Proceedings of the 36th
Conference on Decision & Control
San Diego, California USA » December 1997

TA06 10:20

Adaptive Disturbance Rejection Using ARMARKOV
System Representations

Ravinder Venugopal and Dennis S. Bernstein !
Department of Aerospace Engineering
The University of Michigan
Ann Arbor, MI 48109-2118
{ravinder, dsbaero}@umich.edu

Abstract

An adaptive disturbance rejection algorithm is de-
veloped for the standard control problem. The
MIMO system and controller are represented as AR-
MARKOV /Toeplitz models, and the parameter ma-
trix of the compensator is updated on-lihe by means
of a gradient algorithm. The algorithm requires mini-
mal knowledge of the plant, specifically, the numerator
of the ARMARKOYV transfer function from control to
performance is required. No knowledge about the spec-
trum of the disturbance is needed. Experimental re-
sults demonstrating tonal and broadband disturbance
rejection in an acoustic duct are presented.

1 Introduction

An important objective of control system design is to
minimize the effects of external disturbance signals.
For applications such as active noise and vibration con-
trol, it is the primary focus. In cases where the system
is time varying or difficult to identify, adaptive methods
such as the feedforward LMS and RLMS algorithms are
useful [1] - [5]. However, feedforward-type algorithms
neglect the effect of the feedback path from control to
measurement thus leading to poor performance and in-
stability [6]. To remedy this problem, robust variations
of the classical LMS algorithm have been proposed; see,
for example [7].

Predictive models, which involve the Markov parame-
ters of the system, are used in predictive control of sys-
-tems with time delays [8] pp. 169-179, [9] pp. 331-365,
[10], [11]. Markov-parameter-based representations of
systems also provide a framework for direct controller
synthesis based on input-output data [12]. In addition,
predictive control algorithms such as the long range
generalized predictive algorithm [9] pp. 353-362, [10]
use windows of data. Predictive models are also used in
[13, 14, 15, 16] for model identification within recursive
and batch least squares techniques. In these works pre-
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dictive models are termed ARMARKOV models to em-
phasize the presence of Markov parameters in ARMA-
type models. In [15] it is shown that ARMARKOV
models can be used to estimate Markov parameters in
the presence of persistent, but not necessarily white,
input signals.

In the present paper we provide a mathematical anal-
ysis of the adaptive disturbance rejection controller of
{17). This approach uses ARMARKOV plant and con-
troller models, and is distinct from predictive control
techniques due to the fact that the adaptation mecha-
nism is based upon past data rather than future pre-
dicted error. A gradient algorithm that minimizes a
performance cost function is used to update the entries
of the controller parameter matrix. The update law
uses an adaptive step-size, involving the past data and
plant Markov parameters.

2 Standard Problem Representation of
Disturbance Rejection

Consider the linear discrete-time two vector-input, two
vector-output (TITO) system. The disturbance w(k),
the control u(k), the measurement y(k) and the per-
formance z(k) are in R™«, R™+ R and R's, respec-
tively. The system can be written in state space form
as

z(k+1) = Az(k)+ Bu(k)+ Dyw(k), (1)
2(k) = Ejz(k)+ Equ(k) + Ecw(k), (2)
y(k) = Cz(k)+ Du(k) + Dyw(k), (3)
or equivalently in terms of transfer matrices
2 = Guw+ Gy, (4)
¥ = Gyow+ Gyyu. (5)

The controller G generates the control signal u(k)
based on the measurement y(k), that is,

u=Gy. (6)

The objective of the standard problem [18] is to de-
termine a controller G, that produces a control signal
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u(k) based on the measurement y(k) such that a per-
formance measure involving 2(k) is minimized. In clas-
sical fixed-gain Hy and H,, optimal control theory, the
performance z(k) is not required to be measured, but
rather G,y and Gy, are used analytically for off-line
controller design. Fixed-gain controller design methods
for disturbance rejection also require knowledge of all
four transfer matrices, namely, the primary path G,
the secondary path .., the reference path Gy, and
the feedback path Gy, as well as the spectrum of the
disturbance w(k). This terminology is standard in the
noise control literature [2].

Unlike fixed-gain controller design methods, adaptive
control techniques require on-line measurement of z(k)
for use in adaptation. If z(k) is measured and used
for control, we say that the performance assumption
is satisfied. However, in contrast to fixed-gain meth-
ods, adaptive methods [1}-{4] often require that only the
secondary path transfer matrix G,, be known. Other
adaptive methods [7] identify G, on-line but require
additional actuators and sensors.

3 ARMARKOY /Toeplitz Model of TITO
Systems

We now derive the ARMARKOV representation of
the TITO system described in Section 2. First, the
ARMARKOV form of (1) - (3) is

n H
z(k) = E-—ajz(k —p —j"l' 1) + Zsz,j—2w(k - j+ 1)

ji=1 j=1

n #
+Y Buwjwk—p—j+1)+ ) Huj-qu(k—j+1)

ji=1 ji=1

the ARMARKOV regressor vector &,,,(k) by

A
D.w(k) = [2(k—p) -+ 2(k—p—p-n+2)
wk) - wk-p—p—n+2)]{11)
the block-Toeplitz ARMARKOV weight matrix W,,,
by
—ayfy, -+ —anl, o, 01,
W & % - St (1)
: .. . - o,
0, 0, —ayly, -+ —anl,
st,—l tee sz,u-—z Bsw,l b Bsw,u ol,xmw ol,x"n..‘,
O'xx"‘w
N . . . . ol,xm.,,
Ol,xu‘, Ol,xm.,, wa,-l wa,p—ﬁ B:w,l wa,n

and the ARMARKOV control matrix B,, 2

qu.—l Hlu,p—ﬂ .Bsu,l B:t,l ol,xm. OI,Xm‘
0'1 Ky

N . . . . . Ohx""
0!, Xy Ol.xm. H:s,—l Hut,n—z an,l s%,n

Then (7) can be written in the form
Z(k) = Wiaw®w(k)+BuUE).  (14)
Similarly, (8) can be written as
Y = Wb +BuURE),  (15)

where Y (k), ®yw, Wy and By, are defined analo-
gous to (10), (11), (12) and (13) respectively to yield
the ARMARKOV weight matrix representation of (1)

+i3wju(k —p—j+1), (0 - (3). The length of the vector U(k), pc = my(pu+n+

j=t
n

P
y(k) = Z'—O‘jy(k —p—jt+ ZHyw,j—ﬂU(k ~-j+1)

j=1 j=1

n w
+3 Byujw(k—p—j+ 1)+ Hyuj-gu(k—j+1)

j=1 j=1

p-1).
4 Adaptive Disturbance Rejection Algorithm
In this section we formulate an adaptive disturbance

rejection feedback algorithm for the TITO system rep-
resented by (14) and (15). We use a strictly proper

; , roller in ARMARKOV form of ord ith
+ZByu’ju(k —p—3+ 1)’ (8) controlier 1n orm ol order n, wi He

ji=1

where 7] € R; Bzw,jasz,j € Rl'xmw’ Bzu,j;qu,j €
RY*Ms " Byy iy Hyw,j € R ™ and Byyj, Hyu,j €
RIv*m«  Note that the system order n is the same
in (7) and (8). Next, define the eztended performance
vector Z(k) and the extended control vector U(k) by

Z(k)
U(k)

[2(k) - z(k—p+1)]T, 9)
[u(k) --- u(k—p—p—n+2)]5(10)

e (e

Markov parameters, so that, the control u(k) is given

by
u(k) = :Z_; —acj(k)u(k - p—j+1)
+ “i: Hej—1(k)y(k —j+1)
i
+_§;3c.j(k)y(k —p—-j+1), (16)
iz
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where H.; € R™+Xly are the Markov parameters of
the controller. Next, define the controller parameter
block vector

o(k) 2 [—ac,1(k)m,
HC.O("’) Hc,;tc—Z(k) Bc,l(k)

Now from (10) and (16) it follows that U(k) is given
by

_ac;nc(k)Imn

y 43
U(k) =Y Lif(k — i + 1) RiBuy (k), (18)
i=1
where
By (k) £ [u(k — pe) u(k — pe — nc — po + 2)
y(k —1) y(k — pe — ne —pe +2)17, (19)
and '
O(i—l)m.xm. i
L: & [ In. |, (20)
0(pc-—i)m. XMy
A Opsx(i-1ymu  Inixer  Ogyx(pe=iyme
R; 2
Ogsx(i-1)me  Ogaxar  Ogax(pe—iym.

Ogux -1ty Ogixaa Oaxx(pe-i)'v]7 (21)
axG-1ly  Loaxgs Ogax(pe-idiy

with ¢; a nemy and ¢ 2 (nc + pic — 1)ly. Thus, from
(14) and (18) we obtain

Z(k) = Wi ®zw(k) + Bau :‘: Li6(k — i + 1)Ri®yy (k). (22)

i=1

Next, we derive an update law for the parameter block
vector #(k). To do this, we consider a cost function
that evaluates the performance of the current value of
6(k) based upon the behavior of the system during the
previous p steps. Therefore, we define the estimated
performance Z(k) by

Pc
Z(k) & Wou®su(k) + Bou 3 Lib(k)Riduy (k), (23)
i=1
which has the same form as (22) but with 8(k — i + 1)
replaced by the current parameter block vector 9(k).
Using (23) we define the estimated performance cost
function '

(k) = %ZT(k)Z(k). (24)

Lemma 1 The gradient of J(k) with respect to 8(k)
is given by

3—‘;((—,1% = 4%;: LFBL,Z(b)0E, (D ET. (25)

Ben(k)].(17)

Proof:  Substituting (23) in (24) and using matrix
derivative formulae, we obtain (25). ]

Note that Z(k) cannot be evaluated using (23) since
w(k) is not available which implies that @, (k) is un-
known. However, it follows from (14) and (23) that

Pe
Z(k) = Z(k) — B.u (U(Ic) -3 L;()(k)R;diuy(k)) , (26)

i=1
which can be used to evaluate (25).
The gradient (25) is used in the update law

_ 2J(k)
where 7(k) is the adaptive step size. To determine the
adaptive step size 7(k), we make the following assump-
tion which is analogous to the assumption given in [8],
pp. 281-282.

Assumption 1
There exists a matrix §* € R™=*nemat(neticlly that
minimizes J(k) for all k.

Under Assumption 1, we define the destred performance

Pc
Z*(k) & Wu®:uw(k) + Bou Y Li* Ribuy(K), (28)

i=1
the error matriz
E(k) £ 6* - 6(k), (29)
the performance error
e(k) 2 Z*(k) — Z(k), (30)

and the error matriz cost function

I (k,n(k)) £ | ECE + D)3 — |E®)[3- (31)

Our goal is to determine n(k) such that [|E(k)||Z is
decreasing, that is, J(k,n(k)) is negative. For con-
venience in stating the following result, we define the
optimal adaplive step size

ope(k) 2 UL 32

|51,

Theorem 1 Consider the update law (27) and sup-
pose Assumption 1 is satisfied. Furthermore, let k£ > 0
and assume that %%% # 0. Then

J(k,n(k)) < 0 (33)
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if and only if
0 < n(k) < 2nopt (k). (34)

In particular, (k) = 7ope(k) minimizes J (k, n(k)). Fi-
nally,

lle(R)Il3
k,nopi(k)) = ———5-.
T (k, nopt(k)) " oI (k "2 (35)
BLEk% P
Proof: See Appendix A. n

In practice nopt(k) is not computable since (k) is not
available. Hence, we define the implementable adaptive

step size imp(k) by
1
Pel| Baullf[|Puy (K13

Note that if B,y is known, then 7imp(k) can be calcu-
lated and used to implement (27). The following result
shows that 7imp(k) satisfies the requirements of Theo-
rem 1.

Thmp () £ (36)

Proposition 1 The step size 7imp (k) satisfies

0 < Timp (k) < fopt(k)- (37

Proof: See Appendix B. )

Thus, under the assumptions of Theorem 1 it follows
from (37) that J(k, AMimp(k)) < 0 for all A € (0,2).

Finally, we show that the update law (27) with step
size Nimp (k) drives Z(k) to Z*(k) as k tends to infinity
if {®uy(k)}52 is bounded.

Proposition 2 Suppose Assumption 1 is satisfied, let
Soe # 0 for all k > 0 and let n(k) = mimp(k). If
{Puy(k)}32¢ is bounded, then

lim e(k) = 0. (38)
k—oo
Proof: See Appendix C. [

We observe that of the four transfer matrices Gy, G;u,
Gyw and Gyy in the MIMO standard problem, the al-
gorithm described above requires that we identify only
one transfer matrix, namely, G;,. The signals that we
require to be measured are y(k) and z(k).

5 Experimental Results

Experimental demonstration of the ARMARKOV
adaptive disturbance algorithm is performed on an

s

simeiees

Figure 1: Open-loop and closed-loop frequency domain
performance with a two-tone disturbance at
135.74 Hz and 160.4 Hz

acoustic duct of circular cross-section. The duct is 80
inches long and has a diameter of 4 inches. The distur-
bance speaker (w) is located at one end of the duct and
the measurement microphone (y) is located 4 inches in
from the same end of the duct. The performance mi-
crophone (z) is positioned 6 inches in from the other
end while the control speaker (u) is placed 16 inches
in from that end of the duct. The signals from the
two microphones are amplified by a dbx 760x micro-
phone preamplifier while the control signal is amplified
by an Alesis RA-100 amplifier. Both speakers are Ra-
dio Shack 6 inch woofers.

The algorithm is tested on a two-tone disturbance
(135.74 Hz and 160.4 Hz) and band-limited white noise
(up to 390 Hz). The algorithm uses n = 4 and u = 12
for the matrix B,,, and n. = 2, g, = 10 and p = 2 for
control. The controller is implemented on a dSPACE
ds1102 real time controller running a TMS320C30 DSP
processor at a sampling frequency of 800 Hz. The mi-
crophone signals are processed through an Ithaco low
pass filter that rolls off at 315 Hz. The tonal and band-
limited white noise disturbances are generated by a
Stanford Research Systems 770 FFT network analyzer
and amplified by an Optimus STA-825 stereo receiver.

Figure 1 represents the open-loop and closed-loop per-
formance with a two-tone disturbance. In this case,
disturbance attenuation of over 35 dB is observed. Fig-
ure 2 shows the open-loop and closed-loop magnitude
plots of the transfer function from disturbance to per-
formance with a white noise disturbance, and noise sup-
pression of up to 15 dB is observed over a frequency
range from 0 - 300 Hz. Further experimental results
which compare the performance of the proposed algo-
rithm with LMS type algorithms are presented in [19)].
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Figure 2: Open-loop and closed-loop performance with
band-limited white noise
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Appendix A

From (23), (28) and (30) it follows that

e(k) = Biu i Lif6" — 0(k)|Ri®uy (k). (39)

=1

Using (29), (39) can be written as

e(k) = B, i L; E(k)Ri®, (k). (40)

=1

By Assumption 1, ¢* minimizes J(k), and thus it fol-
lows from (25) that
6J(k) = T RT &* T T
WL@):o. = ; LT BT, 2*(k)oL, (k)RT = 0. (41)
Subtracting (41) from (25) and substituting (k) from
(30) into the resulting equation yields

8J(k) _

Be(k) - Ec L;'I‘[B;rue(k)Q;fy (k)]R;r (42)
i=1
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Next, using (27) and (29) we obtain

8J (k)

E(k+1)= 505

E(k) + n(k) 50 (43)

and thus

1B + 12 - IBE)IE = 2n(k)r (E(k) o7) )

8J (k)

(k) HW )

Using (40) and (42) we obtain

Pe
(E(k)gg((:)) ) = —tr (E(k)ZR.-@.,y(k)eT(k)B,,,L

=1

= 3 () B LB Ry (1)

i=1
= —l(k) (B,.,., {[: L,-E(k)R,@u,,(k))
i=1
= —[le(k)Il3- (45)
Thus, (31), (44) and (45) imply that
2
TGk = 2@t +7°®) |G| . )

Now, from (46) it follows that J(k,n(k)) < 0 if and
only if

2le(b)N3 _
RO

which proves the first statement of the theorem.

n(k)

2n0pt(K), (47)

To prove the second statement of the theorem we note
from (46) that

(k) [nz(k) |5 Z“ 2II€(k)H§n(k)] 48)
= [72(k) — 20(k)mope(8)] "a‘oﬁJ (49)
= [008) ~ mn(4? = u®] | 9
Since the quadratic function (1(k) — 7lops(k))? —12,:(k)

achieves its minimum at n(k) = nope(k), it follows from
(50) that J(p,n(k)) is minimized by n(k) = nopt(k)
Substituting (32) into (46) yields (35).

Appendix B

)

Note that
lle(R)lI3
imp (k) =
e 8) = BRI P
lle(®)II3
51
S paBLeken @ Y
Using (42) it follows that
2
T(g T
|58 ZL LR, |
< pel| Bre(k)PL, ()R, (52)
and hence (51) implies
k
nlmp( ) < ” ‘f k)”Z = nopt(k)a (53)
|51,
which proves that 9y (k) satisfies (37). O
Appendix C
From (46) and (52) it follows that
T (k,n(k)) < —2n(k)lle(R)}13
+0? ()| BzullE lle () 1311Puy ()13 (54)

Setting (k) = nimp(k) in (54) and using (31) we obtain

ek
PcuBzu”%‘”qsuy(k)“%

IE + DIF ~ IER®)EF < (55)

Next,

IEQ)IE > IEOIE - IECr+D)lE

> (IE®IE — |1ER + D) - (56)

p=0
Substituting (55) into (56) yields

Sl
2 pellBrulBlI0uy ()

Since {Puy(k)}32, is assumed to be bounded, there
exists 4 > 0 such that [|®uy(k)|]2 < B, £ > 0, and thus
it follows from (57) that

Z< IEQ)IE- (57)

2 le(®)i3 < pe (Bl1Baullr)® | E(O)]IZ-

k=0

(98)

Letting r — oo, (58) implies that 3"2- , |le(k)||2 < oo,
and thus we obtain (38). u]
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