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Discrete-Time Trailing Horizon Direct Adaptive Disturbance Rejection

Suhail Akhtar!, Jesse B. Hoagg?, and Dennis S. Bernstein?

Abstract—1In this paper, we develop a discrete-time direct
adaptive feedback disturbance rejection algorithm that does
not require modeling of the disturbance. This method is
applicable to minimum phase and non-minimum phase plants.
We provide preliminary stability results and an intuitive
argument for the overall stability of the algorithm.

1. INTRODUCTION

Much of the adaptive control literature is devoted to prov-
ing stability of the closed-loop system and boundedness of
solutions, [1-6]. In many applications, however, the plant is
open-loop stable and the overriding concern is performance
with respect to disturbance rejection [7-9]. Discrete-time
adaptive disturbance rejection has broad engineering and
scientific applications. It is most relevant in active noise and
vibration control [10, 11]. Disturbance rejection algorithms
can be of two types, feedforward or feedback. The latter
generally exhibit superior performance since they take into
account the effect of the feedback path from control to
measurement.

In this paper we develop the trailing horizon method
for output feedaback disturbance rejection. This method is
valid for minimum phase and nonminimum phase plants.
A distinguishing feature of this method is the computation
of control over a finite horizon in the past, thus the name
trailing horizon control. To clarify the differences between
conventional one step ahead adaptive control methods [3],
multiple step ahead control (generally known as predictive
control) methods [12-16] and the method proposed in this
paper, we first give a brief description of the predictive
control design methodology.

In non-adaptive model predictive control, a model of the
plant is used to predict the future outputs as a function
of the future inputs over a finite horizon. The control
inputs, over the prediction horizon, are then computed by
minimizing a quadratic cost function that penalizes the
predicted error between the desired and predicted outputs
and the control effort required. Only the first control value
from the computed control horizon is then used, and the
prediction and optimization procedure is repeated at the next
step.

In a adaptive model predictive control scheme (APCS)
the plant model parameters are identified online and then,
using the certainty equivalence principle, are used as if
they were the true plant parameters. Since APCS is an
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indirect adaptive control scheme, this method requires a
priori assumptions on the parameter estimates.

The proposed trailing horizon adaptive control method
does not attempt to predict future outputs. Instead this
method uses a window of past inputs and outputs and
the closed-loop system is re-parameterized in terms of
the controller parameters, thus enabling the use of direct
adaptive control.

2. PLANT MODEL

Consider the discrete-time LTI system given by

xz(k+1) = Az(k) + Bu(k) + Dyw(k) (2.1
z(k) = Erx(k) + Equ(k) + Eqw(k) (2.2)
where k£ = 0,1,2,..., the state vector xz(k) € R™, the

control vector u(k) € R™, the disturbance vector w(k) €
RP, and the performance vector z(k) € R'. We make the
following assumptions.

Assumption 2.1: An upper bound on the order n of the
plant is known.

Assumption 2.2: The triple (A, B, E1) is controllable
and observable.

Assumption 2.3: The number of inputs is greater than
or equal to the number of performance variables, i.e., m > [.

Assumption 2.4: The disturbance w(k) is generated by

Tk +1) = Apayw(k), wk) = Cupryw(k),

where A,, € R™»*™w is Lyapunov Stable.
Assumption 2.5: For all X € spec (Ay)

A—-)X B

rank { By By

] =n+min(m,l) =n+1,
i.e. the plant transfer function matrix from u to z, denoted
by G, has no transmission zeros at the disturbance modes.
Assumption 2.6: An upper bound on the order n,, of
the disturbance is known.
Assumption 2.7: The performance z(k) is measured.

Propagating the state backwards for n+u— 1 times steps,
equations (2.1) and (2.2) can be combined to yield

n+p—1
2(k) = By A" P ok —n—p+ 1) + Z Qw(k — j)
§=0

n+p—1

+ > Au(k =), (2.3)
j=0

where ;1 > 1 and the Markov parameters from the distur-
bance w(k) to the performance z(k) are given by Qg 2 Ey
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and, forj =1,...,n+pu—1,9; = E, A7 D, . The Markov
parameters from the control u(k) to the performance z(k)
are given by Ay 2 FE5 and, for j = 1,...,.n+p — 1,
A; = E;A771D;. By splitting the control window we can
rewrite (2.3) as

n—&-u 1

3 otk
n+p—1 p—1

+ >0 Aulk—5)+ > Aju(k —j).
J=n Jj=0

[ Ao

2(k) = By A" (kb —n — p+ 1)

(2.4)

Assumption 2.8: B,y = Aptp— ] is
known.

Assumptions 2.1-2.8 are applicable for the remainder
of this paper. Additional assumptions will be made where

necessary.
3. CONTROLLER MODEL

Consider the instantaneously linear controller

e Ne+p—1
ZE' ulk—p—it D)+ > Ti(k)z(k—i),
i=1 i=1
3.D
where, for all £ > 0, Z;(k),...,Zx5.(k) € R™™ and

Yi(k),..., Y, +u-1(k) € R™*! are determined by the
controller parameter estimator described in Section 5. Next,

A_ A A
define ¢y = em, g2 = (e + 1 — 1)1, g3 = 1 + o,

u(k — p)
Uk) 2 : cR, (3.2)
| u(k =7 —p+1)
i z(k—1)
Z(k) 2 : cR%, (3.3)
| 2(k =T —p+1) |
and ¢(k) 2 ZEZ; € R%.

Assumption 2.7 implies that Z(k) and thus ¢(k) are
known and can be used for feedback.
Next, define the controller parameter matrix

Ar -
Ok)=[ —Ei(k) -+ —Eq. (k) Ti(k) - Trspa(k)].
With this notation, (3.1) can be written as

u(k) = O(k)o (k).

4. CLOSED-LOOP PLANT MODEL

34)

The closed-loop performance (2.4), (3.4) is given by
n4+p—1

> Qu(k—j)
j=0

2(k) = BYA" P (kb —n—p+ 1) +

n+p—1

+ > Aulk—5) + T (k)0(k), 4.1)

Vk) 2 [Tk @A -+ T (h—p+1)@A1]”
vec O(k)
: ERQ4,

vec @(k.— p+1)

qa = mqsit, and ® denotes the Kronecker product.

Now, we make an assumption regarding the existence
of a constant gain controller ©* that achieves deadbeat
disturbance rejection in y steps. This assumption is slightly
stronger than the proven results on deadbeat disturbance
rejection given by [17, Corollary 4.1].

Assumption 4.1: For all y > 2(n + n,,l) there exists
O* € R™*4 guch that, if k >y —1and Ok —pu+1) =

-+ = O(k) = ©*, then
n+p—1
0=E A" " ok —n—p+1)+ Z Qw(k —j)
§j=0
n+p—1
JrZAu -y +ZA@* —j) 4.2
n+p—1
=B A" ek —n—p+ 1)+ Y Qu(k - j)
§=0
n+p—1
+ 3 Ajulk - §) + 9T (k)" 43)
J=p
vec ©*
where 6* = : € R%. Furthermore, {u*(k)}72,
vec ©*

is bounded where u* (k) 2 0* o (k).
Assumption 4.1 applies to the remainder of this paper.
Using (4.1) and (4.3) we obtain

2(k) = OT(E)O(k) — U (Kk)o*. (4.4)

We have thus used Lemma 4.1 to express the closed-loop
performance (4.4) as the estimation error W7 (k)0(k) —
UT(k)0*. However, the adaptive controller (3.4) is not
claimed to converge to ©* or achieve deadbeat disturbance
rejection.

5. ESTIMATOR

The adaptive controller shown in Figure 5 consists of
an instantaneously linear controller G.(k) given by (3.4)
and a parameter update law that modifies the controller
parameters at each time step k. To obtain the parameter
update law we first define the cost function

Ok +1)) 2

W (G + 1] [¥ G+ )] 6

p—1

J(k0(k — 1), . ..,
k

j=k
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> sz Z(k)
wk) [ -~~~ °°
( ) > GZT,L
X
)
N
Fig. 1. The Closed-Loop System

where A(-) € R% is the estimation variable and 6(k) 2

0(k) — 0.

Then we use a recursive least squares estimate of 6(k+1)
to minimize (5.1); for details see,Afor example, [18]. For all
k > p— 1 the RLS estimate for 6(k 4+ 1) is given by

Ok +1) = 0(k) — P(k + 1)U (k)z(k), (5.2)

Pk +1) = P(k) — P(k)U(k) (I + VT (k)P(k)¥ (k)

x UT(E)P(k), (5.3)

where P(p — 1) > 0. Then, the controller is updated
according to vec O(k + 1) = [ Ing, 0 |6(k+1).

6. PRELIMINARY STABILITY RESULTS

In this section, we provide preliminary stability results
and an intuitive argument for the overall stability of the
algorithm. Define the state vector

Z(k)
o(k)
vecP (k)

Then using (4.4), (5.2) and (5.3) for all £ > p — 1 the
closed-loop system can be represented by the state equation

2

X (k) eR. 6.1)

Z(k+1) = AZ(k) + BYT (k) [0(k) — 6*],  (6.2)
0(k+1) = 0(k) — P(k + 1)U (k)T (k)0(k), (6.3)

vec [P(k +1)] = vec[P(k) — P(k)¥ (k)

-1
x [1+ W (kPR ()] T (R)P(R)]
(6.4)
where A 2 [ Orxas ] € Re2X%
lga-tyx(@-1)  Oga-1yxt N
is nilpotent and thus asymptotically stable, and B =
Lixa € R%2*!, Note that every equilibrium of the
O(gr—t)xt

error system (6.2)-(6.4) is of the form (0, 0., P.), where P,
is positive semi definite.
Now, we provide the preliminary stability results.

Lemma 6.1: Define Vp(P) 2 2, AVp (k) 2
tr [P2(k + 1) — P2(k)], V;(0, P) 2 §TP-1§, and

AV;(k) £ 0% (k+1)P~
— 0 k)P~

Yk+1)0(k+1)

(k)0 (k). (6.5)

Then, for all £k > pu—1,

AVp (k) <0, (6.6)
AVy(k) = — 6" (k)U (k) [T+ 9T (k)P (k)T (k)]
x UL (k)0(k) (6.7)
. —[2(k)]13
Ly Sy (G = I3+ 12(k = 1)
(6.8)
where 2(k) 2 UT(R)A(k), v 2 Anac[PO)], 7 =
MaXo<j<u—1 Omax [;], and
u(k —1)
Uk) 2 : , (6.9)
u(k —ne—p+1)
Furthermore,
Jlim AVy(k) =0, (6.10)

and limy, . O(k) and limy_,, P(k) exist.

Proof. The results (6.6), (6.7), (6.10), and the conver-
gence of {A(k)}32, and {P(k)}32, follow from standard
properties of RLS, see [3, p. 60], [19, p. 22], [20, p. 58]
and [14, p. 202].

Since P(k) <

AVy(k) <
Furthermore,

T (E)W(k) =

P(u—1) for all k > p— 1 it follows that
. -1,
—2T(k) [T+ YT (k)U (k)] 2(k).

[ o7 (k) ® Ao
¢ (k—p+1)@Ay1]
o(k) ® Ag

gb(k —p+1) @AY

=] ¢T(k)o(k) ® AoAg

¢T(k u + Dok —p+1) @ A1) ]
[ 0" (k)o(k)AoAg

¢t (k pA Dk — p+ 1A, 1AL ]

1

m

lp(k — 7)|5 A;AT

| <

j=
p—1

<Y otk — )3 L.

j=0
Therefore, we can write
—£T (k)3 (k)
(k= )3

o E O |
Ly Sy (G = I3+ 12(k = )1

d

AVi(k) <
k) < 1+,

IN
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Lemma 6.2: Let PR € R%*% be positive-definite
matrices that satisfy

P=ATPA+R+1. (6.11)
Furthermore, let ¢ > 0 and define
Vz(Z) £ In(1 +<Z"P2),
AV (k) = Va(Z(k+ 1)) = VZ(Z(F)).
Then
ZT(k)RZ (k)
L+ ps | Z(k)]3

(o + 1)B |1(k) 5

AVy(k) < — ,
1+ ps |1 Z (k)3

>

where o 2 AY2(ATPA), p
Amax (BTPB).

Proof. Define F' = LP1/24, G £ ¢P'/2B, and J (Z)
ZTPZ. Then,

Amin (P), and

2

ATy (k) 2 ZT(k +1)PZ(k + 1) — Z%(k)PZ (k)
= ZY(k)ATPAZ(k) + Z* (k) AT PB2(k)
+ Y (k)BT PAZ (k)
+ 2T (k) (k)BT PBz(k) — ZT (k)P Z (k).
Adding and subtracting ZTFTFZ and 2T G" Gz, and omit-
ting the explicit dependence on k we have
ATz(k)=Z" (ATPA-P+FTF)Z
F'F FTG
-1 7" _ZT][GTF GTGH
+2" (B"PB+G"G) =
<Z" (A'PA-P+F'F)Zz
+:" (B"PB+G'G) 2.

’ ]

Noting that

~ ATPA Amax (ATPA) I,
02 Amax(ATPA) = Apax(ATPA)
it follows from (6.11) that ATPA— P+ FTF < ATPA—

P + I = —R. Therefore, ZT (ATPA - P+ FTF) Z <
—ZTRZ, which implies that

ATz(k) < —=ZY(k)RZ(k) + 2" (k) (B"PB + G G) (k).

(6.12)
Since GTG = ¢2BTPB, it follows from (6.12) that
ATz (k) < —ZT(k)RZ(k) + (0® + 1)8 [T (k)= (k)] .

Now, since Inz <z — 1 for all z > 0,
ATz (k) )
1+ZT(k)PZ(k)
(0> + DB |=()ll3
L 205

AVz(k) =In <1 +5

Z(k)RZ (k)
1+ ps||Z(K)|;

- iny

Now, we make an additional assumption.
Assumption 6.1: One of the following statements is
true

(a) All X € C such that

A—-)X B

z & (6.13)

rank [ } <n-+l,
|A| < 1 i.e. the transmission zeros of G, lie inside
the unit circle.

The matrix A is asymptotically stable and the matrix

transfer functions G, and G, have have no com-

(b)

. A
mon unstable blocking zeros, where (k) = u(k) —
u*(k) and G4 denotes the matrix transfer functions
from @ to z.

Lemma 6.3: Let Assumption 6.1 hold. Then that there
exist a; > 0 and as > 0 such that

AR5+ IWR)5 < a1 +as [ Z(R)l5. (6.14)

where

w(k —1)
N .

W (k) (6.15)

w(k —n.—p+1)
Proof. The performance (4.4) is

2(k) = U (k)A(k) — O (k)6*

p—1 p—1
=Y MOk =)ok —j) -y A0%6(k - j)
§=0 §=0
p—1
=D Aju(k —j) —u(k —j)]
§=0
[ u(k) | u* (k)
| u(k—p+1) | u (k—p+1)
- alk) -
— B., : , (6.16)
L a(k—p+1) |

where B.,, = [ Ao Ay | e RXmu,

From (6.16) it follows that G4 is FIR and thus asymptot-
ically stable. Since {u*(k)}2, is bounded by Lemma 4.1,
an unbounded {u(k)}72 , implies an unbounded {z(k)}72,
unless u(k) is blocked by the blocking zeros of G.;
(see Figure 2). Also an asymptotically stable A implies
that an unbounded {u(k)}(2, results in an unbounded
{z(k)}?2, unless u(k) is blocked by the blocking zeros
of G, (see Figure 5). If Assumption 6.1(b) holds then
an unbounded mode of wu(k) cannot be blocked by both
G, and G.g. Therefore all unbounded modes are present
in z(k). Hence z(k) grows unbounded at the same rate
as u(k) and there exist ag > 0 and ag > 0 such that
)3 < as + az | Z06) 3. Now since {w(i}ie, is
bounded by Assumption 2.4 we have [[U4(k)||5+||W (k)| <
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u* (k) (k) G (k)
+ zZU
u(k
St New
AN
Fig. 2. Equivalent Closed-Loop System Representation

a1 + as ||Z(k)H§ where a1 = a3 + sup{u(k)}3,. If G..
is minimum phase then (6.14) follows from [3, p. 487]. O

Assumption 6.1(b) is often true since the matrix polyno-
mial that determines the zeros of G,g, i.e. Ag + A1q~ ! +
X -4—/\,1_1q_“Jrl is obtained by truncating the last n coeffi-
cients of the matrix polynomial that determines the zeros of
Gousie. Ao+A1q 4+ -+ Asy 19" #FL Furthermore,
since by Assumption 2.8 the matrices Ag, Aq,. ..
are known, Assumption 6.1(b) is verifiable.

3 AH+P«71

Now, we present an intuitive argument for the overall
stability of the closed-loop system (6.2)-(6.4)). If we assume
that the performance z(k) and the variable Z(k) are equal,
that is, z(k) = £(k), then the following stability argument
is valid.

From (6.8) it follows that

AViR) < G 2
1y iy (e = )13+ 1200 = I3)

o ] F
L4+ 7yYEy Mk —j)

IN

(6.17)

. AN . .
where M(k — j) = |U(k—j)l5 + 12— )5 +
|W(k — j)Hg Next, Assumption 6.1 implies

UE)5 + W (Rl < a1+ a2 | Z(K)]5.  (6.18)
Using (6.18) in (6.17) we have
N EGIE
AV, (k) < [0l _ -
L+ parmy + 7y (1 +a2) 32520 1Z(k = j)ll;
N 2

as+as Y0 1120k =45

where a3 = 1 + paimy and ay = 7y (1 + az). Now
suppose that {||z(k)||}72, is unbounded. Then it follows
from Lemma 1.1 that there exist a5 > 0 and ag > 0 such
that the maximal monotonically increasing subsequence
{12 (k)1 }2, satisties

. ECHI

AVHk) < ———————= 6.20
k)< iz 20
for all : = 1,2,.... Define
V(X) £ Vp(P) + V;(0,P) + aViz(Z). 6.21)
Then using lemmas 6.1 and 6.2 it follows that
A
AV (k) =V(X (k1)) = V(X (ki)
— I3 (k)13 27" (ki) RZ (ki)

Tas+as|Z(k)E 1+ pe || Z(k)|P
G VEIECA]
1+ ps [1Z (k)15

Next choose ¢ = ag/asp and a = p/agB(c? + 1) and use
the assumption that z(k) = 2(k). Then

ZT(k;))RZ(k;)

(6.22)

AV (ki) < —ag—— 220 (6.23)
Lt ps | Z (k)3
Therefore {Z(k;)}2, is bounded, and we have
Z" (k;))RZ(k;
AV (k) < — (ki) RZ (k) —. (6.24)
1+ pssup{[|Z(k:)ll5}
Now using (6.10) we have
ZT (k) )RZ (k;

lim ag 2y
i—oo 1+ pesup{||Z(k;)||5}

which implies that Z(k;) — 0 as ¢ — oo. Therefore
Z(k) — 0 as k — oo and consequently z(k) — 0 as
k — oo. Finally, from (6.14) we conclude that {u(k)}?°,
is bounded.

Thus, under the assumption that z(k) = Z2(k), every
equilibrium of (6.2)-(6.4)) is Lyapunov stable, {u(k)}72,
is bounded, and z(k) — 0 as k — co.

7. AcousTIc DucTt EXAMPLE

Example 7.1: Consider the acoustic duct shown in
Figure 3. We treat the duct as a one-dimensional waveguide

z

! T
o) ‘
I "I:u
T
&:U)

Fig. 3. Acoustic Duct

with spatial coordinate x, where 0 < z < L. We use the
mathematical model for the acoustic duct derived in [21],
where the speed of acoustic waves is 343 m/s, the density of
air is 1.21 kg/mS, and the duct model includes five modes.
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2
)

z

Accoustic Pressure at x_ (N/m!

Time(sec)

Fig. 4. Closed loop response with Trailing Horizon Controller

Let the disturbance speaker be placed at z,,, the control
speaker at x,,, and the performance microphone at x.. For
L=6m,z,=01m, z, =0.3m, and z, = 5.95 m the
state equations are given in [6].

The modal frequencies of the duct are 85.4167 Hz,
170.8333 Hz, 256.25 Hz, 341.6667 Hz and 427.0833 Hz.
The sample rate used is 2000 Hz and B,,, is identified using
the method described in [22]. The disturbance speaker is
excited at the modal frequency 427.0833 Hz. The closed-
loop response with the trailing horizon algorithm is shown
in Figure 4.

APPENDIX

Lemma 1.1: Let {a(k)}72, be a sequence of positive
scalars. Let N be a positive integer, let g; > 0, go > 0, and
define

N
L2 gi+g: Y alk—j) (1)
§=0

Also, define the maximal monotonically increasing subse-
quence {a(k;)}$2, such that a(k) < a(k;) for all k < k;.
Then the following statements hold

D) If {«(k)}2, is bounded, then there exist g3 > 0,
ga > 0 such that, for all £ > 0

L(k) < g3 + gacar(k). (1.2)

2) If {a(k)}72, is unbounded then there exist g3 > 0,
gs > 0 such that for all = = 1,2,... the maximal
monotonically increasing subsequence {a(k;)}2,,
satisfies

L(k;) < g3 + gaar(k;). (1.3)

Proof. If {«(k)}72, is bounded, then (1.2) is satisfied
with g3 = g1 + (N + 1)g2 sup;~o (k) and g4 > 0. Now
suppose that {a(k)}$2, is unbounded, then (1.3) is satisfied
Withggigl andg4:N+1. O
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