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I. INTRODUCTION

For large-scale system models, such as models obtained
from the discretization of partial differential equations, data
assimilation refers to the use of measurements to obtain
estimates of states that cannot be directly measured. Ap-
plications of data assimilation include terrestrial weather
forecasting, space weather and ocean climate predication [1—
3]

Although various techniques, such as 3Dvar, and 4Dvar
[4] have been developed for data assimilation, the Kalman
filter provides the most rigorous approach in accounting for
measurement and process noise. The main drawback of the
Kalman filter in data assimilation applications, however, is
the need to propagate the error covariance, which has O(n?)
complexity for a system with n states. One approach to
this problem is to replace the error covariance propagation
equation with a collection of stochastically driven state
estimates, which are used to estimate the error covariance.
The resulting ensemble Kalman filter [5, 6] can be viewed as
a special case of particle Kalman filters [7, 8]. For the case of
the ensemble Kalman filter, the size of the required ensemble
determines the computation burden, and a first attempt to
determine the required size is given in [9].

For a traditional error covariance propagation approach,
the computational burden can be reduced by assuming that
the error covariance is sparse, for example, banded. In some
data assimilation implementations of the Kalman filter, only
the banded portion of the covariance is propagated [10].
Physical arguments are typically used to argue that error
covariance entries are small due to weak spatial correlations.
In [11] we derived bounds on the magnitude of the error
covariance entries located outside of a given band when the
dynamics matrix is banded, which typically occurs in finite
volume discretization of partial differential equations. These
bounds can be used to estimate the error incurred when the
non-banded entries of the covariance matrix are neglected.

The physical arguments used to justify the use of a sparse
approximation of the state error covariance as well as the
bounds given in [11], however, apply to the propagation
of the open-loop system, that is, the system without data
injection. In fact, the injection of data within the system’s
dynamics usually destroys the banded structure of the dy-
namics, and can potentially strengthen correlations among
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states that, without the use of data injection, may be weakly
correlated.

The goal of the present paper is thus to develop an
extension of the classical Kalman filter in which the data
injection gain is structured so as to preserve the banded
structure of the system’s dynamics. While the restriction
of the filter gain to a structured form leads to suboptimal
estimates, the spatially localized nature of the data injection
is often consistent with spatial correlations. In addition, since
the banded structure of the dynamics is preserved, the use
of a sparse approximation of the state covariance matrix is
justified. The results in the present paper extend the results
of [12], where the data injection is localized, but with less
structure than the formulation of the present paper.

II. SPATIALLY LOCALIZED KALMAN FILTER

We consider the discrete-time dynamical system

Trp1 = ApTr + Brug +wy, k>0, 2.1

with outputs
ik =Cirrr+vig, t=1,...,p, 2.2)
where z, € R™, up, € R™*, forall i = 1,...,p, yir €

Rl and Ay, By, Ci,...,Cpy are known real matrices
of appropriate size. The input wj and outputs yi i, ..., Yp.k
are assumed to be measured, and wy;, € R™+! and v, =
[ vfk U; k ]T are white zero-mean noise process
with variance and correlation

E[UIkij] = Qr0kj, E[wwiT,j} = Si,k0kj, E[Ukva] = Ri0k;,(2.3)

where dy; is the Kronecker delta, and E[-] denotes expected
value. Furthermore, for all 7,57 = 1,...,p, let R;;, €
RYikxlik denote the (i,7) block entry of Ry. The initial
state xq is assumed to be uncorrelated with w;, and v;. Note
that the dimension nj of the state xj can be time varying,
and thus A; € R™+1 X" g not necessarily square.

For the system (2.1) and (2.2), we consider a state esti-
mator of the form

p
Tht1 = AxZr + Bruk + Z Lo K w(yik — Uik),  (2.4)
i=1
with outputs

v 2.5

where ), € R™, and for all i = 1,...,p, §;x € Rli*,
I, € Rs+rXMik and Ky, € R™i.x %tk The nontradi-
tional feature of (2.4) is the presence of the terms I ;. In
the classical case ny = n, p = 1 and I = I,. Here,

for all = 1,...,p, I} determines the component of the

ik = Ciplr, 1=1,...
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innovation y; 1, — ¥;  that directly affects specific estimator
states. For example, I ; can have the form

Le=[0 0, 0]", (2.6)

where I, denotes the r x r identity matrix. For all ¢ =
1,...,p and k > 0, we assume that Ij; has full column
rank.

Next, define the state estimation error

A

er = T — T, 2.7

which satisfies
€ht1 = Akek + W, k>0, (2.8)
where
N & A P
A = Ayg —Z I'i 1 Ki 1 Ci g, Wi = Wi —Z Ik K kvi k. (2.9)
i=1 i=1
Now define the state estimation error
A
T (K1 gy Kpi) = E[(Lregs1) " Liegsa],  (2.10)

where L € R%*™k+1 determines the weighted error com-
ponents. Then,

Jk(Kl,kwuaKp,k) =tr [Pk+1Mk], (211)

where the error covariance Py, € R"**"* is defined by Py 2
&leref] and My, 2 LIL, € R+1Xne+1 We assume that
Mj, is positive definite for all £ > 0. The following lemma
will be useful.

Lemma II.1. The error (2.7) satisfies

Elerwi] = 0. (2.12)
It follows from (2.8) that
Elentieisr] = Arlener | Ay + ApEleriy] (2.13)
+ E[wrer AL + Elwpig].
For notational convenience, we define
Sk & [Sik - Sprls Ce 2 [CFy -+ CLIT. (214)

Note that (2.3), (2.9) and (2.14) imply that
Elwwig ] = Qr — SkKi I — IeKy Sy + I Ky Ri Ky T (2.15)
where I, € R™+1X™k and K € R™*!* are defined by

Kip 0 - 0
0 Kyp -
D&Mk - il Ke 2| . . . (2.16)
0 - 0 Ky

and my, £ ma e+ +Mpk, Uy = l17k+~ . ~+lp7k. It follows

from (2.12), (2.13), and (2.15) that P} satisfies
Pry1 = A PLAY + Qx, (2.17)

where

Therefore,

Je(K1 gy, Kpg) = tr[(ApPeAY + Qr)My].  (2.19)

III. ONE-STEP SPATIALLY CONSTRAINED KALMAN
FILER

In this section we derive a one-step spatially constrained
Kalman filter that minimizes the cost (2.19). For conve-
nience, for all s = 1,...,p, we define

Si,k = AkPkCgk + Sik, Rzgk 2 R+ Ci,kPkC;'I:k, 3.1

and 7; ), € R™*+1%7%+1 by
AN —1
Wi,k = Fi,k [FE}CM}CFZ"]Q] ngMk. (32)

Note that 7;  is an oblique projector, that is, 771'21@ = T ks
but is not necessarily symmetric. Next, for all i = 1,. D
define the complementary oblique projector 7; ;. | , and M; €
Rmi,k XMk by

A - A
Tkl = Inppy — Tikes Mk = FiTkMkD,k~ (3.3)

Proposition IIL1. For all © = 1,...,p, the gain K,
that minimizes the cost Jy(K1 ,..., K, ) given by (2.19)
satisfies

K = M, I} M, (Sk - > Fj,kKj,kREj,k> R}, (34

where the error covariance Py is updated using

Pry1 = AP AT + Q. (3.5)

Proof. Setting %Jk(Kl,k,...,Kp,k) = 0 for i =
1,...,p, yields (3.4). It follows from [14, p. 283] that,
for all A € R™ ™ and positive-definite B € R™*™,
A — ABAT is convex. Using an extension of this fact,
it can be shown that Ji, (K1 k, ..., K, k) in (2.19) is convex,
and hence Kj ;’s that satisfy (3.4) are a global minimizer of
T (K1 ks - s Kp ko). O

Left-multiplication and right-multiplication of (3.4) by
Mi,k and Ri,i’k, respectively, yields for all e = 1,...,p,

M; 1 Ki Rk + Z F:kMk:Fj,kK_j,kREj,k = FE‘kMkS7k

j={1,...,p} —1 (36)
Taking the vec of both sides of (3.6) yields
Rivec(Ky) = Sy, 3.7)

where for alli,j = 1,...,p, the (4, j)th block entry of Ry, €

R™#lexmile i given by

(Ri)ij = Rijx ® (ngMij,k), (3.8)
8i € R™klx is defined by
81, 2 vec [ T MS rLMS, |, 39)

and ® denotes the Kronecker product. Note that R, can be
expressed as

Ry, = Ry * I, (3.10)
where the (i, ) block entry of I, and Ry, are given by
(Tk)ij = LN MyT g 3.11)
and
(Ri)ij = Rijor, (3.12)

and * denotes the Khatri-Rao product (see [15]) or block-
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Kronecker product of two matrices. Since Ry, is positive
definite, fk is positive semi-definite, and all the block-
diagonal entries of I, are positive definite, it follows from
[15] that Ry is also positive-definite. Hence,

vec(K}) = (Ri) 8. (3.13)

If p =1, then (2.16) impliesAthat Ijk =TI and K, =
Ifl,k' FAurthermore Cr=Cik, Sy =516 Ry = Ri,1 and
Ry, = Ry 1. Hence, it follows from (3.6) that

—1 A A

Ky = (If MiIy,)  If My SRyt
Substituting (3.14) into (3.5) yields

Pri1=ArPoAr + mi  SkRy NSy — SkRyTSE + Qr(3.15)

(3.14)

A .
where 7| = m 1. In the classical case, ny =n, p =1
and I ;, = I,,, which implies that 7y, = I and m 5, =0,
and hence it follows from (3.14) that the Kalman filter gain
K, is given by

Ky = (AL PLCY + Sp) (R + Cp PLCE) 1, (3.16)

and, (3.15) and (3.16) imply that the covariance update
equation is

Pey1 = A PLAY + Qi — Sk R;1SE. (3.17)
Finally, the estimator equation is
Tr1 = Ap®r + Brug + Ky (yx — Ur), (3.18)

where yy £ Y,k Uk £ 91,%- In the classical case, ny = n
for all k£ > 0.

IV. PRESERVING BANDED DYNAMICS

Next, let A, € R™*" have scalar entries a; jx, %, =
1,...,n. We assume that Ay, is banded diagonal with semi-
width b so that forall k > 0andi=1,...,n,

a; =0, if |1 — j| > b. “.1)
Let xy , wy, and &5 have scalar components x; j, w; , and
ik, © = 1,...,ny, respectively. It then follows from (2.1)
and (4.1) that

Ti ko1 = O3 kT4 k + Wik, 4.2)

where for allt=1,...,n,

A4k £ [ai,L(i),k ai,R(z‘),k]a Ti,k £ [UCL(i),k xR(i)¢k]T(4'3)

and
L(i) = max{1,i — b}, R(i) = min{n,i+ b}. (4.4)
As a special case, assume that for all i =1,...,p, y; i €
R is given by
Yik = Tg; .k + Vik, 4.5)

where g; is an integer that denotes the state component being
measured. The objective is to inject data y1 i, - . ., Yp,, SO that
measurement y; ;. of the state x,, ; directly affects only the
state estimates 'p,(q,) ks - - - s TR(q; ), k-

Next, we present a procedure for choosing I j so that the
closed loop error dynamics Ay, — Zle I 1 K 1,C i s also
banded with semi-width b. For all ¢ =1, ..., p, let I'; 5, have

the following structure
Ik = [ OL(g)—1xmy & T;F,k 0 ]T, (4.6)

where Y, € R™ix*mik We choose m; i, = R(q;) —
L(g;) + 1 so that the only non-zero rows of I are the
rows with indices L(g;),...,R(g;). Next, fori = 1,...,p,
define ®;;, € R™ by

A .
Q=1 kK k(Wi — Jik), 4.7

and for j = 1,...,n, let ¢; ;. € R be the scalar entries of

®; ;. Since Ky, is a column vector for all 7 = 1,...,p, it
follows from (4.6) and (4.7) that for all ¢ = 1,...,p, and
ij=1...,n,
Substituting (4.7) into (2.4) yields
p
Tht1 = ApZr + Brug + Z D; k. “4.9)

i=1
Hence, it follows from (4.1), (4.2), (4.5), (4.7) and (4.8) that
forall:=1,...,n,

V3
Tik41 = Ei,kii,k + Z ¢’j,i,k($qj,k - iq,-,k +vjk)s (4.10)
j=1
where
2 N ~ T
Tik = | Trgin IRk | (4.11)

Furthermore, it follows from (4.8) that (4.10) can be ex-
pressed as

B g1 = @ik Ti g + Ui gy (4.12)
where G; ), € RV R(@)=L(@)+1 and for all i = 1,...,n,
P
_ A
Uik = Y Djik (g k + Vjk)- (4.13)

j=1
Hence, it follows from (4.11) and (4.12) that the closed-
loop dynamics is also banded with semi-width b. Note that a
similar procedure can be used to ensure that the closed-loop
dynamics is banded with any arbitrary semi-width and not
necessarily the same semi-width as the open-loop dynamics.

V. TwWO-STEP SPATIALLY CONSTRAINED KALMAN
FILTER

We consider a two-step state estimator with spatially
constrained output injection. The forecast step, which can

be viewed as a physics update, is given by
w1 = Apr® + Byug + Wy, (5.1

where zf, is the forecast estimate and z* € R™* is the data
assimilation estimate. The data assimilation step is given by
the data update

p
T =z + Z LBk (Yik — Ui ) (5.2)
i=1
where for all i = 1,...,p, y! , = Cz}, and Cy, is defined in
(2.16).

Proposition V.1. The optimal Wy, that minimizes &[(wy, —
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wy,)(wy, — W) Y] is given by

Wy, = Dk (Y — Y1), (5.3)
where Dy, € R"+1%!k s defined by
Dy 2 Si(CLPECT + Ri) ™ (5.4)
Proof. It follows from [13, pg. 67] that
Wy, = E[wp] + PuyrPyy), (Uk — Y1), (5.5

where

Puyr £ E[wi(ye — yi) "], Py =E[(y — yi) (e — i) '] (5.6)

Note that
Puyk = Sk, Pyyr = CLPLCY + R, 6.7
where the forecast error covariance P,£ is defined by
Py = €feg(e}) "] (5.8)
and the forecast state error e} is defined by
ef 2oy — 2t (5.9)
Since E[wy] = 0, substituting (5.6) and (5.7) into (5.5) yields
(5.3). O
It follows from (2.1) and (5.1) that
el = Apel® +wyp —wy, k>0, (5.10)

where the data assimilation state error e is defined by

da & da

et = o — 1. (5.11)
Now, define the state estimation error
Jk(KLk,...,Kp,k) 2 8[(Lk62a)TLke(;ia , (5.12)

where L € R%*™k+1 determines the weighted error com-
ponents. Then,

Te(K s Kpi) = tr [P;?‘"‘Mk] , (5.13)

where the data assimilation error covariance Pda Rk X"k

is defined by Pda = Elefa(eda)T]. 1t follows from (5.2),
(5.9), and (5.11) that

p p
e = I- Z Fi,kKi,kCi,k)efg - Z I 1 Ki ki (5.14)
i=1 i=1
Hence, it follows from (2.16) that
elr = Kypet — Do, (5.15)
where vy £ [ v, -+ v, }T and
Ky 21— I,K,Ch. (5.16)

Note that substituting (5.3) and (5.15) into (5.10) yields
624,1 = (Akf%k — chk)ei —+ wi — (AkaKk + Dk)vk(517)

Lemma V.1. The forecast error in (5.10) satisfies

Elelvl] =0. (5.18)
Next, define
Sk 2 PICY,, Rijk = Rijx+ CixPiCT..  (5.19)
Furthermore, define Qk by
Qr 2 Qr — A PECyDF — D.CEPEAT — Dy R, DI (5.20)

Proposition V.2. The gain K, that minimizes the cost
Je(K1k, ..., Kp k) given by (5.13) satisfies

Ki,k—Mi,JkaMkGi,k > Fj,kKj,kRi,jaR“{k,(5.21)

where P,g and P,fa are given by

Py = ARP{AL + Qi (5.22)
and
P = Ky PLKY + DK R KF T (5.23)
Proof. Using (5.15), Pd* satisfies
Pl = Ry PLRT — Riélebof| K TT (5.24)

— FkKkS[’Uk ek) ]Kk + FkKkRkKk I .
Substituting (5.18) into (5.24) yields (5.23). Furthermore,
substituting (5.23) into (5.13) yields

To obtain the optimal gain K3, we set
%Jk(m,k,...,z(p,k) = 0, which yields (5.21). It
follows from [14, p. 283] that, for all A € R™ ™ and
positive-definite B € R™*™ A — ABAT is convex.
Using an extension of this fact, it can be shown that
J(K1gy ..., Kpr) in (5.25) is convex, and hence
K;’s that satisfy (5.21) are a global minimizer of
T (K1 gy s Kp ko).

To update the forecast error covariance, we substitute (5.3)
into (5.10) so that

(5.25)

€2+1 = Akega — chkei + wy, — Dypvg. (5.26)
Hence, it follows from (5.4), (5.15) and (5.18) that the
forecast error covariance update is given by (5.22). O
If p=1,then I}, = Iy . Kp = K1 Sk = Si and
Rj, = Ry 1,,. Hence, (5.21) implies that

Ky, = (DT M) ™ IF M SRy (5.27)

The forecast covariance update equation is given by (5.22),
and substituting (5.27) into (5.23) yields the data assimilation
covariance update equations

Pl = Pfmy SkRUSEE — SLRMSE, (5.28)
where 7,1 = m; 1. Next, in the classical case, ny = n,
p = 1 and I}, = I,. Substituting I, = I, in (5.27)
and substituting the resulting expression into (5.1) and (5.2)
yields the classical one-step Kalman filter equation.

Thi1 = Apxh + Brug + (A PECE + Se) Ry (yr — 1) (5.29)

Furthermore, in the classical case, the data assimilation
covariance update equation is given by

P]ga Pkck 1Ck:Pk;
Substituting (5.30) into (5 22) yields
Pi o =Ak PEAL —(Ak PECh+Sk) Ry, (Cr PEAR+S7 )+Qi(5.31)

Note that if ny =n, p=1 and I, = I, then the one-step
estimator in (3.16)-(3.18) and the two-step estimator in (5.29)
and (5.31) are equivalent. However, if I} ;, # I, then the one-

(5.30)
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step estimator in (3.14) and (3.15) and the the two-step filter
in (5.27) and (5.28) are not equivalent. However, simulations
suggest that the performance of the one-step estimator and
the two-step estimators are similar with neither performing
consistently better than the other.

VI. EXAMPLE : ONE-DIMENSIONAL HEAT CONDUCTION

We consider heat conduction in a one-dimensional bar.
The temperature distribution along the bar is governed by

the following partial differential equation.

2

0 0
aT(az, t) = OZ@T(:EJ) + u(z, t),

where T'(z,t) is the temperature at position = € [0, L] and
time ¢, u(z,t) represents external heat sources acting on
the bar, and « is the thermal diffusivity. We use numerical
discretization methods to directly obtain a discrete-time state
space model.

Assume that the bar consists of n cells of width A, and
for i = 1,...,n, let T; be the temperature at the center of
the ith cell. For all & > 0, let uy(k) and uz(k) denote the
boundary conditions of the first and last cell, respectively,
so that uy ;, = Th(k), ugr = T, (k). Next, define the state
vector X, € R"72 by X;, £ [ Ta(k) Th_1(k) ]T
and the input vector uy € R? by up £ [ u1p  ugk }T. A
central difference discretization with time step A; yields

X1 = AXy + Buy + wy, (6.2)
where A € R"=2X"=2 and B € R"~2%2 are defined by

6.1)

1-26 5 0 0 5§ 0
5 1—-25 6 0 0 0
AL B2
0 5§ 1-25 5
0 5 1-26 0 6

and § £ a%. Note that to guarantee asymptotic stability
of A, A; and A, must be chosen so that & < 0.5. Since
A is tridiagonal, the semi-width b = 1. We assume that
wy, € R" 2 is zero-mean white Gaussian process noise
with covariance matrix Q € R(™=2*("=2) where Q =

diag(Q2,...,Qn—1) and foralli =2,...,n—1, Q; € R is
defined by
5 if i€,
Qi = {0, else. (6.3)

It follows from (6.2), and (6.3) that the temperature in only
the cells with indices given by J,, are directly affected by
wg. Next, we assume that p measurements of the temperature
at the various cells are available so that, for alli =1,...,p,

Vi = Ci Xp + vig, (6.4)

where C; £ [ Oixgi—2 1 Oixn—gi—1 ] and ¢; depends
on the cell from which measurements are obtained. We
assume that S, = 0 and Ry, = 0.11,,.

Let n = 52 so that (6.2) has order 50 and let u(k) =
Ty (k) = 300 + 5sin(0.1k) and uqs(k) = To(k) = 300 —
5sin(0.01k). We choose A, = 0.5, Ay = 1 and a = 0.1
so that &6 = 0.4. Furthermore, we assume that the initial
temperature at the ¢th cell is a random variable with mean

300 K and variance 5. Next, we let J,, = {20,30}, and
assume that measurements from cells with indices i € J, =
{10,11, 12,24, 25, 26, 38, 39, 40} are available so that p = 9.
First, we consider an estimator of the form presented in [12],
where

Xip1 = AXy + Buy, + DKy (yr, — Gr), (6.5)
and, y; and g, are given by
yh =k - vpwls G =01k - GpilT- (6.6)

and I" is chosen so that only the cells with indices i € J,
are in the range of I'. Furthermore, we choose L = I so
that all the state estimates are weighted. The estimator gain
and the covariance update equation are given by (3.14) and
(3.15), respectively. The mean square error (MSE) in the
state estimates and sum of the squares of error in estimates
is shown in Figure 1 and Figure 2, respectively. Note that
the classical Kalman filter updates all of the states directly
and hence, the performance of the classical Kalman filter is
better than (6.5) with I" # I. The structure of the closed-
loop dynamics of the classical Kalman filter and the spatially
constrained Kalman filter given by (6.5) is shown in Figure 3.
Note that the closed-loop dynamics of both these filters is
not tridiagonal.

Next, we consider two estimators that yield tridiagonal
closed-loop dynamics. First, we consider an estimator of the
form

Xpr1 = AXy + Bug + K (yr — ), (6.7)

where K is obtained by using the classical Kalman filter
gain expression and zeroing out certain elements, that is,

Ky, =Ho (AR,CT(CP,CT + R)7Y), (6.8)
where H € R59%9 is defined by
H,, — {1, if i € {L(gy). - R(a)}, ©69)
0, else,

where L(-) and R(-) are defined in (4.4). The covariance
update is given by

Piy1 = (A — KyC)Pi(A — Ki0)" + Q + KLRKL. (6.10)

Hence, we use the classical Kalman filter gain expression to
obtain a filter gain and then zero out the elements in the gain
matrix so that measurement y; j of the state X, ; directly
affects the state estimates at only the cells with indices
L(g;),--.,R(qg;). Although, this procedure guarantees that
the closed loop dynamics A — K,C is tridiagonal, the re-
sulting estimator is suboptimal. The errors in state estimates
obtained from this estimator are shown in Figures 1 and 2.

Finally, consider the estimator given by (2.4), where for
alli=1,...,9, I; is chosen according to (4.6) so that only
the state estimates Xqi,l’k,...,f(qiﬂ,k are in the range
of I';. The filter gain and the covariance update equation
are given by (3.13) and (3.5), respectively. The MSE in
the state estimates, and the sum of the squares of error
in temperature estimates are shown Figure 1 and Figure 2,
respectively. It can be seen from Figure 3 that the closed-
loop dynamics is tridiagonal. Note that the performance of
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Fig. 1. MSE in state estimates obtained using the one-step filter in (6.5)
with I" # I is denoted as (b). In this case the estimates of the temperature
of only cells 7 € J, are updated. Since only specific state estimates are
updated, the performance of the filter with I" # I is not as good as the
classical Kalman filter which is denoted as (a). The MSE in state estimates
obtained using the suboptimal estimator in (6.7) and the optimal estimator
given by Proposition IV.1, are denoted by (c) and (d), respectively.

the optimal estimator in (6.5), the suboptimal estimator in
(6.7), and the optimal estimator with selective scalar output
injection are similar. However, as shown in Figure 2, the
performance of the estimator in (6.5) is slightly better since
it uses the measurement y;; to directly update the state
estimates at all of the cells with indices 7 € J, and their
neighboring cells. On the other hand, the optimal estimator
with spatially constrained scalar output injection uses the
measurement y; j to update the estimate at only cells with
indices ¢; — 1,...,q; + 1. The performance of both these
estimators is slightly better than the estimator in (6.7) that
zeros out elements of the filter gain obtained using the
classical Kalman filter gain expression.

VII. CONCLUSION

This paper presents an extension of the Kalman filter that
uses specific subset of the measurement to directly update
only a specific subset of the state estimates rather than the
entire state estimate. The ability to perform selective output
injection allows us to structure the estimator gain so that the
close-loop dynamics is banded. The one-step and the two-
step forms of this filter are generally not equivalent. In future
work, we plant to consider the problem of determining the
exact conditions that guarantee the existence of a steady state
covariance for linear time-invariant dynamics.
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