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On the Zeros, Initial Undershoot, and Relative Degree of Lumped-Mass Structures

Jesse B. Hoagg' and Dennis S. Bernstein?

Abstract— This paper considers lumped-mass structures where each
mass in the structure has a single degree of freedom. Specifically, we
analyze the zeros and relative degree of the single-input single-output
(SISO) transfer function from the force applied to an arbitrary mass
to the position, velocity, or acceleration of another mass.

1. INTRODUCTION

One of the main impediments to achievable performance in lin-
ear time-invariant control systems is the presence of nonminimum
phase zeros [1, 2]. The role of nonminimum phase zeros in limiting
both achievable performance and robust stability suggests the
importance of understanding the mechanisms that give rise to such
zeros in flexible structures. This issue is discussed in [3], where
it is shown that nonminimum phase zeros arise in noncolocated
transfer functions for beam models when multiple mechanisms are
involved for energy transfer, for example, bending and torsion.
Furthermore, it is shown in [4] that nonminimum phase zeros
arise in noncolocated transfer functions for beam models when
the dynamics are dispersive, as occurs in bending.

Graph theory can provide a systematic framework for analyzing
structures and dynamical systems [5,6]. In particular, [5] uses
graph theory to derive expressions for the component forces at
the end of individual structural members. In [6], the dynamic
equations of motion for a class of rigid body systems are derived
using graph-theoretic tools.

In the present paper, we use graph-theoretic results to examine
the zeros and relative degree of lumped-mass structures. We
show that every single-input single-output (SISO) force-to-motion
transfer function of a lumped-mass structure has no positive (real
open-right-half-plane) zeros. Furthermore, every SISO force-to-
position transfer function for a spring-connected lumped-mass
structure has no nonnegative (real closed-right-half-plane) zeros.
As a consequence of this result, the step response of every
asymptotically stable SISO force-to-position transfer function for
a spring-connected lumped-mass structure does not exhibit initial
undershoot. We also derive a formula for the relative degree of
every SISO force-to-motion transfer function.

2. GRAPH THEORY PRELIMINARIES

There is a natural relationship between lumped-mass structures
and graphs. The masses of a lumped-mass structure represent the
vertices of a graph, while the springs and dashpots connecting
the masses represent the edges of the graph. For example, the 4-
mass structure in Figure 1 is represented by the 4-vertex graph
in Figure 1. Furthermore, the stiffnesses and damping coefficients
can determine the weights associated with the edges. For example,
the stiffnesses of the springs in Figure 1 are the weights associated
with the edges in Figure 1. In this section, we present definitions
and basic results that are useful for analyzing the zeros of lumped-
mass structures.

Let V = {1)1,’[)2, R

. N
and V is the vertex set. Define €& = {{vn,,VUny} @ Uny,Vny €

,on}. The N elements of V are vertices,
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Fig. 1. A 4-mass structure with spring interconnections and the 4-vertex

graph representing the 4-mass structure.

V,vn, # Uny}, and let E C €. The elements of E are edges,
and F is the edge set. Since the elements of E are sets and thus
are unordered, the edges do not have directions. Thus all graphs
considered in this paper are undirected graphs. Furthermore, we do
not consider multiple lines since the elements of E are distinct, and
we do not consider loops since, foralli = 1,..., N, {v;,v;} € E.

Definition 2.1. § = (V| E) is a graph. If, in addition, for all
{vi,v;} € E, a weight w; ; > 0 is assigned to the edge {v;,v;},
then G is a weighted graph.

Definition 2.2. Let § = (V, E) be a graph, and let vy, vn, €
V' be distinct. A walk of length [ from vy to vy, is the (I41)-tuple
(Ung, Unyy---,Un;) € VXo XV such that, foralli = 1,2,...,1,
{Un'i—l’vni} € E.

Definition 2.3. The graph G = (V, E) is connected if, for all
distinct o, 3 € 'V, there exists a walk between o and (3.

The weighted adjacency matrix Ag € RY*™ associated with
the weighted graph G = (V, E) is defined as

0 w1,2 w1,2 wW1,N
wa,1 0 w23 w2, N
A ; ) ;
Ag 2 | ws1  wsp 0 wa,N | 2.1
WN,1 WN,2 WN,3 ... 0

where, for all {v;,v;} € E, w;; = w;,; > 0 is the weight
assigned to the edge {v;,v;} and, for all {v;,v;} & E, w; ; = 0.

The Laplacian matrix Lg € RN*N associated with the
weighted graph G = (V, E) is defined as

Lg £ Dg — Ag, 2.2)
where Dg = diag (Zf;z W1,i, Zi\leﬂ#g Wiy e ey Zf\]:_ll wN,i)

Next, we present two results concerning the Laplacian matrix.
These results can be found in [7, p. 144] and [8, Theorem 3.16],
respectively. In this paper, a matrix is positive semidefinite if it is
symmetric with all nonnegative eigenvalues. Furthermore, a matrix
is positive definite if it is symmetric with all positive eigenvalues.

Lemma 2.1. The Laplacian matrix Lg is a singular, positive-
semidefinite M-matrix.

Lemma 2.2. The graph § = (V, E) is connected if and only if
its Laplacian matrix Lg is irreducible.

The following result, which concerns nonsingular M-matrices,
is given by [9, Theorem 2.7].
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Lemma 2.3. Let Ay € RY*YN be an irreducible Z-matrix.
Then Apg is a nonsingular M-matrix if and only if every entry of
A3} is positive.

The next result of this section, which follows immediately from

lemmas 2.1-2.3, is used to analyze the zeros of lumped-mass
structures.

Lemma 2.4. Assume the graph § = (V,E) is connected.
Then the Laplacian matrix Lg is an irreducible, singular, positive-
semidefinite M-matrix. Furthermore, let D € RY*N be positive
definite and diagonal. Then D+ Lg is an irreducible, nonsingular
M-matrix, and thus every entry of (D + Lg)™ ' is positive.

Now, we present results regarding the weighted adjacency matri-
ces of two different graphs having the same vertex set; these results
are used to analyze the relative degree of the transfer functions
for lumped-mass structures. Let £1 C € and E; C &, and
consider the weighted graphs G1 = (V, E1) and G2 = (V, E2).
Let Ag, € RM*N and Ag, € RN be the weighted adjacency
matrices associated with the weighted graph §1 = (V, F1) and

G2 = (V, E2), respectively.

Lemma 2.5. Consider the graph S12 = (V,E1 U E»),
and let Un,,vn, € V be distinct. Then there exists a walk
(Ung, Unyy---,Un;) Of length | on the graph S12 between vn,
and vy, if and only if

6516l6l—1 o+ Oren, >0, 23)
where, for all i = 1,...,1, ©; € RN*N sarisfies
= Ag if{””i*l”””i} S
gL and {Uni,l’”ni} & B2,
O; — A if {vn;_1,vn; } € B2 24)
= Ag,, and {vn; _,,vn;} & En,
S {A‘h s A92 }, otherwise.

Proof. We prove this result by induction on the length [ of the
walk. First, assume that [ = 1. It follows from the definition
of the adjacency matrix that 63114916710 > 0 if and only if
{Vng,vn, } € E1 and e, Ag,en, > 0if and only if {vny,vn, } €
E5. Therefore, there exists a walk of length 1 between v,, and
vy, if and only if ezlelena > 0.

Now, for induction, assume that the result holds for walks of
length [ — 12> 1.

Next, we prove that the result holds for walks of length /. Note
that there exists a walk (Ung,Un;,...,0n;) of length [ between
Un, and vy, if and only if there exists a vertex v,, € V such that
there exists a walk (Un,,Uny,...,Un,) of length [ — 1 between
Up, and vy, and a walk (vn,,vn, ) of length 1 between vy, and
V1.

Since the result holds for walks of length of [ —1, it follows that
there exists a walk (vn,, Uny, - . ., Un, ) Of length {—1 between vy,
and vy, if and only if e;fl@l@l_l ---Oz2ey, > 0. Furthermore,
there exists a walk of length 1 between v,, and v,, if and only
if e, O1€n, > 0.

Therefore, there exists a walk (Ung,Vn;,.-.,0n;) of length
[ between v,, and v,, if and only if there exists a vertex
Un, € V such that (63L919l—1 S ®gem) (621916710) >
0. Furthermore, note that 6};191@1—1 - O1en, =
Z]kvzl (S;El@l . @26k) (eg@leno). Thus, eElel - 01eny >0
if and only if there exists an k € {1,...,N} such that
(63161 cee ®2€k) (6E®1€n0) > 0.
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Fig. 2. 3-mass structure with all possible Fig. 3. Spring and

dashpot connections to

spring and dashpot connections.
pring P the nth mass.

Therefore, there exists a walk (vng, Uns, ..., Un,) of length [
between vy, and vy, if and only if (2.3) is satisfied. O

The final result of this section is the contrapositive of the
necessary condition of Lemma 2.5.

Corollary 2.1. Consider the graph Gi12 = (V,E1 U E»),
and let Vny,vn, € V be distinct. For all i = 1,...,1, let
E; = E1 or E; = E». Assume that there does not exist a walk
(Ung, Unys - - -, Un,) Of length | between vy, and vy, such that, for
alli=1,...,1, {vn, ,,vn;} € E;. Then

651619171 e @1€n0 = 07 (25)

A917 le:‘i:Elv

. A
where, for i =1,...,1, @i_{ Agy, if Bi = Es.

3. THE DYNAMICS AND STABILITY PROPERTIES OF
LUMPED-MASS STRUCTURES

In this section, we present the dynamics of lumped-mass struc-
tures. Specifically, we consider mass-spring-dashpot structures in
which every pair of masses may or may not be connected by a
spring, a dashpot, or a spring and dashpot in parallel. In addition,
each mass may or may not be connected to a fixed wall by a spring,
a dashpot, or a spring and dashpot in parallel. The N masses
of the structure are denoted by ma,...,my. For all distinct
i,7 = 1,...,N, ¢;; is the damping coefficient of the dashpot
connecting the ¢th and jth masses, and k; ; is the stiffness of
the spring connecting the ¢th and jth masses. If ¢;; = 0 or
ki,; = 0, then the ith and jth masses are not connected by a
dashpot or a spring, respectively. For all ¢+ = 1,..., N, ¢; and
k; are the damping coefficient and spring stiffness, respectively,
of the dashpot and spring connecting the ith mass to the wall. If
c¢i = 0 or k; = 0, then the ith mass is not connected to the wall
by a dashpot or a spring, respectively. For all i = 1,..., N, ¢;(¢)
is the position of the mass m; relative to an equilibria position,
and wu;(t) is the force acting on the mass m;.

We consider lumped-mass structures that consist of physical
masses, springs, and dampers, that is, the system must have pos-
itive masses, nonnegative damping coefficients, and nonnegative
spring stiffnesses. Specifically, for all ¢ = 1,..., N, m; > 0 and
¢i,ki > 0 and, for all 4,5 = 1,..., N such that i # j, ¢;,;; > 0
and k‘i’j Z 0.

For N = 3, Figure 2 shows a 3-mass structure with all possible
spring and dashpot connections. Figure 3 shows the possible spring
and dashpot connections for the nth mass in an N-mass lumped-
mass structure.

The dynamics of the /N-mass lumped-mass structure are given
by

M(t) + C4(t) + Kq(t) = u(t), G.1)
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where M E diag(m1,...,mn), C e Cw + Le, K e
A T A
Kw + Li. q(t) = [ qi(t) an(®) ], u) =
[ ui(t) un(t) ], and
A . N
Cy = diag(ci,...,cn), Kw = diag(ks,...,kn), (3.2)
N
2ol —c12 —c1N
N .
A —c21 D et o C2 —Cco,N
LC - )
—CN,1 —CN,2 Z;V:_ll CN,j
3.3)
N
ijz ki,j —k1,2 —kin
A k2,1 E;‘V:quéQ ks, —ka,N
Ly =
—kn1 —kn,2 Z;V:_ll kn,;
3.4)

Note that the damping matrix C' has a diagonal component C',
which represents the dashpots connecting masses mi, ..., my to
the wall, and a non-diagonal component Lc, which results from
the dashpot interconnections among the N masses. Similarly, the
stiffness matrix K has a diagonal component K, and a non-
diagonal component L. This distinction will be important in
the following section when we associate several graphs with the
lumped-mass structure.

Next, we review the stability properties of lumped-mass struc-
tures. The lumped-mass structure (3.1)-(3.4) can be written as the
first-order linear state-space system

& = Ax + Bu, q=Cpuz, (3.5)

where
A2 _Mo,lK _]\?LC}, Bé{Mo,l ] (3.6)
Co=[1In 0], (3.7
and = [ @ N @1 Gn |. First, we charac-

terize the eigenvalues of A in terms of the mass, stiffness, and
damping matrices. This result can be found in [10, p. 203]

Lemma 3.1. Consider the lumped-mass system (3.5)-(3.7) and
let s € C. Then det(sI — A) = 0 if and only if det(s* M + sC +
K)=0.

The following stability result is from [11, Theorem 1].

Lemma 3.2. Consider the lumped-mass system (3.5)-(3.7).
Then the following statements are valid.

(i) A is Lyapunov stable if and only if K+C' is positive definite.
(ii) A is asymptotically stable if and only if (KM717C) is
controllable and K is positive definite.

4. THE POSITIVE ZEROS OF LUMPED-MASS STRUCTURES

In this section, we analyze the zeros of lumped-mass structures
using the graph-theoretic tools presented in Section 2. To aid in our
analysis, we associate three weighted graphs with the lumped-mass
structure (3.1)-(3.4). The masses are the vertices of the graphs, and
the edges of the graphs are the dashpots, the springs, or the springs
and dashpots. Furthermore, the weights associated with each edge

are functions of the damping coefficient and the spring stiffness.

N
Define the vertex set Vay = {mu,...,mn} and the edge sets

Ecé{{mi,mj}:CiJ >0, where i, =1,...,N and i # j},
Ex & {{mi,m;} : ki; >0, where i,j =1,...,N and i # j}.

Define the weighted graphs G¢ 2 (Va, Ec), where, for all
{ms,m;} € Ec, the weight c; ; is assigned to the edge {m., m;},
and G 2 (Vm, Ex ), where, for all {m,, m;} € Ex, the weight
ki ; is assigned to the edge {m;, m;}.

By examining (3.3) and (3.4), it can be seen that Lc and Lk are
the Laplacian matrices associated with Gc and Gk, respectively.
Then Lemma 2.1 implies that Lc and Lk are positive-semidefinite
M-matrices. Since C\, and K, are diagonal positive-semidefinite
matrices, we conclude that the damping matrix C' = C, + L¢ and
the stiffness matrix K = K + Lk are positive semidefinite. We
have thus proven the known fact that lumped-mass structures of the
form (3.1)-(3.4) have positive-semidefinite damping and stiffness
matrices.

A notion of structural connectedness is needed to analyze the
zeros of lumped-mass structures. Roughly speaking, a lumped-
mass structure is structurally connected if it is a single structure
rather than two or more disjoint structures. To formalize this idea,

define the edge set Eck 2 Ec U Eg.

Definition 4.1. The lumped-mass structure (3.1)-(3.4) is struc-
turally connected if the graph Scx e (Vam, Eck) is connected.

Definition 4.1 intuitively implies that (3.1)-(3.4) is structurally
connected if and only if the force-to-motion transfer functions
between every pair of masses is nonzero. Next, we characterize
structural connectedness in terms of the damping and stiffness
matrices.

Lemma 4.1. The lumped-mass structure (3.1)-(3.4) is struc-
turally connected if and only if K + C'is irreducible.

Proof. Define the weighted graph Go x 2 (Vam, Ec k), where,
for all {m;,m;} € Eck, the weight k; ; + ¢;; is assigned to
the edge {m;, m;}. By examining (3.3) and (3.4), it follows that
Lk + Lc is the Laplacian matrix associated with Gox. Lemma
2.2 implies that Lx + Lc is irreducible if and only if Gox is
connected. Since K, + C\ is diagonal, it follows that K + C' =
Lk + Lc + Ky + C\ is irreducible if and only if Lx + L¢ is
irreducible. Therefore, K + C' is irreducible if and only if Scx
is connected. O

We now present our main result on the zeros of lumped-mass
structures.

Theorem 4.1. Assume that the system (3.5)-(3.7) is structurally
connected. Then, foralli,5 =1, ..., N, the transfer function from
u;(t) to qi(t) has no positive zeros. If, in addition, the graph Sk is
connected and K is positive definite, then, forall 1,57 =1,..., N,
the transfer function from u;(t) to g;(t) has no nonnegative zeros.

Proof. The transfer function from the force input u; applied to
mass m; to the position g; of mass m; is G, ;(s) 2 ef Cp(sI —
A)_lBej, where, for i = 1,..., N, e; is the ith column of Ix.
Let 2 >0.Forall¢,5=1,..., N,

G;,i(z) = e?Cp(zI - A)leej

[ oJer-a7
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Since z > 0, M is positive definite, and C' and K are positive
semidefinite, it follows that zI and 1M ™' (M2* + Cz + K) are
nonsingular. Hence, Proposition 2.8.7 of [10] implies that

21 —I -
MK 2I+M'C

_{11 (PI+M'Cz+ MTK)™?
L i

(sI —A) ' = {

} , 4.2)

where f denotes an inconsequential entry. Combining (4.1) and
(4.2) yields

Gii(z) = e?(Mz2 +Cz+ K)flej
=] [(M2* 4 Cyz + Ky) + (Loz + Li)]) te;.

Next, it follows from (3.3) and (3.4) that Lcz + Lk is the
Laplacian matrix of the weighted graph Gex 2 (Vm, Eck),
where, for all {m;, m;} € E, the weight ¢; ;z+k; ; is associated
with the edge {m;, m;}. Furthermore, M2? + Cy2z + K is a
diagonal positive-definite matrix. Since Gox is connected and
Mz2? 4+ Cuz+ Ky is a diagonal positive-definite matrix, Lemma
2.4 implies that (M2® + Cwz + Ky) + (Lcz + Lx) is an
irreducible, nonsingular M-matrix and every entry of (Mz? +
Cz+ K)™' = [(M2? + Cyz + Ky) + (Lez + L)™' is
positive. Therefore, for all 7,7 = 1,..., N, it follows from (4.3)
that G, j(z) > 0, and thus z is not a zero of G ;(s).

Now consider the case z = 0. It follows from (4.1) that

0 0 -1 1 0
] M'K M~'C M™te; |-
4.4

(4.3)

Gij(0) = ef

Since M > 0 and K > 0 it follows that M 'K is nonsingular.
Hence, Fact 2.15.2 of [10] implies that

0 -1 17" [t K'M

{M*IK M*lc} *h i }
Combining (4.4) and (4.5) yields G;;(0) = efK 'e; =
el (Kw + L) 'e;. Since G is connected, it follows from
Lemma 2.1 and Lemma 2.2 that Lk is an irreducible, singular,
M-matrix. Since K, is diagonal, it follows that K = K + Lk is
an irreducible M-matrix. Furthermore, since K is positive definite,
it follows that K is an irreducible, nonsingular, M-matrix. It then
follows from Lemma 2.3 that every entry of K ' is positive.
Therefore, G ;(0) = ef K 'e¢; is positive and z = 0 is not a
zero of G ;(s). O

4.5)

Corollary 4.1. Assume that the system (3.5)-(3.7) is structurally
connected. Then, for all i,5 = 1,..., N, the transfer functions
Sfrom u;(t) to ¢;(t) and from u;(t) to G;(t) have no positive zeros.

5. THE COMPLEX NONMINIMUM PHASE ZEROS OF
LUMPED-MASS STRUCTURES

Theorem 4.1 and Corollary 4.1 guarantee that every force-to-
motion transfer function of a structurally connected lumped-mass
structure has no positive zeros. However, these results do not
guarantee that every force-to-motion transfer function is minimum
phase; the force-to-motion transfer functions can have complex
zeros in the open right half plane. In fact, for N = 3, there exists
a lumped-mass structure (3.1)-(3.4) that is structurally connected
and has a nonminimum phase force-to-motion transfer function.
Specifically, consider the 3-mass lumped-mass structure in Figure
2, where mi1 = mo = m3 = 1kg, k1 = ks =0 kg/sz, ko =
]’CLQ = k173 = k273 =5 kg/SQ, Cl = C2 =C3 = C1,2 = (€23 = 0

kg/s, and c1,3 = 5 kg/s. This system is structurally connected since
the graph Gox is connected. Furthermore, the transfer function
from w1 (¢) to g3(t), given by

552 + 552 + 75s + 100
s6 + 1085 + 3554 + 200s3 + 32552 + 2505 + 375’

1>

G1’3(8)

is nonminimum phase. The zeros of G1,3(s) are approximately
0.150 £ 33.92 and —1.30. In fact, for all N > 3, there exists
a lumped-mass structure (3.1)-(3.4) that is structurally connected
and has a nonminimum phase force-to-motion transfer function.

6. INITIAL UNDERSHOOT IN LUMPED-MASS STRUCTURES

Initial undershoot describes the qualitative behavior of the step
response of a transfer function. A system has initial undershoot if
the step response initially moves in the direction that is opposite
its asymptotic value. We now define initial undershoot and state a
result classifying the existence of initial undershoot. The definition
and result are given in [12-14].

Definition 6.1. Let H(s) be a single-input single-output asymp-
totically stable transfer function with relative degree r > 0.
Let y(t) be the step response of H(s). Assume that H(0) #
0. Then the step response of H(s) has initial undershoot if
¥ (0) limy— 00 y(t) < 0.

Lemma 6.1. Ler H(s) be a single-input single-output asymptot-
ically stable transfer function with relative degree r > 0. Assume
that H(0) # 0. Then the step response of H(s) has initial
undershoot if and only if H(s) has an odd number of positive
zeros.

The main result of this section addresses the existence of
initial undershoot in a force-to-position transfer function of an
asymptotically stable lumped-mass structure.

Theorem 6.1. Assume that the system (3.5)-(3.7) is structurally
connected. Furthermore, assume that A is asymptotically stable
and the graph Gk is connected. Then, for all i,j = 1,..., N, the
step response of the transfer function from u;(t) to q;(t) does not
exhibit initial undershoot.

Proof. Let G ;(s) be the transfer function from the force input
on mass m; to the position of mass m;. Since A is asymptotically
stable, Lemma 3.2 implies K > 0. It follows from Theorem 4.1
that G; ;(s) has no nonnegative zeros. Therefore, G; ;(0) # 0 and
G;,;(s) has no positive zeros. Since A is asymptotically stable,
Gi,;j(s) is asymptotically stable. Since G ;(s) is an asymptoti-
cally stable transfer function, G; ;(0) # 0, and G ;(s) has no
positive zeros, it follows from Lemma 6.1 that G; ;(s) does not
exhibit initial undershoot. O

7. EXAMPLE: 3-MASS LUMPED-MASS STRUCTURE

Consider the structurally connected 3-mass structure shown in
Figure 2 whose dynamics are given by (3.1)-(3.4), where N = 3.
For this example, the masses are m1 = mo = m3 = 5 kg; the
spring stiffnesses are ki = 1 kg/s®, ko = 2 kg/s?, ks = 3 kg/s?,
k1o = 12 kg/s®, k1,3 = 13 kg/s?, and k23 = 23 kg/s?; and the
damping coefficients are ¢; = 10 kg/s, co = 20 kg/s, c3 = 30
kgls, c1,2 = 120 kg/s, c1,3 = 130 kg/s, and cp,3 = 230 kg/s.
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Fig. 4. The step responses of G1,1(s) (solid), G2,1(s) (dashed), and
G3,1(s) (dotted) do not display initial undershoot.

The transfer functions from u; to g1, from w1 to g2, and from
uy to g3 are

0.25* + 30.4s% + 734.24s% + 146.24s + 7.312

G S) = )
11(s) p(s)
4.85% + 614.08s% 4 122.72s + 6.136
G2,1(8) = >
p(s)
5.25% 4+ 606.125% 4 121.12s + 6.056
Gan(s) = p(s) ’

respectively, where p(s) 2 6420457 +10328.45 +39813.65% +
11428.68s% + 1132.56s + 37.752. The zeros of G1,1(s) are
approximately -121.9, -29.86, -0.1001, and -0.1003. The zeros
of Ga,1(s) are approximately -127.7, -0.1000, and -0.1001. The
zeros of G'3,1(s) are approximately -116.4, -0.1000, and -0.1001.
Therefore, G1,1(s), G2,1(s), and G3s,1(s) have no nonnegative
zeros as guaranteed by Theorem 4.1. Furthermore, Theorem 6.1
implies that the step responses of G1,1(s), G2,1(s), and G31(s)
do not have initial undershoot. Figure 4 verifies that the step
responses do not have initial undershoot.

8. RELATIVE DEGREE OF LUMPED-MASS STRUCTURES

In this section, we analyze the relative degree of the lumped-
mass structure (3.5)-(3.7). If we assume that (3.5)-(3.7) is struc-
turally connected, then the ith and jth masses are connected
by means of a sequence of springs and dashpots. To calculate
the relative degree of the transfer function from w;(t) to ¢;(t),
we consider all sequences of springs and dashpots that connect
m; to m;. More precisely, we consider all walks on the graph

Sck = (Vm, Eck) from m; to m;. Forall 4,5 = 1,..., N such
that 4 # j, define
Qi,; = {w:wis a walk on Gox from m; to m;},  (8.1)

and, for all i = j = 1,..., N, define Q; ; 2 0.

Let w = (Mny, My, - .., My, ) be a walk of length [ on Seox
from from my, to my,. Now, count the number of edges nc(w)
in the walk w that are dashpots only, the number of edges nx (w)
in the walk w that are springs only, and the number of edges
nck (w) in the walk w that are springs and dashpots, that is,

l l
:Zom K W):Zﬁi7 ny“
i=1 i=1

nCK

where, for i =1,...,1,

o — 1, if {mn, ,,mn,} € Ec and {myn, ,,mn,} € Fx,
‘ 0, otherwise,

8 = 1, if {mn, ,,mn,} € Ex and {mn,_,,mn,} € Ec,
‘ 0, otherwise,
R 17 lf {mni—17mni} € EK mEC7

= 0, otherwise.

The next result provides an expression for the relative degree
of the transfer function from u;(¢) to ¢;(t) and characterizes the
sign of the first non-zero Markov parameter (often called the high-
frequency gain).

Theorem 8.1. Assume that the system (3.5)-(3.7) is structurally
connected. Then, forall i,57 = 1,..., N, the relative degree of the
transfer function from u;(t) to q;(t) is

Tij £ min 2nk (w) + ne(w) + nek (W) + 2.

wey

8.2)

Furthermore, for all i,5 = 1,..., N, the first non-zero Markov
parameter of the transfer function from u;(t) to q;(t) is

AT

H, TCLA" " Be; > 0.

Ti g T

(8.3)

Proof. Let ¢ and j be positive integers between 1 and N, and
let w € €; ; be the minimizer in (8.2) so that 7; ; = 2nk (w) +
ne(w) +nex(w)+2. Foralln=1,...,N,

AT n—1 T n—1 0
H,=¢;CoA" 'Be;=]¢/ 0]A [ M-le, } . (8.4)
To prove (8.2) and (8.3), it suffices to show that
Ho,Hl,...,H”j_1 = 0 and H”,j > 0.Performing the

matrix multiplicaﬁons in (8.4) implies

Hn = [ 6? ) :| zeiTFnM_le

b, 0
o1 F ]t
(8.5)

. . A A
where § denotes an inconsequential entry, I'y = 0, I'y = I, and,

foralln =3,...,N,Tn 2 —M~'CTp_1 — M~'KT,_». By
manipulating the terms of (8.5), it follows that
1 _
H,=e M 20, M~ eiThej, (8.6)
mqmm;
where Ty 20, [y 2 I, and, for all n = 3,...,N,
fn é anfl + anf% (87)

where P2 —M~2CM~% and Q2 ~M 2 KM~3.

Since I'y = 0, it follows that H; = 0. Since I's = I, it follows
that H> > 0 if and only if ¢ = j, which is equivalent to H> > 0
if only if €, ; = (. Thus, H> > 0 if and only if r; ; = 2.

Now, consider the case where €2; ; # () and thus r; ; > 2. Note
that P and @) can each be expressed as the sum of a weighted
adjacency matrix and a diagonal negative semidefinite matrix, that
is,

P = A9c + D¢,

Q:AgK +DK7 (88)

A . 1,5
where Do = —dlag(ml1 +ZJ - ) +Zj 1,42 va
A
"’mN = 17]¢N mN) and Dg = —diag (m—

k1. ka.j kg
+ZJ 2m1’m2+27 1,j#2 mz""’mNJer Lj#N my
are diagonal negative semidefinite, Ag,, is the weighted adjacency
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matrix associated with G¢, where, for all {mp, mq} € E¢, the
weight —=24_ > 0 is assigned to the edge {mp,my}, Ag, is
the weighted adjacency matrix associated with Gx, where, for
all {mp, mq} € Ex, the weight \/% > 0 is assigned to the
edge {myp, mq}.

It follows from the regression (8.7) that, for all n =3,..., N,

fn — Z/Pm qu . ppn—:;Qqn—gppn—27

(8.9)

where Y’ denotes the sum over all distinct products such that
P1y---3Pn—-2,41,--.,qn-3 € {05 1} and Z;l:_lz p.’l+2 Z?:_f qJ+
2 = n. Combining (8.8)-(8.9) and performing the multiplications
yields

Fn _ E/(ASC + Dc)pl (ASK + DK)th - (ASC + Dc)pn—s
X (ASK + DK)qn_g(ASC + DC)Pn—2
o ’ Pn—3 49n—3 4Pn—
= A+ 3AGAG, - AP AG T AT

S

(8.10)
where, for alln =3,..., N,
Ap =Y DY A - Ag TP AG AL
+ X' DE DY - AG TR AG TP AGE
o S AR DR A AT AL

DYDY - DI TEDITEDE (8.11)

Since w is the minimizer of (8.2), then there does not exist a
walk @ € Q; ; such that 2nk (©)+nc(@)+nck (@) < 2nk (w)+
ne(w) + nek (w). Thus, Corollary 2.1 implies that, for all n =
3,...,7‘1'73' —1,

e ABL AL - AL TP AT TP AL ey = 0, (8.12)
where pi1,...,Pn—2,q1,...,qn—3 € {0,1} satisfy ?;12 p;j +
2 ;:13 ¢; + 2 = n. By combining (8.10) and (8.12), it follows
that, for all n = 3,...,7r;; — 1, ef Tre; = ef Anej.

Next, note that every term of e;FAnej of the form
el DEIDYL - D2 D32 DY ?e; is zero because D¢ and
Dy are diagonal and i # j. The remaining terms of e] A, e; have
the form of (8.12) where a negative semidefinite matrix D¢ or
Dx may appear between the matrices Ag, and Ag, . Therefore,
Lemma A.1 and (8.12) imply that for all n = 3,...,7; — 1,

ef Ane; = 0. Thus, for all n = 3,...,7; — 1, ef ['pe; = 0,
which implies that H,, = 0.

Now, it suffice to show that H.,, > 0. Again,
note that every term of e;FAnej of the form

el DEIDYY - D * DY Dl ?e; is zero because Dc
and Dy are diagonal and i # j. The remaining terms of e} A,¢;
have the form of (8.12) where a negative semidefinite matrix
D¢ or Di may appear between the matrices Ag, and Ag,..
Therefore, Lemma A.1 and (8.12) imply that e;rArm. e; = 0.
Therefore,

TT N, T AP1 pq1 . APn—3 fp9n—3 gPn—2
e; I, e =3 e; AgLAG - A" " Agh P Agl "ej. (8.13)

Furthermore, note that each product
i AGL AL - AGiT AT AT e; s nonnegative.

Since there exists a walk w such that 7;; =
2nk(w) + nc(w) + nerx(w) + 2, it follows from Lemma

2.5 that there exist pi,...,pr, ;—2,G1,...,Gr; ;—3 € {0,1}
such that Z;i:ﬂ_2pj + 22;;{_3% = r;; — 2 and

e;rAglc AZ - Ag’é -3 Ag’;S Ag'"%e; > 0. Therefore, at
least one term in the summation (8.13) is positive. Thus,
ei Ty, je; > 0, which implies that H., ; > 0. O

Ti,j

Notice, that the formula for relative degree provided by Theorem
8.1 does not depend on the specific values of the masses, spring
constants, or damping coefficient. In fact, the relative degree
depends only on the placement of the springs and dashpots.

APPENDIX A: PRODUCT OF NONNEGATIVE MATRICES

In this appendix, we provide a result on the product of nonneg-
ative matrices.

Lemma A.d. Ler X, X € RM*N be nonnegative. Let

Piy...,p1 and DPi,...,p1 be nonnegative integers, and
let Di,....D;, € RN and D,,...,D; € RNXN
be diagonal positive or negative semidefinite. Assume
that e;-prlXﬁlX”Xﬁ?~--X”Xﬁle¢ = 0. Then

6JTD1XPID1X51D2XPQD2X52 . ,DZXPlDlXﬁlei =0.

Proof. 1t follows from that tr (XP1XP1XP2XP2... X7
XPrejej) = 0. Since X and X are nonnegative, it follows that
XPLXPLXP2XP2 ... XPLXPlesel has all zero entries along the
diagonal. Since D; is diagonal positive (or negative) semidefi-
nite, it follows that D; XP' XP1 XP2XP2 ... XP' XPle;e] has
all zero entries along the diagonal and is nonnegative (or non-
positive). Thus tr (DlXplXﬁlszXﬁz ---Xpl)_(meie;r) =0,
which implies tr (XP1 XP2XP2 ... XP1 XPle;ef Dy XP) = 0.
Since XP1 XP2 XP2 ---X’”X'meie;rDlXpl is nonnegative (or
nonpositive), it has all zero entries along the diagonal. Since
D, is diagonal positive (or negative) semidefinite, it follows
that D1 XP1 XP2XP2 ... XP1 XPle;ef D1 X! has all zero entries
along the diagonal and is nonnegative (or nonnegative).

Continuing with this analysis will yield
XPreje] D1 XP D1 XP Dy XP2 Do XP? -+ DyXP! has all zero
entries along the diagonal. Then since D; is diagonal, it follows
that D XPlejej D1 XP'DiXP'DyXP2DyXP2 .. DIXP!

has all zero entries along the diagonal. Therefore,
tr (D XPleje] D1 XP' D1 XP Do XP2 Dy XP2 -+ DIXPY) = 0.
|
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