of the square root of the sum of the square of the error in
energy estimates at the various cells using UKF and LUKF with 3 different
local grid sizes. Although the local grid size where data is directly injected
increases, the performance of LUKF shows only a minor improvement. The
cells where disturbance enters the system are indicated by "e’ and the cells
where measurements are available are indicated by ‘¥ .

LUKEF ignores correlations between the measurement and the
states that are outside the local region.

Finally, we obtain the steady-state open-loop and closed-
loop error correlations by using the unscented transformation
method. Note that the computational effort of determining the
steady-state correlations using the unscented transformation
is equivalent to the computational effort of using UKF.
However, once the steady-state correlations are determined
offline, the computational effort of LUKFCOLC and LUK-
FCCLC while performing the actual data assimilation is
similar to that of LUKF which is significantly lower than
the computational effort of UKF.

The square root of the sum of the square of the er-
ror in energy estimates is shown in Figure 2. We choose
(L1, L,) = (20, 30) for LUKF, LUKFCOLC, and LUKFC-
CLC. The performance of LUKFCCLC is better than the
performance of LUKFCOLC because LUKFCCLC accounts
for the change in the measurement-error correlation when
data is injected during estimation.

VI. TWO DIMENSIONAL MAGNETOHYDRODYNAMICS
UsING BATSRUS

BATSRUS (Block Adaptive-Tree Solar-wind Roe-type
Upwind Scheme) [8] is a finite volume scheme used to
model the interactions between the magnetic field of various
planets with the solar wind. The dynamics of the flow
variables is governed by Euler’s equations and Maxwell’s
electromagnetic equation.

Consider a 2D spatial grid comprising of 4800 square cells
that covers a rectangular region spanning the coordinates
—10 < z. < 10 and =30 < y. < 30. We use BATSRUS
to model the dynamics of the flow variables density (p),
velocity (v, vy), pressure (p) and magnetic field (B, By) in
each cell. We choose initial flow conditions so that the flow
is supersonic. We assume floating boundary conditions for
all cells along the edges, except for two cells at locations
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= = No data assimilation
-O0— UKF

. LUKF

-| % LUKFOLCC

~ - LUKFCLCC

0 ° L ° °
4 4 vov 4

Cell index i
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50

Square root of the sum of the square of error in energy estiamtes at each cell

Fig. 2. Square root of the sum of the square of the error in energy estimates
from LUKF, LUKFCOLC, and LUKFCCLC. All three estimators use a time
varying estimator gain to inject data into the cells with index between 20
and 30. The error in energy estimates from UKF is performed is also plotted
for comparison. The performance of LUKFCCLC is close to that of UKF.

indicated by ‘»’ in Figure 3 that are assigned reflective
boundary conditions so that a bow-shock is created.

A finite-volume discretization of the partial differential
equation yields the system dynamics given by (2.1). We
assume that wy, in (2.1) is zero-mean white Gaussian process
noise that affects only the cells with coordinates indicated by
‘e’ in Figure 3. We assume that noisy measurements yj, of
the flow variables at cells indicated by ‘®’ in Figure 3 are
available.

The density and magnetic filed lines at ¢ = 1 minute
are shown in Figure 3. Figure 4 shows a plot of the
difference in square root of the sum of the squares of error
in energy estimates between the no data assimilation case
and LUKF, LUKFCOLC, and LUKFCCLC. Hence, positive
values indicate a significant improvement in the estimates.
Note that the state dimension n = 25056 and since UKF
requires 2n + 1 = 50113 ensembles, we do not use UKF
to obtain the state estimates. Also, we use Monte Carlo
methods to determine the steady-state correlations used in
LUKFCOLC and LUKFCCLC. The local region used in
LUKF, LUKFCOLC and LUKFCCLC is shown in Figure 3
by the solid lines and x1, contains the state variables in this
region.

VII. ONE DIMENSIONAL GLOBAL THERMOSPHERIC AND
IONOSPHERIC MODEL

The Global Ionosphere-Thermosphere Model (GITM)
is a 3-dimensional, parallel, spherical code that models the
Earth’s thermosphere and ionosphere system, which has an
altitude range from about 100 km to 1000 km, using a
stretched altitude grid [11]. Inputs to GITM include solar
ultraviolet (UV) photons, auroral energetic particles, electric
fields, and electric currents. The code explicitly solves for
the particle densities of neutral and ion species, and neutral-
particle, ion, and electron temperatures. Many of these details
are discussed in the classic reference [12].
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Fig. 3. Magnetic bowshock. The cells where disturbance enters the system
is indiacted by ‘@’ and the cells where measurements are available are
indicated by ‘e’. The local region corresponding to the state xy, is indicated
by the shaded rectangular region around the measurement cells.
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Fig. 4. The difference in the error in the square root of the sum of
the square of error in pressure estimates between the no data assimilation
case and LUKF (left), LUKFCOLC (middle), and LUKFCCLC (right). The
horizontal and vertical axis denote the « and y spatial coordinates. Positive
values indicate regions where the estimators improve the estimates of the
state compared to the no data assimilation case.

We apply the different data assimilation techniques to 1D
GITM with 50 cells defined along the vertical direction. We
consider the solar irradiation represented by Fq 7 as the only
input ug to GITM. Fig.7 is the flux at 2800 MHz or 10.7-
cm wavelength over the entire solar disk. We summarize the
features of 1D GITM for data assimilation in Table 1. In
addition, the 1D GITM cell structure for UKF, LUKF, and
LUKEF with open-loop or closed-loop steady-state correlation
compensation is shown in Figure 5.

The open-loop and closed-loop steady-state correlations
of the data assimilation model are obtained by using the
unscented transformation. We compare the performance of
UKF, LUKF, LUKFCOLC, and LUKFCCLC for 1D GITM.
We compare the estimates of the normalized neutral-particle
temperature 7}, from the different estimation schemes.

Figure 6 compares the estimates of 7,, in cell 40. It can
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TABLE I: Summary of 1D GITM for data assimilation.

location Millstone Hill, MA USA
grid 50 grid cells covering 100 km to 750 km (altitude)
input Fio.7
states logarithm of number density of O, O, N2, N(7S)
vertical velocities of O, Os, Na, N(4S)
eastward and northward horizontal velocity of neutrals
normalized temperature of neutrals 77,
logarithm of number density of OF (4S), OF , NO*
electron temperature 7'
15 states per cell
outputs electron temperature T
number density of electron N,
vertical velocity of ions V;
ions temperature 77
in measurement cells 10, 20, 30, and 40

Mn

20704XN7
2070457 N1

Fig. 5. 1D GITM cell structure for UKF, LUKF, LUKFCOLC and
LUKFCCLC. Measurements are taken in cells 10, 20, 30, and 40. LUKF
performs data injection only on the local group of 12 cells that include
measurement cells. LUKFCOLC and LUKFCCLC consist of LUKF along
with data injection into the remaining cells using the static estimator gain.

be seen that LUKFCOLC and LUKFCCLC perform better
than LUKF. Furthermore, the estimates from LUKFCCLC
are closer to the truth model than LUKFCOLC.

VIII. CONCLUSION

We present extensions of the the unscented Kalman filter
that propagate a reduced-order pseudo error covariance. To
compensate for the neglected correlation between certain
states and the measurement, we present two methods that
use a complementary static estimator gain based on correla-
tions between the measurements and the neglected states.
The use of a static estimator gain based on the open-
loop and closed-loop correlations helps improve estimation
performance without a significant increase in the online
computational burden.
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