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What Are the Physical Dimensions of the A Matrix?

Harish J. Palanthandalam-Madapusi, Dennis S. Bernstein and Ravinder Venugopal

1. INTRODUCTION

Physical dimensions and units, such as mass (kg), length
(m), time (s), and charge (C), provide the link between
mathematics and the physical world. It is well known that
careful attention to physical dimensions can provide valuable
insight into relationships among physical quantities. In this
regard, the Buckingham Pi Theorem, which is essentially
an application of the fundamental theorem of linear algebra
on the sum of the rank and defect of a matrix, has been
extensively applied [1-8].

In the control literature, with its historically strong math-
ematical influence, it is not unusual to see expressions such
as

V(z, &) = 2 + 37,

where x and 2 denote position and velocity states, respec-
tively. Although this expression appears to be dimensionally
incorrect, the reader usually assumes that unlabeled coeffi-
cients are present to convert units from squared position to
squared velocity or vice versa.

A related issue concerns the appearance of nondimen-
sional units. For example, for a stiffness k£ and a mass
m, the expression /k/m has the dimensions of reciprocal
time. However, when used within the context of harmonic
solutions of an oscillator, the same expression has the
interpretation of rad/s, where the nondimensional unit “rad”
is inserted to facilitate the use of trigonometric functions.
Although this insertion is ad hoc, the recognition that radians
are nondimensional provides reasonable justification.

A publication of special note is the book [6], which
takes an in-depth look at the role of dimensions including
matrices populated with dimensioned quantities. Although
this text provides no situations in which the “usual” rules of
dimensional analysis lead to incorrect answers, the careful
reexamination in [6] of the treatment of dimensions moti-
vates the present article.

The main objective of this article is to examine the
dimensional structure of the dynamics matrix A that arises
in the linear state space system & = Ax. To do this, we
extend results of [6] and provide a self-contained treatment
of the dimensional structure of A and its exponential. Our
investigation of the physical dimensions of A motivates us
to look at the algebraic structure of dimensioned quantities.
This development forces us to define multiple, distinct,
group identity elements, which are the dimensionless units.
One such dimensionless unit is the radian. However, to
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make the analysis complete, we introduce an additional
dimensionless quantity for each physical dimension and each
product of dimensions.

This approach immediately clarifies the mysterious ap-
pearance of radians in the example above. Specifically,
[VE/m] = ([K]/[m])"/? = ((N/m)/kg)"/* = [ |m[ Jug/s,
where [a] denotes the physical dimensions of a, [ |xg 2 kg"

is the identity element in the group of mass dimensions,

and [ | 2 mO is the identity element in the group of

length dimensions. In fact, [ |, is the traditional radian,
whose appearance is natural and need not be inserted with
the justification that “radians are dimensionless.” Rather,
[ ]m appears because the mathematical structure of physical
dimensions requires that it be present.

As an additional example, consider the expression w =
v/r, where w is angular velocity, v is translational velocity,
and r is radius. Then [w] = [v]/[r] = (m/s)/m = [ |m/s =
rad/s. Again, there is no need to insert the nondimensional
unit “rad” in order to obtain the angular velocity in the
expected units. We also note that, for an angle 6 in radians,

[sin@]: [9*§+] :[]nl;

which is consistent with the fact that both # and sinf are
ratios of lengths.

In real computations of physical quantities, that is, aside
from pure theory, it is essential to keep track of physical
dimensions and their associated units. Elucidation of the
physical dimension structure of the state space matrix A can
thus be useful for verifying the model structure and ensuring
that the units are consistent within the context of state space
computations.

2. ALGEBRAIC STRUCTURE OF UNITS

For simplicity, we consider physical dimensions involving
mass (kg), length (m), and time (s) only. For convenience,
we use kg, m, and s to represent the respective physical
dimension as well as the associated unit. Let R and C
denote the real and complex numbers, respectively. Define
Gig = {kg* : a € R}, Gy 2 {m# : B € R}, and
Gy 2 {87 : v € R}. Note that Gyg, G, and G, are Abelian
(commutative) groups with the identity elements [ Jikg, [ |m,
and [ ]s, respectively, which are dimensionless units referred
to as the massian, lengthian, and timian. The lengthian [ |,
in Gy,, when interpreted within the context of a circle, is
traditionally called a radian. Note that [ |, = (keg”)> =
ke? = [ Jig for all @ € R, and likewise for [ ],y and [ .
Next, define the set G of all mixed units

G 2 [kg"m?s" : a, B, 7 € R). @.1)
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Since, for all ¢, (3, c R, amfgr = ke®sTmP =
mgkgas"Y = mgés"/?{gg = s”mﬂliig“ = s"’kgo‘m%, we have
the following result.

Fact 2.1. GG is an Abelian group with the identity element

[Jxel Im[ Js-

The four products of the identity elements are represented

by [Jigan = gl s [Jigs = (gl Jss (s = [Jinl ], and

[ Jkg,m,s = [ lkel Jm[ ]s» of which only the last is an element
of GG. Note that the dimensionless Reynolds number in fluid
dynamics defined by

A VgL
e =

)

v

where v, is the mean fluid velocity, L is the characteristic
length of the flow, and v is the kinematic fluid viscosity, has

the units
[Re] = [ Jig,m,s-

Similarly the dimensionless Froude number in fluid mechan-

ics defined by A Vs

= —
Lg’
where ¢ is acceleration due to gravity, has the units
[Fr] = [ Jms-

Table I classifies several dimensionless quantities based on
their units.

The set D of dimensioned scalars consists of elements of
the form akg®m”s?, where a € C and o, 3, v € R. We
define the units operator | | as

[akg®m’s7] 2 kg®m?s7.

Note that Q[Okgo‘mﬁs”’} é' kg®m”s7. Let ajkg®mPrsm
and a-kg®m”2s7 be dimensioned scalars. Then the
product of two dimensioned scalars always exists
and is defined to be ajkg®'m’sMaskg®?mlsr2 =
ajaskg®rtermPrtfzgmtaz, However, the sum
arkg®m1s7 + aokg®m™s”? is  defined only if
ap = a9, B1 = P2, and ;1 = 79, in which case
alkgthmﬂl s a2kg0t2m52572 — (al + a2)kga1 mPign,
Furthermore, although quantities such as akg® € C X Gig
and bs” € C x G4 are not elements of D, we assume that
all operations occur after these quantities are embedded in
the appropriate group containing all the common units. For
example, (akg™)(bs7) 2 (akg™[ ]s)(bs[ Jxg) = abkg®s?.
Dimensioned vectors and dimensioned matrices are de-
noted by D™ and D™*"™, respectively, all of whose entries
are dimensioned scalars. Let P € D™*™ and define
[P11] [P1,m]
P 2 : : €GM ™, (2.2)
[Pml] [Pn,m]

where P; ; is the (7, j) entry of P and G™*™ denotes the set
of n X m matrices with entries in G. Note that [PT] = [P]™.
If P e D*™ and Q € D™*P, then P(Q exists if all addition
operations required to form the product are defined.
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Fact 2.2. Let P € D™*™ and Q € D™*P. Then PQ
exists if and only if, forall i =1,...,nand j =1,...,p,

[Piall@14] = [Pil[Q2,] = -+ = [Pin][@nj]- (2.3)
Furthermore, if P() exists, then
[PQ] = [P][Q]. 24
Fact 2.3. Let P € D™*". If P? exists, then
[Pr1] = [Pe2] =+ = [Panl] (2.5)

Proof. Since P? exists, it follows that, for all i, j =
1,...,n,

[(P?)iq] = [Pial[P1] = [Pi2l[Pai] = -+ = [Pin][Pn.i).

Now, let 4, j € {1,...,n}. Then [P;][Pi;] = [P ;][Pji] =
[Pj][P5,5] = [P;,5][P;,;]. Hence [P;;] = [P} ;]. O

Dimensionless Name

Unit

Examples

. air-fuel ratio
[ ] kg massian L . .
stoichiometric mass ratio

radian
strain
lengthian Poisson’s ratio
Fresnel number
aspect ratio
Courant-Friedrichs-Lewy (CFL) number

[ ]S timian
Damkohler numbers

. density ratio
densian L .
moment-of-inertia ratio

. mass-flow ratio
flowian . .
stiffness ratio

Froude number
. Fourier number
velocian
Mach number

Stokes number

Reynolds number
Weber number

forcian coefficient of friction

[ Jxg,m,s
lift coefficient

drag coefficient

TABLE I
CLASSIFICATION OF DIMENSIONLESS UNITS AND EXAMPLES.

Fact 24. Let P € D™ If P2 exists, then, for all

positive integers k, P* exists and [P*] = [P]". Furthermore,
for all ¢ = 1,...,n and for all positive integers k,
[P*] = [(P3)*1[P). (2.6)
Proof. Since, for all i, j =1,...,n,
[(P?)i3] = [Pial[Pry] = [Pi2][Pag] = - - = [Pin] [P,
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it follows that
[(P?)i5] = [Pial[Pyg)-
Hence [P?] = [P, ;][P]. Induction yields (2.6). 0

Fact 2.5. Let P € D"*™, Then P? exists if and only if

there exist zq, zo € G™ such that 22T 21 exists and
[P] = 2125 . (2.7)

Proof. Sufficiency is immediate. To prove necessity, de-
fine

[Pr1] [Pral/[Pra]
A | [Pl a | [Pral/[Pral
21 = . ) z2 = .
[Pr.1] [Pr,n]/[P11]
Since P? exists it follows that [(P?)11]/[P11] = 2321
exists. Furthermore, let k € {1,...,n} and define z3 € G"
by A
2= [ [P [Pea] [Pail 1"

Then, z3 23 exists and thus the rows of [P] are dimensioned

scalar multiples of each other. Hence

[P1 2]

) [Pl,n]
[(P2a]  [Pr2][Pea]/[Pra]

[P1n][P2]/[P11]

[Put] [Puol[Pusl/[Pi] [Pya] [Pt /[Pua]
= zlz2T. O

Fact 2.6. Let P € D™*", Then ef’ € D"*" exists if and
only if P? exists and [P] = [P?]. Furthermore, if ef exists
then

(2.8)

Proof. By definition, the matrix exponential e’ € D"*"
is given by
Poypylpylp 2.9
e—+ﬂ +5 +ee (2.9)
Necessity is immediate. To prove sufficiency, note that, since
P? exists and [P] = [P?], it follows from Fact 2.4 that
[P] = [P?] implies that [P] = [P*] for all positive integers
k. Thus e? exists. Next, it follows from (2.9) that (2.8)
holds. O

Fact 2.7. Let P € D"*" and assume e! exists. Then,
forall:=1,...,n,

[Pii] = [ lkg,m.s- (2.10)
Proof. The result follows immediately from facts 2.6 and

24. O

For a real scalar ¢ and P € D"*™, the Schur power
Pld € D™ is defined by

(P, . 2 (P, @2.11)
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assuming the right hand side exists. The notation [Plc €
C™>*™ denotes the numerical part of the dimensioned matrix
P € D™*™. Note that

P =[P|co|P], (2.12)

where o is the Schur (element-wise) product. We write [P]c
as [P]g if [P]c is real. Let Ig denote the identity matrix in
R™ "™, Furthermore, let ) € D™*P and assume that PQ
exists. Then [PQ]c = [P]c[Q]c and

PQ = ([Plc o [P)([Qlc © [Q]) = ([Plc[Q]c) o ([P1[Q))
= [PQ]c o [PQ]. (2.13)

Fact 2.8. Let P € D™*™ and let y € D™ and v € D™
be such that

y = Pu. (2.14)
Then
[P] = ™). (2.15)
Proof The i*" component equation of (2.15) is
[Piallud] + [Piallue] + - - + [Pim][um] = [y]-
Therefore,
[Piallw] = [Pi2][uz] = -+ = [Pim]lum] = [y,
and thus [P; ;] = [y;]/[u;]. Hence (2.15) holds. O

Next, let P € D™*"  Then, the determinant det P of P
is defined to be

det P= > 0(p)Pip,Prps - Papn, (2.16)

PEPn
where P,, is the set of all permutations p = (p1,...,p,) of
(1,2, ..., n), and o(p) is the signature of the permutation
p, which is 1 if p is achieved by applying an even number
of transpositions to (1, 2, ..., n) and —1 if p is reached by
applying an odd number of transpositions to (1, 2, ..., n).

Note that if P € D™*" then det P exists if and only if
[P1py P2p, -+ - Pop,] is the same for all p € P,,. Hence, if
det P exists, we have

[det P] = [Pip, Pop, Pruyp,l (2.17)
for all p € P,,. Note that
det [P]c = [det P]¢ (2.18)
and
det P = (det [P]c)[det P]. (2.19)

The following result presents necessary and sufficient con-
ditions for the existence of det P.

Fact 2.9. Let P € D"*"™. Then det P exists if and only

if there exist 21, 2o € G™ such that
[P] = 2125 . (2.20)

Proof. Sufficiency is immediate. To prove necessity, first
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let n = 2. Then, since det P exists, it follows that

Pral _ [Poa] 2.21)
[Pr2]  [P22]

Thus the columns of [P] are dimensioned scalar multiples
of each other. Next, let n = 3 and assume that det P
exists. Then it follows from the cofactor expansion of det P
that the determinant of every 2 x 2 submatrix of P exists.
Hence (2.21) holds. Next, it follows that [Py 1 P2 3Ps52] =
[P1,2P23P3 1] and hence

[Pra] _ [P
= =2 2.22
[Pr2] ~ [Py 222
Furthermore, using [P172P273P3,1] = [P173P272P3,1]
and [P172P271P372} = [P173P271P372], it follows that
[Pro]/[Prs] = [Pa2]/[P2s] and [Pis]/[Prs] =

[Ps2]/[Ps,3]). Thus the columns of [P] are dimensioned
scalar multiples of each other. Likewise, for all n > 1, it
can be seen that, since det P exists, the columns of [P] are
dimensioned scalar multiples of each other. Thus, defining

[P11] [Pra1]/[P1a]
A | [Pea] A | [Pr2l/[P1a]
Z1 = : ) 29 = : 9
[Poi] [P/ [PLA]
it follows that (2.20) holds. J

Note that if P2 exists then det P exists. However, the
following example shows that the converse does not hold.

Example 2.1. Let P € D?*? be such that
m m?
7| .

- (2.23)

Then det P exists, but P? does not exist.

Let P € D™*™ Then A € D and v € D" are an
eigenvalue-eigenvector pair of P if [v]c is not zero and A
and v satisfy

Pu = . (2.24)

Fact 2.10. Let P € D™*", Then P has an eigenvalue-
eigenvector pair A € D, v € D" if and only if det P exists

and, foralli=1,...,nand j=1,...,n,
[Pii] = [Py (2.25)
In this case,
[P] = o[t 1 (2.26)
and, for all : = 1,...,n,
[Pi] = [A]- (2.27)

Proof. To prove necessity, note that it follows from Fact
2.8 that (2.24) implies (2.26). It thus follows from Fact 2.9
that det P exists. Furthermore, it follows from (2.24) that,
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foralli=1,...,n,
[P ] [vi] = [A][vi].
Thus
[Pii] = [l
Hence, for ¢ = 1,...,n, 7 = 1,...,n, it follows that
[Pii] = [P} 5]-

To prove sufficiency, from (2.20) and (2.25) it follows that

[(z1)1(22)1] = [(21)2(22)2] = - - = [(21)n(22)n], (2.28)

where (z1); denotes the ith component of z;. Thus, Ag 2
T

23 21 exists. Note that \gz; = 2124 21 = [P]z1. Next, let
Ac € C and ve € C™ be such that

[P}(CUC = )\(Cv(c. (2.29)

Then defining A € D and v € D" by A 2 AcAg and
v = ve o z it follows that
Puv = ([Plc o [P))(vc o [0]) = ([Pleve) © 2125 21
= (Acve) 0 Agz1 = AcAg(ve 0 z1) = Ao, a
Next, let P € D™*™. Then, if det [P]c # 0, we define
the inverse P~! of P by

-14 1 A
det P~ '’

(2.30)
where the adjugate P* is defined by (P%);; 2
(—1)"*idet P ;), where Py ;; denotes the (n—1) x (n—1)
cofactor of P; ;. Hence

1

aa ]

P =

(2.31)

and
1
[det P](c

[P~ e = [PA]c. (2.32)

The following example shows that for P € D"*™ such

that P~ exists, in general [P~][P] # [P][P~1].

Example 2.2. Let P € D™ be such that
m 1/s
s | e 7]

ms S

and assume that P~! exists. Then

P = e |
PP = Ue| @ 5 ]
and
PP =

o

Thus [P~][P] # [P][P~1].
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3. DIMENSIONS OF MATRICES IN STATE-SPACE MODELS

Consider the system

#(t) = Axz(t) + Bu(t),
y(t) = Calt) + Dult),

where [t] = s, z(t) € D", y(t) € DLut) € D™,
A e DV B e D™ C € D" and D € D™,
Every component of x(t), y(t), u(t), and thus every entry
of A, B, C, D, is a dimensioned scalar. Taking units on
both sides of (3.1) yields

3.1
(3.2)

[#(8)] = [A][z(t)] = [B][u(t)], (3.3)
[y(®)] = [Cllz@®)] = [D][u(®)]. (3.4
The following result is given on page 150 of [6].
Fact 3.1.
4] = RO, (5)
B = @O, (.6)
€] = [y®Ol" @], 3.7)
and
D] = O @Y. (3.8)

Proof. The result follows from [#(t)] = 1[xz(t)] and Fact
2.8. O

Next, define the transfer function matrix H(s) € D!*™
by
H(s) 2 C(sI, — A)"'B + D, (3.9)

where s € D is the Laplace variable, [s] = 1/s, and I =
IR o S[A]

Fact 3.2.
[H(s)] = [yO[uT (O]
Proof. Note that
[C(sI — A)~'B]

= yOllz" OT V@)@ 2O (0],
= [y ()] = [D]. O

(3.10)

Fact 3.3. Foralli=1,...,n,

[Aid] = [ Jigms ™ @3.11)
Furthermore, det A exists and satisfies
[det A] = [ Jigms™ ™ (3.12)

Proof. It follows from (3.5) that

1) [gm
[Aii) = s [z(t)] ks

ThA12.1

Next, note that

Thus, for all p € P,,
_ [ ]kg,m

L [z (®)]--- [z (t)]
(A1, Ay ] = — —
" s [, ()], (D] ST
Since [A1p,A2p, -+ Anp,] is the same for all p € P,
det A exists. Finally, since [det A] = [];_,[A;,] for all
p € P,, it follows that

[det A] = [ALPl A27P2 e An,lm] = [ }kg_,m . |:|

Sn
Fact 3.4. Let ¢ € D be such that [t] = s. Then

det [At] = [ Jkg.m.s- (3.13)

4. MATRIX EXPONENTIAL

Lemma 4.1. Let ¢ € D be such that [t] = s. Then the
following statements hold:

i) For all positive integers k, A* exists.

i) For all k > 1, [A*] = L1 ]A].

jii) For all k > 1, [AF] = 1[ar-1],

iv) For all k > 1, [AFtF] = [At].

v (AT = 5 1A].

If, in addition, A~ exists, then

vi) [A71] = [AT]E1,

vii) [A7Y] =s?[A]T.

Proof. Statements i) — iv) follow from Fact 2.4. Next,
we prove vi). Since (A™1);; = det A ;)/det A, it follows
that [(A™1);;] = det [A}; ;]/det [A] = 1/[A;;]. Thus the
diagonal entries of [A][A~!] satisfy

[ANA™Dsi = [ Txgmss,

Therefore,
([A][A™ )i = [Ai,l][Aill] 4.

which implies that

i=1,...,n.

+ [Ain]l45 3] = [ icgm.s:

(A7) = (A5 @1
Thus, vi) is satisfied.
To prove vii), note that
v _ L[z;(#)]
(AN = S 4.2)
Next, from (4.1) it follows that
—1\ 114 1-1_ [xj(t)]
[(A )’LJ} - [AJ’Z] =S5 [l'z(t)] . (43)
Thus from (4.2) and (4.3), it follows that
1
[A]" = 547, (44)
To prove v), using vi) in (4.4), we have
AT = S%[AT]H}. @.5)
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Taking transposes yields v). O
Fact 4.1.
(A7 = sl () (4.6)
Furthermore,
[A71[A] = [A][A7] 4.7)
Proof. Note that
(A1 = (AT = sfa()]T (0] Y
Hence [A7Y[A] = [A][A1] =
()] (O ()] [T ()1 O
Fact 4.2. Let t € D be such that [¢] = s. Then
[e™] = [At] = [e(@®)][=" (). (4.8)

5. EIGENVALUES AND EIGENVECTORS OF A
Fact 5.1. Let A € D be an eigenvalue of A, and let

v € D™ be an associated eigenvector. Then, fori =1,... n,
(Al = [Aiq] (6.1

and
[v] = [T (O] []f(2)]. (5.2)

Proof. Since Av = M\, it follows that, foralli = 1,...,n,
[A;i][vs] = [A][vi], and thus [A\] = [A; ;]. Next, since Av =
Av, it follows that

1 _
@] O] T ) = [,
which implies (5.2). J

6. EXAMPLE

/4}1 k2

Y mq Y mo

Tl T

¢ 1,

Fig. 1. Two-mass spring damper system.

Consider the two-spring-mass system shown in Figure 1.
By defining the state z(t) = [ @ @ @ }T, where

¢; and ¢; are the displacement and velocity of the 7" mass,
respectively, we have
0 1 0 0
A _ (kitk2)  (cate2) ko co
A = mq ma mi mi 1
0 0 0 1 ©.)
L < k2
mao mo m2 ma
Taking units yields
[z(t)]=[ m m/s m m/s ]T (6.2)

Thus

ThA12.1

e (@]

i /s 1 1/s 1
1/s2 1/s 1/s* 1/s

= Um| {0 1 0 (6.3)
/82 1/s 1/s* 1/s
Hence [det A] = [ ],n/s*. Furthermore,
[det A]c = det [A]R:[ ks } . (6.4)
mimeso R
Thus
detA:[ b2 ] @ (6.5)
mimeo R S
Next, if [k2]g # O then det [A]g # 0 and [A 7 'is given by
s s s
_ 1 s 1
A=l | ¢ & & : (6.6)
1 s 1
Finally,
TR
At 1/s s 1/s s
=||n . 6.7
[e™]=1] [1s s [Js S} (6.7

/s [ls 1/s |
7. CONCLUSIONS

Physical dimensions are the link between mathematical
models and the real world. In this article we extended results
of [6] by determining the dimensional structure of a ma-
trix under which standard operations involving the inverse,
powers, exponential, and eigenvalues are valid. These results
were applied to state space models. We also distinguished
between different types of dimensionless units.
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