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Abstract. Let Γ be a one-ended, torsion-free hyperbolic group and let
G be a semisimple Lie group with finite center. Using the canonical JSJ
splitting due to Sela, we define amalgam Anosov representations of Γ
into G and prove that they form a domain of discontinuity for the action
of Out(Γ). In the appendix, we prove, using projective Anosov Schottky
groups, that if the restriction of the representation to every Fuchsian or
rigid vertex group of the JSJ splitting of Γ is Anosov, with respect to a
fixed pair of opposite parabolic subgroups, then ρ is amalgam Anosov.

1. Introduction

We study the dynamics of the action of the outer automorphism group
Out(Γ) of a torsion-free word hyperbolic group Γ on the space

X(Γ, G) = Hom(Γ, G)/G

of (conjugacy classes of) representations of Γ into a semisimple Lie group
G. The subject is motivated by Fricke’s result that the mapping class group
Mod(S) of a closed, oriented hyperbolic surface S acts properly discontinu-
ously on the Teichmüller space T (S) of marked hyperbolic structures on S,
which can be identified with a connected component of X(π1(S),PSL2(R)).

Labourie [21] introduced the notion of an Anosov representation of a
word hyperbolic group Γ into a semisimple Lie group G with respect to
a pair P± of opposite parabolic subgroups of G. We will call a repre-
sentation Anosov if it is Anosov with respect to some pair of opposite
parabolic subgroups. If G has rank one, then a representation is Anosov
if and only if it is convex cocompact, so Anosov representations are nat-
ural generalizations of convex cocompact representations into the higher
rank setting (see Guichard–Wienhard [16, Prop. 5.15]). Labourie [22, Thm.
1.0.2] and Guichard–Wienhard [16, Cor. 5.4] (see also Canary [7, Thm.
6.2]) proved that Out(Γ) acts properly discontinuously on the open subset
XA(Γ, G) ⊂ X(Γ, G) of Anosov representations. One might naturally ask
whether XA(Γ, G) is a maximal domain of discontinuity for the action of
Out(Γ) on X(Γ, G).

In this paper we define amalgam Anosov representations of a one-ended,
torsion-free hyperbolic group Γ into a semisimple Lie group G and prove
that the space XA2(Γ, G) of amalgam Anosov representations is a domain of
discontinuity for the action of Out(Γ) on X(Γ, G) that contains XA(Γ, G).
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In Section 7, we exhibit examples where XA2(Γ, G) is strictly larger than
XA(Γ, G).

Theorem 1.1. Let Γ be a one-ended, torsion-free hyperbolic group and let
G be a semisimple Lie group with finite center. Then the subset XA2(Γ, G) of
X(Γ, G) consisting of amalgam Anosov representations is an open Out(Γ)-
invariant subset of X(Γ, G) such that

(1) XA2(Γ, G) contains the space XA(Γ, G) of Anosov representations,
and

(2) the action of Out(Γ) on XA2(Γ, G) is properly discontinuous.

Our definition of amalgam Anosov representations is based on Sela’s
canonical JSJ splitting of a one-ended, torsion-free hyperbolic group Γ, see
Sela [31] and Bowditch [4]. Roughly, a JSJ splitting is a graph of groups
decomposition for Γ such that each edge group is infinite cyclic and each ver-
tex group is either maximal cyclic, Fuchsian, or rigid (i.e., admits no further
Z-splitting consistent with the given splitting). The JSJ splitting is pre-
served by every automorphism of Γ (see Section 3 for a precise statement),
and therefore may be used to analyze Out(Γ). In particular, there is a finite
index subgroup of Out(Γ) that is a central extension of the product of the
mapping class groups of the Fuchsian vertex groups by a free abelian group
generated by twists in the cyclic vertex groups (see Sela [31] and Levitt [25]).

A representation ρ : Γ → G is amalgam Anosov if (1) the restriction of
ρ to each Fuchsian vertex group is Anosov, and (2) for every cyclic vertex
group Γv there exists a free subgroup H of Γ “registering” Γv such that ρ|H
is Anosov. Here H is registering in the sense that, up to finite index, the
group of twists in the cyclic vertex group Γv preserves H (up to conjugacy)
and acts effectively on H. See Section 4 for a precise definition.

The key idea in the proof is that any sequence of distinct elements in
Out(Γ) has a subsequence that “projects to” a sequence of distinct elements
in either the mapping class group of some Fuchsian vertex group Γv or in
the group of twists in some cyclic vertex group Γv. In the first case, the fact
that Out(Γv) acts properly discontinuously on XA(Γv, G) guarantees that
any orbit of the subsequence exits every compact subset of XA2(Γ, G), while
in the second case we use the fact that Out(H) acts properly discontinuously
on XA(H,G), where H is a subgroup registering Γv.

The condition that the restriction of ρ to various subgroups is Anosov
is used in two distinct ways. First, the fact that Anosov representations
are quasi-isometric embeddings (or, equivalently in this setting, are well-
displacing) is the key ingredient in the proof of proper discontinuity. Sec-
ond, the fact that the set of Anosov representations is open, guarantees
that XA2(Γ, G) is open. Neither fact relies on the choice of the pair of op-
posite parabolic subgroups, so we may allow different choices of parabolic
subgroups for different subgroups in the definition.

One simple way to construct amalgam Anosov representations that are
not Anosov is to glue together Anosov representations of vertex subgroups.
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We say that ρ : Γ→ G is strongly amalgam Anosov if there exists a pair P±

of opposite parabolic subgroups of G such that the restriction of ρ to every
rigid or Fuchsian vertex subgroup is (P+, P−)-Anosov. In the appendix, we
prove:

Theorem A.1. Suppose that Γ is a one-ended, torsion-free hyperbolic group
and G is a semisimple Lie group with finite center. If ρ ∈ X(Γ, G) is strongly
amalgam Anosov, then ρ is amalgam Anosov.

The key tool in the proof of Theorem A.1 is that, given a generic collec-
tion of finitely many biproximal elements of SLd(R), a group generated by
sufficiently high powers of these elements is a projective Anosov Schottky
group. This is a natural generalization of the classical fact that given any
two hyperbolic elements of PSL2(C) with disjoint fixed point sets, the group
generated by sufficiently high powers of these elements is a Schottky group.
See Theorem A.2 for a precise statement. We prove Theorem A.2 using work
of Benoist [1, 2], Quint [30] and Guéritaud–Guichard–Kassel–Wienhard [15].
Kapovich, Leeb and Porti [19, Theorem 7.40] earlier gave a proof of a more
general version of Theorem A.2 using different techniques.

Historical remarks: Previously this subject was studied primarily in the
case when G = PSL2(C). Minsky [28] showed that the space PS(Fr) of
primitive-stable representations of a free group Fr into PSL2(C) is a do-
main of discontinuity for the action of Out(Fr) on X(Fr,PSL2(C)) properly
containing the space of convex cocompact representations. This was the
first example where XA(Γ, G) was shown to fail to be a maximal domain of
discontinuity. Roughly, a representation ρ ∈ X(Fr,PSL2(C)) is primitive-
stable if the restriction of the associated orbit map of the Cayley graph of
Fr into H3 is uniformly quasi-isometric on the axis of any primitive element
of Fr. Lee [24, 23] found a domain of discontinuity for the action of Out(Γ)
on X(Γ,PSL2(C)) that properly contains XA(Γ,PSL2(C)) when Γ is either
the fundamental group of a closed nonorientable surface or a nontrivial free
product of free groups and surface groups.

If M is a compact hyperbolizable 3-manifold for which π1(M) is one-ended
and not a surface group, then Canary and Storm [9] again exhibited a do-
main of discontinuity for the action of Out(π1(M)) on X(π1(M),PSL2(C))
that strictly contains XA(π1(M),PSL2(C)). However, Goldman [13] con-
jectured that if Γ is a closed orientable surface group, then quasifuchsian
space XA(Γ,PSL2(C)) is a maximal domain of discontinuity for the action
of Out(Γ) on X(Γ,PSL2(C)). It seems likely that if Γ is not a closed ori-
entable surface group, then XA(Γ,PSL2(C)) is not a maximal domain of
discontinuity.

Our work generalizes the results and methods of Canary–Storm [9] to the
setting of representations of a word hyperbolic group Γ into a semisimple
Lie group G with finite center. The techniques are quite different than those
used by Minsky [28] and Lee [23], since the outer automorphism group of a
one-ended hyperbolic group and Out(Fr) can be structurally quite different.
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However, one sees a common link in the fact that amalgam Anosov represen-
tations have the property that the restrictions of the orbit map of the Cayley
graph of Γ into the symmetric space associated to G to the Fuchsian vertex
groups and to the registering subgroups are quasi-isometric embeddings.
Therefore both amalgam Anosov and primitive-stable representations are
quasi-isometric on subsets of the Cayley graph which are large enough to es-
tablish proper discontinuity for the action, but not big enough to guarantee
that the representations are quasi-isometries on the entire Cayley graph. In
higher rank semisimple Lie groups the set of representations that are quasi-
isometric embeddings need not be open (see Guéritaud–Guichard–Kassel–
Wienhard [15, Appendix A]), so if one attempted to define an analogue of
amalgam Anosov representations using only the language of quasi-isometric
embeddings, one would likely not obtain an open set. However, one could
use recent work of Kapovich–Leeb–Porti [19] to give an alternate definition
in the language of Morse embeddings of subgroups.

Outline of the paper: In Section 2, we give the definition of an Anosov
representation and recall some of their basic properties. In Section 3 we
describe JSJ decompositions of one-ended hyperbolic groups and the asso-
ciated structure theory of their outer automorphism groups, both originally
due to Sela [31]. In Section 4, we formally define amalgam Anosov represen-
tations and develop their basic properties. In Section 5, we prove the main
theorem. In Section 6 we briefly introduce strongly amalgam Anosov rep-
resentations. In Section 7 we exhibit examples where XA(Γ, G) is a proper
subset of XA2(Γ, G), examples of amalgam Anosov representations that are
not strongly amalgam Anosov, and examples where XA2(Γ, G) is not a max-
imal domain of discontinuity. In the appendix, we establish Theorem A.1.

Acknowledgements: The authors thank Fanny Kassel for conversations
related to the appendix and her work with Guéritaud, Guichard, and Wien-
hard, and for suggesting that Lemma A.4 should be true. The authors also
thank the referee for many helpful comments on the original version of the
manuscript.
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Foundation under Grant Numbers DMS-1045119, DMS-130692, and DMS-
1361000. The authors also acknowledge support from the GEAR network
(NSF grants DMS-1107452, DMS-1107263, and DMS-1107367).

2. Anosov representations

In this section, we recall the definition and basic properties of Anosov
representations, see Labourie [21, 22] and Guichard–Wienhard [16] for fur-
ther details. We finish the section with a brief discussion of the special case
of projective Anosov representations.
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2.1. Definitions. We first recall that Gromov [14] defined a geodesic flow
(U0Γ, {φt}) associated with a hyperbolic group Γ. See Champetier [11] or
Mineyev [27, Thm. 60] for further details. We follow Mineyev [27], since his
definition gives properties best suited to our applications.

Let ∂∞Γ(2) be the space of pairs of distinct points on the Gromov bound-
ary ∂∞Γ of Γ. Mineyev [27] showed that there exists a flow {φ̃t} on

Ũ0Γ = ∂∞Γ(2) × R,

where R acts by translation on the real factor, and a metric on Ũ0Γ such
that {φ̃t} satisfies the following properties:

(1) Γ acts cocompactly and by isometries on Ũ0Γ so that γ ∈ Γ takes
the leaf (z+, z−)× R to the leaf (γ(z+), γ(z−))× R;

(2) the action of R by translation along the flow is bi-Lipschitz;
(3) the actions of Γ and R commute;

(4) t 7→ φ̃t(y) is an isometric embedding of R into Ũ0Γ for all y ∈ Ũ0Γ.

Thus the flow descends to a flow {φt} on U0Γ = Ũ0Γ/Γ. While the construc-
tion depends on many choices, any flow space with the above properties will
suffice to serve as the geodesic flow in the definition of an Anosov represen-
tation. For example, if Γ is the fundamental group of a closed negatively

curved manifold M , then one may take Ũ0Γ to be the geodesic flow on the
unit tangent bundle T 1M .

Let G be a real semisimple Lie group with finite center, (P+, P−) a pair
of opposite parabolic subgroups of G, and F± the (compact) flag variety
G/P±. Consider the Levi subgroup L = P+∩P− associated with (P+, P−),
and let X = X(P+, P−) be the space G/L, considered as an open subspace
of F+ ×F−. This naturally equips X with a pair E± of transverse distri-

butions. If ρ : Γ → G is a representation, let X̃ρ = Ũ0Γ ×X be the trivial

X-bundle over Ũ0Γ. Then Γ acts on X̃ρ so that γ(y, x) = (γ(y), ρ(γ)(x)) for
all γ ∈ Γ. The quotient

Xρ = Γ\X̃ρ
is a bundle over U0Γ with fiber X. The distributions E± on X induce
associated distributions, also called E±, on Xρ.

A representation ρ : Γ→ G is (P+, P−)-Anosov if there exists a continu-
ous section σ : U0Γ→ Xρ such that:

(i) The section σ is flat along R-orbits.
(ii) The (lifted) action of φt on the pullback σ∗E+ (resp. σ∗E−) dilates

(resp. contracts).

A section satisfying the above conditions will be called an Anosov section.

2.2. Basic properties. We say that ρ : Γ→ G is an Anosov representation
if there exist a pair P± of proper opposite parabolic subgroups of G such that
ρ is (P+, P−)-Anosov with respect to the pair P±. The following summarizes
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the key properties of Anosov representations established by Labourie [21]
and Guichard–Wienhard [16].

Theorem 2.1. Let Γ be a torsion-free hyperbolic group and G be a semisim-
ple Lie group with finite center.

(1) The set XA(Γ, G) of Anosov representations of Γ into G is open in
X(Γ, G).

(2) Every representation ρ ∈ XA(Γ, G) is discrete and faithful.
(3) Every representation ρ ∈ XA(Γ, G) is a quasi-isometric embedding

(with respect to any word metric on Γ and any left-invariant Rie-
mannian metric on G).

(4) If G has real rank 1, then ρ ∈ X(Γ, G) is Anosov if and only if it is
convex cocompact.

(5) Every ρ ∈ XA(Γ, G) is well-displacing.

Recall that a representation is well-displacing if there exists (J,B) so that

1

J
||γ|| −B ≤ `ρ(γ) ≤ J ||γ||+B,

where ||γ|| denotes the translation length of γ on the Cayley graph of Γ,
with respect to some fixed generating set, and `ρ(γ) denotes the minimal
translation length of the action of ρ(γ) on G.

The fact that Anosov representations are well-displacing (in fact, uni-
formly well-displacing on compact subsets of XA(Γ, G)) can be used to
show that Out(Γ) acts properly discontinuously on XA(Γ, G). Labourie [22]
proved this in the setting of the Hitchin component of representations of
a closed surface group into PSLn(R), while Guichard–Wienhard [16] estab-
lished it in full generality (see also Canary [7]). Recall that the action of
Aut(Γ) on Hom(Γ, G) given by φ(ρ) = ρ ◦ φ−1 (for all φ ∈ Aut(Γ) and
ρ ∈ Hom(Γ, G)) descends to an action of Out(Γ) on X(Γ, G).

In fact, we will need the following strengthening of the fact that Out(Γ)
acts properly discontinuously on XA(Γ, G). We recall that a sequence {An}n∈N
of subsets of a topological space Y is said to exit every compact subset of X
if given any compact subset R of Y , there exists N such that An ∩ R = ∅
for n ≥ N . Notice that Out(Γ) acts properly discontinuously on XA(Γ, G)
if and only if whenever {αj} is a sequence of distinct elements in Out(Γ)
and R is a compact subset of XA(Γ, G), then {αj(R)} exits every compact
subset of XA(Γ, G).

Theorem 2.2. (Guichard–Wienhard [16, Cor. 5.4]) If Γ is a torsion-free
word hyperbolic group, then Out(Γ) acts properly discontinuously on XA(Γ, G).
Moreover, if R is a compact set in XA(Γ, G) and {αj} is a sequence of dis-
tinct elements in Out(Γ), then {αj(R)} exits every compact subset of the
entire representation space X(Γ, G).

Remark. Although the referenced statements only give proper discontinu-
ity, it is easy to see that the proof yields the exiting behavior. We sketch the
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argument (see Canary [7, Thm. 6.2]). If R is a compact subset of XA(Γ, G),
then there exists (J,B) such that every ρ ∈ R is (J,B)-well-displacing. If
{φn} is a sequence of distinct elements of Out(Γ), then there exists β ∈ Γ
so that ||φ−1

n (β)|| → ∞. Therefore, infρ∈R `ρ(φ
−1
n (β)) → ∞, which implies

that φn(R) exits every compact subset of X(Γ, G).

We also observe below that the restriction of an Anosov representation to
a hyperbolic subgroup is Anosov if and only if the subgroup is quasiconvex.

Lemma 2.3. Suppose that Γ is a word hyperbolic group, G is a semisimple
Lie group with finite center, and P± is a pair of proper opposite parabolic
subgroups. If ρ : Γ → G is a (P+, P−)-Anosov representation and Λ is a
word hyperbolic subgroup of Γ, then ρ|Λ is (P+, P−)-Anosov if and only if
Λ is a quasiconvex subgroup of Γ.

Proof. We first suppose that Λ is quasiconvex. There is a continuous in-
jection η : ∂∞Λ → ∂∞Γ, called the Cannon–Thurston map. Consider the

subset Ũ0Λ = ∂Λ(2) × R of Ũ0Γ. The action of Γ on Ũ0Γ restricts to an
action of Λ on Ũ0Λ with properties (1)-(4) of Section 2.1. We can therefore

regard U0Λ = Ũ0Λ/Λ as the geodesic flow of Λ.
Let σ : U0Γ → Xρ be an Anosov section. Then σ lifts to a section

σ̃ : Ũ0Γ→ X̃ρ. One then checks that the restriction of σ̃ to Ũ0Λ descends to
an Anosov section of Xρ|Λ . Therefore, ρ|Λ is (P+, P−)-Anosov.

Conversely, suppose that ρΛ is (P+, P−)-Anosov. Since ρ quasi-isometrically
embeds both Λ and Γ into G, it follows that Λ is quasi-isometrically embed-
ded in Γ, hence is quasiconvex. �

2.3. Projective Anosov representations. If G = SLd(R), P+ is the sta-
bilizer of a line in Rd and P− is the stabilizer of a complementary hyperplane,
then a (P+, P−)-Anosov representation ρ : Γ → SLd(R) is called projective
Anosov.

If ρ : Γ→ SLd(R) is a projective Anosov representation, then

G/L ⊂ G/P+ ×G/P− = P(Rd)× P(Rd)∗

and the associated section σ : U0Γ→ Xρ lifts to a section

σ̃ : Ũ0Γ→ X̃ρ = Ũ0Γ×G/L ⊂ Ũ0Γ× P(Rd)× P(Rd)∗.
The defining properties of an Anosov section imply that

σ̃(x, y, t) = ((x, y, t), ξ(x), θ(y))

where
ξ : ∂Γ→ P(Rd) and θ : ∂Γ→ P(Rd)∗.

are ρ-equivariant continuous injective maps. Moreover, since σ̃(Ũ0Γ) ⊂
Ũ0Γ × G/L, the maps ξ and θ are transverse, i.e., if x and y are distinct
points in ∂Γ, then ξ(x) and θ(y) span Rd. Notice that here we are mak-
ing use of the canonical identification of P(Rd)∗ with the Grassmannian of
hyperplanes in Rd. (See Guichard–Wienhard [16, Sec. 2.2] for details.)
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In many situations, the existence of transverse ρ-equivariant limit maps
is enough to guarantee that ρ is projective Anosov. For example, we have
the following.

Proposition 2.4. (Guichard–Wienhard [16, Prop. 4.10]) If Γ is a word
hyperbolic group, ρ : Γ→ SLd(R) is an irreducible representation, and there
exist transverse ρ-equivariant continuous injections ξ : ∂Γ → P(Rd) and
θ : ∂Γ→ P(Rd)∗, then ρ is projective Anosov.

Moreover, Guichard and Wienhard [16, Prop. 4.3 and Rmk. 4.12] showed
that one can often use a Plücker representation to reduce problems about
general Anosov representations to problems about projective Anosov repre-
sentations (see also Bridgeman–Canary–Labourie–Sambarino [5, Cor. 2.13]).

Proposition 2.5 (Guichard–Wienhard [16]). If G is a semisimple Lie group
with finite center and P± is a pair of proper opposite parabolic subgroups,
then there exists an integer d = d(G,P±) and an irreducible representation

τ : G→ SLd(R)

such that if Γ is word hyperbolic, then ρ : Γ→ G is (P+, P−)-Anosov if and
only if τ ◦ ρ is projective Anosov.

3. JSJ decompositions

In this section, we recall the JSJ decomposition of a one-ended, torsion-
free word hyperbolic group Γ and the associated structure theory for Out(Γ).
We refer the reader to Gromov [14] and Bridson–Haefliger [6] for basics on
hyperbolic groups and to Serre [32] for the theory of graphs of groups. Recall
that a torsion-free word hyperbolic group is one-ended if and only if it is
freely indecomposable but not cyclic.

If Γ is the fundamental group of a finite graph of groups G(V,E) and
every edge group is a cyclic subgroup of Γ, then G(V,E) is a Z-splitting of
Γ. A vertex group Γv of G(V,E) is Fuchsian if Γv is not cyclic and there
exists a compact surface Fv with boundary ∂Fv such that Γv ∼= π1(Fv) and
the edge groups adjacent to v are exactly the (conjugacy classes of) cyclic
subgroups of Γv associated with components of ∂Fv. A vertex group Γv is
rigid if it is not infinite cyclic or Fuchsian and does not admit a Z-splitting
for which every edge group adjacent to v is conjugate into a vertex group in
the Z-splitting of Γv.

Sela [31] developed a canonical JSJ decomposition for one-ended word
hyperbolic groups. We use a version due to Bowditch [4], which essentially
agrees with Sela’s in the torsion-free case and provides slightly stronger
uniqueness results. The following theorem records the key properties of the
JSJ splitting.

Theorem 3.1. (Bowditch [4], Sela [31]) If Γ is a torsion-free, one-ended,
indecomposable hyperbolic group, there exists a canonical Z-splitting Γ ∼=
π1(G(V,E)) of Γ, called the JSJ-splitting, where each vertex group is either



AMALGAM ANOSOV REPRESENTATIONS 9

a maximal infinite cyclic subgroup of Γ, a maximal Fuchsian subgroup, or a
rigid vertex group, such that:

(1) No two vertices of the same type are adjacent and no Fuchsian vertex
is adjacent to a rigid vertex.

(2) Every vertex group is a quasiconvex subgroup of Γ.
(3) If H is an infinite cyclic subgroup of Γ and Γ splits over H, then H

can be conjugated into an infinite cyclic or Fuchsian vertex group.
(4) If φ ∈ Aut(Γ) and v ∈ V , then there exists w ∈ V so that φ(Γv) is

conjugate to Γw.

Remark: Any graph of groups decomposition of Γ gives rise to a Bass–Serre
tree. Bowditch’s JSJ splitting is canonical in the sense that the Bass–Serre
trees associated to any two JSJ splittings are Γ-equivariantly isomorphic. In
particular, the collection of vertex groups is well-defined up to conjugacy.
In the language of Bass–Serre trees, one can strengthen (4) to say that if
φ ∈ Aut(Γ), then there is an automorphism Hφ of the Bass–Serre tree that
conjugates the action of Γ to the action twisted by φ, i.e., the action of
φ(γ)Hφ agrees with the action of Hφγ for all γ ∈ Γ.

Sela [31], see also Levitt [25], used the JSJ splitting of Γ to obtain a
decomposition of a finite index subgroup of Out(Γ). Let Out1(Γ) denote
the finite index subgroup of Out(Γ) consisting of all elements φ such that if
v ∈ V , then φ(Γv) is conjugate to Γv. Notice that this property is invariant
under inner automorphisms, so it makes sense in Out(Γ).

If ∆ is a subgroup of Γ, then there is a restriction map

r∆ : X(Γ, G)→ X(∆, G)

where r∆(ρ) = ρ|∆. If v ∈ V , the normalizer of Γv in Γ is exactly Γv, which
follows immediately from [6, Prop. III.Γ.16] if Γv is cyclic and from [10, Lem.
2.1] otherwise. Therefore, we obtain a well-defined map

ψv : Out1(Γ)→ Out(Γv),

such that
rΓv(ρ ◦ φ) = rΓv(ρ) ◦ ψv(φ)

for all ρ ∈ X(Γ, G) and φ ∈ Out1(Γ). Note that ρ◦φ = φ−1(ρ) is well-defined
since inner automorphisms of Γ act trivially on X(Γ, G).

If Γv is a Fuchsian vertex group, let Mod0(Fv) be the group of isotopy
classes of homeomorphisms of Fv whose restriction to ∂Fv is homotopic
to the identity. Equivalently, this is the subgroup of Out(Γv) consisting
of outer automorphisms preserving the conjugacy class of each peripheral
element. Every element of Mod0(Fv) extends, though not uniquely, to an
outer automorphism of Γ.

Let Out0(Γ) denote the subgroup of Out1(Γ) consisting of all φ ∈ Out1(Γ)
such that ψv(φ) is trivial if Γv is rigid or cyclic and ψv(φ) ∈ Mod0(Fv) if Γv
is Fuchsian. Define

ModF (Γ) = ⊕v∈Vf Mod0(Fv),
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where Vf is the collection of Fuchsian vertices, and consider the homomor-
phism

ψ = ⊕v∈Vfψv : Out0(Γ)→ ModF (Γ).

The kernel of ψ is generated by twists about cyclic vertex groups (see
Levitt [25, Prop. 2.2]). If Γv is a cyclic vertex group and e is an edge with
v as an endpoint, then there is an associated amalgamated free product
Γ = A ∗Γe B (if e is separating) or HNN extension Γ = A∗Γe (if e does not
separate) and Γv ⊂ A. If z ∈ Γv, we define the twist Dz,e as the image in
Out(Γ) of the automorphism that acts trivially on A and by conjugation by
z on B in the amalgamated free product case, and acts by taking the stable
letter t to zt in the HNN case. Notice that this definition is motivated by the
group-theoretical reformulation of a Dehn twist about a simple closed curve
on a surface. If v is a cyclic vertex, then the characteristic twist subgroup
Tv is the group generated by all twists about the cyclic vertex group Γv.

Let T be the subgroup of Out0(Γ) generated by all characteristic twist
groups. The group T is free abelian. Moreover,

T =
⊕
v∈Vc

Tv,

where Vc is the collection of cyclic vertices and each Tv is a free abelian
group of rank nv − 1, where nv is the number of edges adjacent to v (see
Levitt [25, Prop. 3.1, Thm. 5.1]). For each v ∈ Vc, let

pv : T → Tv

be the obvious projection map.
Sela proved that Out0(Γ) has finite index in Out(Γ) and is a central

extension of ModF (Γ) by T .

Theorem 3.2. (Levitt [25, Thm. 5.1], Sela [31, Thm. 1.9(ii)]) Let Γ be a
one-ended, torsion-free hyperbolic group with JSJ splitting G(V,E). Then,
Out0(Γ) is a finite index subgroup of Out(Γ) and ψ : Out0(Γ) → ModF (Γ)
gives rise to a central extension

{1} → T → Out0(Γ)
ψ−−→ ModF (Γ)→ {1}.

4. Basic properties of amalgam Anosov representations

We are almost ready for the precise definition of an amalgam Anosov
representation. It only remains to carefully define what it means to reg-
ister a cyclic vertex group. Suppose that Γv is a cyclic vertex group and
{w1, . . . , wnv} are the vertices of G(V,E) adjacent to v. We say that a free
subgroup H of Γ registers Γv if H is freely generated by nontrivial elements
a0 ∈ Γv and {a1, . . . , anv} where ai ∈ Γwi for each i. We will see that this
implies that a finite index subgroup of the twist group Tv preserves H (up
to conjugacy) and embeds in Out(H).
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Definition 4.1. If Γ is a one-ended word hyperbolic group and G is a
semisimple Lie group, we say that a representation ρ ∈ X(Γ, G) is amal-
gam Anosov if it satisfies the following two conditions:

(1) if Γv is a Fuchsian vertex group, then ρ|Γv is Anosov, and
(2) if Γv is a cyclic vertex group, then there exists a free subgroup H of

Γ that registers Γv such that ρ|H is Anosov.

We emphasize that the restricted representations of the form ρ|Γv or ρ|H
in the above definition need not all be Anosov with respect to the same pair
of opposite parabolic subgroups of G. We will see that the space XA2(Γ, G)
of amalgam Anosov representations of Γ into G is an open, Out(Γ)-invariant
subset of X(Γ, G) and that Anosov representations are amalgam Anosov, i.e.,
XA(Γ, G) ⊂ XA2(Γ, G).

It will be convenient to introduce some notation. Let

XF (Γ, G) =
⋂
v∈Vf

r−1
Γv

(XA(Γv, G)),

where Vf is the collection of Fuchsian vertices and rΓv : X(Γ, G)→ X(Γv, G)
is the restriction map for each v ∈ Vf . Similarly, if v ∈ Vc is a cyclic vertex,
let

Xv(Γ, G) =
⋃

H registers Γv

r−1
H (XA(H,G))

and

XC(Γ, G) =
⋂
v∈Vc

Xv(Γv, G).

Notice that XA2(Γ, G) = XC(Γ, G) ∩ XF (Γ, G).

Proposition 4.2. If Γ is a one-ended, torsion-free word hyperbolic group
and G is a semisimple Lie group with finite center, XA2(Γ, G) is an open,
Out(Γ)-invariant subset of X(Γ, G) and

XA(Γ, G) ⊂ XA2(Γ, G).

Moreover, XC(Γ, G) and XF (Γ, G) are also open Out(Γ) invariant subsets
of X(Γ, G).

Proof. Since each rΓv is continuous, each XA(Γv, G) is open in X(Γv, G),
and there are only finitely many Fuchsian vertex groups, XF (Γ, G) is open
in X(Γ, G). If v is a Fuchsian vertex and φ ∈ Out(Γ), then there exists
a Fuchsian vertex w so that φ(Γv) is conjugate to Γw. It follows, since
φ(ρ) = ρ ◦ φ−1, that

φ(r−1
Γv

(XA(Γv, G))) = r−1
Γw

(XA(Γw, G)).

Therefore, XF (Γ, G) is Out(Γ)-invariant.
If H registers a cyclic vertex group Γv, then since XA(H,G) is open

in X(H,G) and rH is continuous, r−1
H (XA(H,G)) is open in X(Γ, G), so

Xv(Γ, G) is an open subset of X(Γ, G). Since there are only finitely many



12 R. D. CANARY, M. LEE, M. STOVER, AND APPENDIX WITH A. SAMBARINO

cyclic vertex groups, XC(Γ, G) is open in X(Γ, G). If φ ∈ Out(Γ), then φ per-
mutes the cyclic vertex groups and takes registering subgroups to registering
subgroups (up to conjugacy), so XC(Γ, G) is Out(Γ)-invariant.

We established that XC(Γ, G) and XF (Γ, G) are open and Out(Γ)-invariant
in X(Γ, G), so their intersection XA2(Γ, G) is as well.

We will need the following lemma in the proof that XA(Γ, G) ⊂ XA2(Γ, G).

Lemma 4.3. If Γ is a one-ended, torsion-free word hyperbolic group and
Γv is a cyclic vertex group of its JSJ splitting, there exists a quasiconvex
subgroup H ⊂ Γ that registers Γv.

Proof. Choose a generator a for Γv, and for each vertex wi adjacent to v by
the edge ei let gi be an element of Γwi , no power of which lies in the edge
group Γei . Such an element gi exists because Γwi is not virtually cyclic.

Applying a ping-pong argument, (e.g., Bridson–Haefliger [6, III.Γ.3]), one
sees that there exists N so that, for all n ≥ N , the group Hn generated by
{an, gn1 , . . . , gnnv

} is a free subgroup of Γ freely generated by {an, gn1 , . . . , gnnv
}.

Thus, Hn is a registering subgroup for T . Moreover, one may choose N large
enough so that Hn is quasiconvex for all n ≥ N (see Gitik [12]). �

Let ρ : Γ → G be Anosov with respect to the parabolic subgroups P±

of G. If Γv is a Fuchsian vertex group of the JSJ decomposition of Γ, then
Γv is a quasiconvex subgroup of Γ (see Theorem 3.1), so Lemma 2.3 implies
that ρ|Γv is Anosov. If Γv is a cyclic vertex subgroup, then Lemma 4.3
guarantees that there exists a quasiconvex subgroup H of Γ that registers
Γv. Therefore, again by Lemma 2.3, H registers Γv and ρ|H is Anosov. It
follows that ρ is amalgam Anosov. �

Remark: The fact that XA(Γ, G) ⊂ XA2(Γ, G) can also be obtained almost
immediately by combining Theorem A.1 and Lemma 2.3, but in the proof
of Proposition 4.2 we give a more self-contained and elementary argument.

When we construct examples it will be useful to observe that the Plücker
representation interacts well with the definition of amalgam Anosov repre-
sentations, especially when G has real rank 1.

Lemma 4.4. Let G be a semisimple Lie group with finite center, P± be
a pair of proper opposite parabolic subgroups of G and τ : G → SLd(R)
be the Plücker representation given by Proposition 2.5. If Γ is a one-ended,
torsion-free hyperbolic group and ρ : Γ→ G is a representation such that the
restriction of ρ to each Fuchsian vertex subgroup of Γ is (P+, P−)-Anosov
and for each cyclic vertex group Γv of Γ there is a registering subgroup H,
such that ρ|H is (P+, P−)-Anosov, then τ ◦ ρ is amalgam Anosov.

In particular, if G has rank 1 and ρ : Γ → G is amalgam Anosov, then
τ ◦ ρ is amalgam Anosov.

Proof. Properties (1) and (2) in the definition of an amalgam Anosov rep-
resentation and Proposition 2.5 imply that the restriction of τ ◦ ρ to any
Fuchsian vertex group is projective Anosov. Further, it implies that for



AMALGAM ANOSOV REPRESENTATIONS 13

each cyclic vertex group Γv of Γ there is a subgroup H registering Γv such
that (τ ◦ ρ)|H is projective Anosov. Therefore, τ ◦ ρ is amalgam Anosov.

If G has real rank 1, there is a unique conjugacy class of pairs of proper
opposite parabolic subgroups. Consequently, every amalgam Anosov repre-
sentation satisfies the assumptions of the lemma. �

5. Proof of the Main Theorem

In this section we give the proof of our main result, Theorem 1.1. Since
Out0(Γ) has finite index in Out(Γ), Theorem 1.1 follows from Proposition
4.2 and the following strong proper discontinuity result.

Proposition 5.1. If R is a compact subset of XA2(Γ, G) and {φn} is a
sequence of distinct elements of Out0(Γ), then {φn(R)} exits every compact
subset of the entire representation space X(Γ, G).

We break the proof of Proposition 5.1 into the analysis of sequences in the
twist group T and sequences that project to a sequence of distinct elements
of ModF (Γ).

The following lemma is a nearly immediate consequence of Theorem 2.2
and our definitions.

Lemma 5.2. If R is a compact subset of XF (Γ, G) and {φn} is a sequence
of elements in Out0(Γ) such that {ψ(φn)} is a sequence of distinct elements
of ModF (Γ), then {φn(R)} exits every compact subset of X(Γ, G).

Proof. If not, we can pass to a subsequence so that there exists v ∈ Vf such
that {ψv(φn)} is a sequence of distinct elements of Mod0(Fv) and {φn(R)}
does not exit every compact subset of X(Γ, G). Then, rΓv(R) is a compact
subset of XA(Γv, G) and {ψv(φn)(rΓv(R))} does not exit every compact sub-
set of X(Γv, G). However, this contradicts Theorem 2.2. �

We now use Theorem 2.2 to study the action of T on XC(Γ, G).

Lemma 5.3. If R is a compact subset of XC(Γ, G) and {φn} is a sequence
of distinct elements of T , then {φn(R)} exits every compact set of X(Γ, G).

Proof. Let R be a compact subset of XC(Γ, G). Suppose, for a contradiction,
that there exists a sequence {φn} of distinct elements of T such that {φn(R)}
does not exit every compact subset of X(Γ, G). We can pass to a subsequence
so that there exists a characteristic twist subgroup Γv such that {pv(φn)} is
a sequence of distinct elements of Γv and {φn(R)} still does not exit every
compact subset of X(Γ, G). Since R is compact, r−1

H (XA(H,G)) is open for
each H, and X(Γ, G) is locally compact, we can pass to a further subsequence
so that there exists a compact subset R0 of R and a subgroup H0 of Γ that
registers Γv such that R0 ⊂ r−1

H0
(XA(H0, G)) and {φn(R0)} does not exit

every compact subset of X(Γ, G).
Let a0 be the generator of Γv that lies in the generating set {a0, a1, . . . , anv}

of H0 and let TH0 be the subgroup of Tv generated by twists of the form
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Dz,e where z is a power of a0 and e is an edge incident to v. Since TH0 has
finite index in Tv, we can pass to a further subsequence so that there exists
φ0 ∈ Tv with

φ0 ◦ pv(φn) = pv(φ0 ◦ φn) ∈ TH0

for all n, where pv : T → Tv is the projection map.
Notice that if ei is an edge connecting v to wi, then there is a represen-

tative of Dz,ei that preserves H0 and acts on H0 by taking ai to zaiz
−1 and

taking every other generator to itself. If {e1, . . . , env} are the edges adjacent
to v, then TH0 is generated by {Da0,e1 , . . . , Da0,env−1}. Therefore, there is
an injective homomorphism

sH0 : TH0 → Out(H0).

so that
rH0(ρ ◦ φ) = rH0(ρ) ◦ sH0(φ)

for all ρ ∈ X(Γ, G) and φ ∈ TH0 . Moreover, if Tw is the characteristic
twist subgroup for a different cyclic vertex group, then every element of Tw
acts trivially on H0 (up to conjugacy), since no cyclic vertices are adjacent.
Therefore, T0 = p−1

v (TH0) is a finite index subgroup of T and sH0 extends
to a map

s0 : T0 → Out(H0)

that is trivial on Tw if w ∈ Vc − {v} and such that

rH0(ρ ◦ φ) = rH0(ρ) ◦ s0(φ)

for all ρ ∈ X(Γ, G) and φ ∈ T0.
Since {s0(φ0 ◦ φn)} is a sequence of distinct elements of Out(H0), Theo-

rem 2.2 implies that {s0(φ0 ◦ φn)(rH0(R0))} exits every compact subset of
X(H0, G). Therefore, {φ0(φn(R0))} exits every compact subset of X(Γ, G).
Since φ0 induces a homeomorphism of X(Γ, G), it follows that {φn(R0)} =
{φ−1

0 (φ0(φn(R0)))} also exits every compact subset of X(Γ, G). This con-
tradiction completes the proof. �

We now combine Lemmas 5.2 and 5.3 to establish Proposition 5.1.

Proof of Proposition 5.1: If the proposition fails, then there exists a com-
pact subset R of XA2(Γ, G) and a sequence {φn} of distinct elements of
Out0(Γ) such that {φn(R)} does not exit every compact subset of X(Γ, G).
After passing to a subsequence, we can assume that {ψ(φn)} is either a
sequence of distinct elements in ModF (Γ) or is constant. If {ψ(φn)} is a
sequence of distinct elements, then Lemma 5.2 immediately implies that
{φn(R)} leaves every compact subset of X(Γ, G). If {ψ(φn)} is a constant
sequence, then Theorem 3.2 implies that there exists a sequence {βn} of
distinct elements of T such that φn = φ1 ◦ βn for all n. Lemma 5.3 implies
that {βn(R)} exits every compact subset of X(Γ, G). Since φ1 induces a
homeomorphism of X(Γ, G), it follows that {φn(R)} = {φ1(βn(R))} also ex-
its every compact subset of X(Γ, G). This contradiction completes the proof
of Proposition 5.1 and the proof of Theorem 1.1. �
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6. Strongly amalgam Anosov representations

Strongly amalgam Anosov representations are a natural and easy to con-
struct class of amalgam Anosov representations.

Definition 6.1. If Γ is a one-ended, torsion-free word hyperbolic group and
G is a semisimple Lie group with finite center, we say that a representation
ρ : Γ→ G is strongly amalgam Anosov if there exists a pair P± of opposite
parabolic subgroups such that if Γv is a Fuchsian or rigid vertex group of the
JSJ splitting of Γ, then ρ|Γv is (P+, P−)-Anosov.

Let XSA(Γ, G) ⊂ X(Γ, G) be the set of strongly amalgam Anosov repre-
sentations. In the appendix we will show that strongly amalgam Anosov
representations are amalgam Anosov, see Theorem A.1. On the other hand,
it is an immediate consequence of Lemma 2.3 and the fact that vertex sub-
groups are quasiconvex that Anosov representations are strongly amalgam
Anosov. Therefore,

XA(Γ, G) ⊂ XSA(Γ, G) ⊂ XA2(Γ, G).

Moreover, the proof of Proposition 4.2 may easily be adapted to show that
XSA(Γ, G) is an open, Out(Γ)-invariant subset of X(Γ, G). It then follows
immediately from our main result, Theorem 1.1, that XSA(Γ, G) is a domain
of discontinuity for the action of Out(Γ) on X(Γ, G).

Corollary 6.2. If Γ is a one-ended word hyperbolic group and G is a
semisimple Lie group with finite center, then XSA(Γ, G) is an open, Out(Γ)-
invariant subset of X(Γ, G) and Out(Γ) acts properly discontinuously on
XSA(Γ, G).

7. Examples

Since

XA(Γ, G) ⊂ XSA(Γ, G) ⊂ XA2(Γ, G)

and each of these sets is a domain of discontinuity for the action of Out(Γ)
on X(Γ, G), it is natural to ask whether these inclusions are proper and
whether XA2(Γ, G) is a maximal domain of discontinuity for Out(Γ).

In this section, we study families of examples exhibiting various phe-
nomena. In Section 7.1 we observe that if Γ is rigid, then XA(Γ, G) =
XSA(Γ, G) 6= XA2(Γ, G) = X(Γ, G). In Section 7.2 we survey previous re-
sults and conjectures in the case where Γ is a closed surface group. In Section
7.3, we see that if Γ is the fundamental group of a compact, hyperbolizable
3-manifold with boundary, but not a surface group, then XA(Γ,PSL2(C)) 6=
XA2(Γ,PSL2(C)). In Section 7.4, we exhibit examples where XA(Γ, G) is
empty, but XSA(Γ, G) has positive dimension. In Section 7.5, we exhibit
nonrigid groups Γ, where XSA(Γ, G) 6= XA2(Γ, G). Finally, in Section 7.6,
we exhibit examples where XA2(Γ, G) is not a maximal domain of disconti-
nuity for the action of Out(Γ) on X(Γ, G).
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7.1. Rigid Groups. If a one-ended hyperbolic group Γ has a trivial JSJ
splitting then it is either rigid, i.e., admits no Z-splitting, or is a surface
group. If Γ is rigid and nontrivial then every representation in X(Γ, G) is
amalgam Anosov, while the trivial representation fails to be either Anosov
or strongly amalgam Anosov, so

XA(Γ, G) = XSA(Γ, G) 6= XA2(Γ, G) = X(Γ, G).

On the other hand, if Γ is not rigid, then the trivial representation is not
amalgam Anosov, so X(Γ, G) 6= XA2(Γ, G). Further, Out(Γ) is infinite and
does not act properly discontinuously on all of X(Γ, G), since it fixes the
trivial representation.

Lemma 7.1. If Γ is a one-ended, torsion-free hyperbolic group and G is
a semisimple Lie group with finite center, then X(Γ, G) = XA2(Γ, G) if and
only if Γ is rigid. Moreover, Out(Γ) acts properly discontinuously on X(Γ, G)
if and only if Γ is rigid.

7.2. Surface groups. If Γ is the fundamental group of a closed, oriented
hyperbolic surface S, then

XA(Γ, G) = XSA(Γ, G) = XA2(Γ, G),

and XA(π1(S),PSL2(R)) is the disjoint union of the Teichmüller spaces
T (S)∪T (S̄) of S and S with the opposite orientation. If G = PSL2(C), then
XA(π1(S),PSL2(C)) is the space of quasifuchsian representations and may
be identified with T (S)× T (S̄). Goldman made the following conjecture.

Conjecture (Goldman [13]). If S is a closed orientable hyperbolic surface
and G is PSL2(R) or PSL2(C), then XA(π1(S), G) is a maximal domain
of discontinuity for the action of Out(π1(F )) on X(π1(S), G). Moreover,
Out(π1(S)) acts ergodically on

X(π1(S),PSL2(C)) rXA(π1(S),PSL2(C))

and on each component of

X(π1(S),PSL2(R)) rXA(π1(S),PSL2(R))

(unless S has genus 2 and the component consists of representations with
Euler number zero).

There has been some recent progress on this conjecture whenG = PSL2(R).
Marché and Wolff [26] proved that if S2 is the closed orientable surface
of genus 2, then Out(π1(S2)) acts ergodically on the two components of
X(π1(S2),PSL2(R)) consisting of representations of Euler number 1 and
−1. Souto [33] subsequently proved that if S does not have genus two,
then Out(π1(S)) acts ergodically on the component consisting of represen-
tations with Euler number zero. In genus two, Marché and Wolff showed
that the set of nonelementary representations with Euler number zero is
the disjoint union of two Out(Γ)-invariant open sets on which the action is
ergodic.



AMALGAM ANOSOV REPRESENTATIONS 17

Lee [24] proved that if S is a closed orientable surface and Out(π1(S))
preserves and acts properly discontinuously on an open subset U inside
X(π1(S),PSL2(C)), then U cannot intersect ∂XA(π1(S),PSL2(C)). On the
other hand, Lee [24] proved that if S is a closed, nonorientable, hyperbolic
surface, then XA(π1(S),PSL2(C)) is not a maximal domain of discontinuity.

Theorem 7.2 (Lee [24]). If S is a closed, nonorientable hyperbolic surface,
then there is an open Out(π1(S))-invariant subset W (S) of X(π1(S),PSL2(C))
such that

(1) Out(π1(S)) acts properly discontinuously on W (S),
(2) XA(π1(S),PSL2(C)) = XA2(π1(S),PSL2(C)) is a proper subset of

W (S), and
(3) W (S) contains representations that are neither discrete, nor faithful.

7.3. 3-manifold groups. Suppose that M is a compact, hyperbolizable
3-manifold whose boundary is nonempty with no toroidal components and
that π1(M) is one-ended and not a surface group. Sullivan [34] showed
that the set XA(π1(M),PSL2(C)) of convex cocompact representations is
the interior of the set AH(M) of discrete, faithful representations of π1(M)
into PSL2(C). Jørgensen [17] showed that AH(M) is a closed subset of
X(π1(M),PSL2(C)).

Canary and Storm [9] described a domain of discontinuity for the action of
Out(Γ) on X(π1(M),PSL2(C)) that is strictly larger than XA(π1(M),PSL2(C))
and contains representations that are not discrete and faithful. It seems
likely that XA2(π1(M),PSL2(C)) is contained in their domain of discontinu-
ity. The following result is immediate from their analysis.

Theorem 7.3. Suppose that M is a compact, hyperbolizable 3-manifold
whose boundary is nonempty with no toroidal components and that π1(M) is
one-ended and not a surface group. Then XA(π1(M),PSL2(C)) is a proper
subset of XA2(π1(M),PSL2(C)).

Moreover, the set

XA2(π1(M),PSL2(C)) rXA(π1(M),PSL2(C))

of amalgam Anosov representations that are not Anosov, contains represen-
tations that are discrete and faithful and representations that are not discrete
and faithful.

Proof. Lemma 4.2 implies that XA(π1(M),PSL2(C)) = int(AH(M)) is a
subset of XA2(π1(M),PSL2(C)).

Lemma 4.2 in Canary–Hersonsky [8] guarantees that ∂AH(M) contains
representations that are purely hyperbolic, i.e., the image of every nontrivial
element of π1(M) is a hyperbolic element of PSL2(C). Let ρ ∈ ∂AH(M)
be purely hyperbolic. Lemma 8.2 in Canary–Storm [9] implies that the
restriction of ρ to any Fuchsian vertex group is Anosov, while Lemma 8.3
in [9] guarantees that for every cyclic vertex group there is a registering
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subgroup H of π1(M) so that ρ|H is Anosov. It follows that ρ is amalgam
Anosov. Since ρ ∈ ∂AH(M) it is not Anosov, so

ρ ∈ XA2(π1(M),PSL2(C)) rXA(π1(M),PSL2(C)).

In particular, XA(π1(M),PSL2(C)) is a proper subset of XA2(π1(M),PSL2(C)).
Since ρ is a smooth point of X(π1(M),PSL2(C)) (see Kapovich [18, Thm.

8.44]), ρ ∈ ∂AH(M) ∩ XA2(π1(M),PSL2(C)) and XA2(π1(M),PSL2(C)) is
open, there exist representations in XA2(π1(M),PSL2(C)) rXA(π1(M),PSL2(C))
that do not lie in AH(M), and hence are not discrete and faithful. �

Remark: If the JSJ-splitting of π1(M) has no rigid vertices, e.g., if M is a
book of I-bundles, then the above proof shows that any purely hyperbolic
representation in ∂AH(M) is strongly amalgam Anosov, so XA(π1(M),PSL2(C))
is a proper subset of XSA(π1(M),PSL2(C)).

If τ : PSL2(C) → SL15(R) is the Plücker representation, then Theo-
rem 7.3 and Lemma 4.4 immediately apply to establish the following corol-
lary. (One may easily compute, by examining the proof, that one can take
d(PSL2(C)) = 15 in Proposition 2.5.)

Corollary 7.4. Suppose that M is a compact, hyperbolizable 3-manifold
whose boundary is nonempty and has no toroidal components and that π1(M)
is one-ended and not a surface group. Then

XA(π1(M),SL15(R)) ⊂ XA2(π1(M),SL15(R))

is a proper subset. In particular, the set XA2(π1(M), SL15(R)) contains rep-
resentations that are not discrete and faithful, hence not Anosov.

7.4. Rank 1 Lie groups. For every noncompact rank one Lie group G, one
can construct a nonrigid hyperbolic group Γ such that XA(Γ, G) is empty
and XSA(Γ, G) has positive dimension.

Proposition 7.5. If G is a noncompact, connected, rank one, simple Lie
group with finite center, then there exists a one-ended, torsion-free hyperbolic
group Γ such that

(1) XA(Γ, G) = ∅,
(2) Out(Γ) is infinite, and
(3) XSA(Γ, G) has positive dimension.

Moreover, there is a continuous family {ρz} of distinct representations in
XSA(Γ, G) each of which is either indiscrete or not faithful.

Proof. We first suppose that G is not locally isomorphic to PSL2(R). Let
Λ be a torsion-free cocompact lattice in G. Then Λ is a rigid one-ended
hyperbolic group. Our basic construction is to double Λ. Let C = 〈σ〉 be
a maximal infinite cyclic subgroup of Λ and let Γ be the double of Λ along
C. By definition, Γ is then a graph of groups with two rigid vertex groups
Λ1 and Λ2 on either side of a single infinite cyclic vertex group. By the
Bestvina–Feighn Combination Theorem (see the first corollary on page 100
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of [3]), Γ is again a torsion-free hyperbolic group. The JSJ splitting for Γ
has 3 vertices, one cyclic vertex between the two rigid vertices with group
Λi ∼= Λ (i = 1, 2).

Λ1 Z Λ2

〈σ〉 〈t〉 〈σ〉

We first observe that no representation in X(Γ, G) is discrete and faithful.
Since Λ is a cocompact lattice, Hn(Λ,Z) ∼= Z where n is the dimension of
the symmetric space X associated with G. If ρ ∈ X(Γ, G) is discrete and
faithful, then, since

Hn(ρ(Λ1),Z) ∼= Hn(Λ,Z) ∼= Z,

we see that X/ρ(Λ1) is compact. However, this is impossible since ρ(Γ) is
discrete and ρ(Λ1) has infinite index in ρ(Γ). Notice that this implies, in
particular, that XA(Γ, G) is empty, since every Anosov representation of a
torsion-free hyperbolic group is discrete and faithful.

We next construct a family of amalgam Anosov representations of Γ. Let
Z be the centralizer of C ⊂ Λ in G. Then Z contains the Zariski closure of
the diagonalizable group C, and thus has positive dimension. Given z ∈ Z,
we define ρz ∈ X(Γ, G) to be the identity on Λ1 and to take every γ ∈ Λ2 to
zγz−1. The restriction of ρz to each Λi is a discrete, faithful representation
with image a lattice. Thus ρz|Λi is convex cocompact and hence Anosov.
(Recall that a discrete, faithful representation into a rank 1 Lie group is
Anosov if and only if it is convex cocompact; see Guichard–Wienhard [16,
Thm. 5.15].) Therefore, ρz is strongly amalgam Anosov for all z ∈ Z. Since
the group Z has positive dimension, this produces a positive dimensional
subset of XSA(Γ, G).

If G is locally isomorphic to PSL2(R), we must choose C carefully to carry
out the above argument. Let Λ be a torsion-free, cocompact lattice in G,
so S = H2/Λ is a closed orientable surface, and let C be a maximal infinite
cyclic subgroup of Λ. We again form Γ by doubling Λ along C. Then Γ has
a Z-splitting connecting two vertex groups, each isomorphic to Λ, and one
cyclic vertex group associated with C. If a generator of C is represented
by a simple closed curve α on S, then the noncyclic vertex groups of this
splitting will not be rigid (as one will obtain a further Z-splitting associated
with a simple closed curve disjoint from α). However, if a generator of C is
represented by a filling curve α on S, i.e., a curve that essentially intersects
every homotopically nontrivial simple closed curve and we again form Γ by
doubling Λ along C, then the noncyclic vertex groups will be rigid, since any
Z-splitting of Λ arises from a simple closed curve on S. Since this simple
closed curve must intersect α, the edge group associated to C cannot lie in
a vertex group of the splitting. With this choice of Λ and C, our splitting
is a JSJ splitting and we can complete the proof as above. �
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If τG : G→ SLd(G)(R) is the Plücker representation given by Proposition
2.5, then Lemma 4.4 implies that each τG ◦ ρz is amalgam Anosov but not
discrete and faithful, hence not Anosov. Therefore we obtain the following
immediate corollary.

Corollary 7.6. There exist infinitely many distinct values of d so that there
exists a torsion-free one-ended hyperbolic group Γd such that Out(Γd) is
infinite and

XA(Γd,SLd(R)) 6= XA2(Γd,SLd(R)).

7.5. Amalgam Anosov representations that are not strongly amal-
gam Anosov. In this section we modify the construction in Theorem 7.5
to build amalgam Anosov representations of nonrigid groups that are not
strongly amalgam Anosov.

Proposition 7.7. There exist infinitely many one-ended, torsion-free hy-
perbolic groups Γ such that Out(Γ) is infinite and there exists an amalgam
Anosov representation ρ : Γ → PSL(2,C) that is not strongly amalgam
Anosov.

Proof. Let M be a compact, acylindrical, hyperbolizable 3-manifold and let
σ : π1(M) → PSL2(C) be a discrete, faithful, purely hyperbolic represen-
tation that is not Anosov (see Theorem 7.3). Let C be a maximal cyclic
subgroup of π1(M) and let Γ be the double of π1(M) along C. Again Γ
is hyperbolic and its JSJ splitting has two rigid vertices, each isomorphic
to π1(M), and a single cyclic vertex group associated to C. We construct
a representation ρ by letting ρ agree with σ on each copy of π1(M) in Γ.
Then, by construction, ρ is not strongly amalgam Anosov.

On the other hand, we can choose elements g1 and g2 of π1(M) so that
the fixed points of ρ(g1), ρ(g2) and ρ(c) in CP1 = ∂∞H3 are all disjoint,
where c is a generator of C. Therefore, again by a ping-pong argument,
there exists N so that the group generated by σ(gn1 ), σ(gn2 ) and σ(cn) is a
Schottky group for n ≥ N . In particular it is a convex cocompact free group
of rank 3. Let γ1 ∈ Γ be the copy of g1 in the first copy of π1(M) and let
γ2 ∈ Γ be the copy of g2 in the second copy of π1(M). Then, if n ≥ N ,
the group generated by ρ(γn1 ), ρ(γn2 ) and ρ(cn) is free of rank 3 and convex
cocompact, so the subgroup H of Γ generated by γn1 , γn2 and cn registers
Γv, where v is the cyclic vertex of the JSJ decomposition of Γ, and ρ|H is
Anosov. Therefore, ρ is amalgam Anosov.

Since there are infinitely many choices for M , there are infinitely many
choices for Γ. �

Remark. In Propositions 7.5 and 7.7, one can construct examples where
Out(Γ) is not virtually abelian. For example, if G = PSL2(C), one may
choose Γ to be the amalgamation of either a lattice Λ or the fundamental
group of a compact acylindrical 3-manifold M with π1(F ), where F is a
compact surface of genus at least one with connected boundary and one
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identifies a maximal cyclic subgroup of Λ or π1(M) with a maximal cyclic
group in the conjugacy class of π1(∂F ).

7.6. XA2(Γ, G) need not be a maximal domain of discontinuity. We
now exhibit examples where XA2(Γ, G) is not a maximal domain of discon-
tinuity for the action of Out(Γ) on X(Γ, G).

Proposition 7.8. There exists a compact, hyperbolizable 3-manifold M such
that

(1) π1(M) is one-ended, torsion-free and hyperbolic,
(2) Out(π1(M)) is not virtually abelian, and
(3) there exists an open, Out(Γ)-invariant subset Y (M) of X(π1(M),PSL2(C))

so that XA2(π1(M),PSL2(C)) is a proper subset of Y (M) and Out(π1(M))
acts properly discontinuously on Y (M).

Proof. Let M0 be a compact, acylindrical, hyperbolizable 3-manifold with-
out toroidal boundary components such that there exists an epimorphism
α : π1(M0) → F2, where F2 is the free group on 2 elements. Furthermore,
suppose that there exists a simple closed curve c on ∂M0 such that α(c) is
a generator of F2. Let S be a compact, orientable 2-holed surface of genus
3 with boundary components ∂S1 and ∂S2.

Let M1
0 and M2

0 be two copies of M0 containing copies c1 and c2 of c. We
form M from S× [0, 1], M1

0 , and M2
0 by identifying ∂Si× [0, 1] with a collar

neighborhood Ci of ci in ∂M i
0 for i = 1, 2. Results of Bestvina–Feighn [3]

again imply that π1(M) is hyperbolic. Since S × [0, 1], M1
0 , and M2

0 are ir-
reducible, and they are attached to one another along incompressible annuli
to form M , M is also irreducible. Thurston’s Geometrization Theorem (see
Morgan [29]) then implies that M is hyperbolizable. Moreover, there is a
graph of groups decomposition of π1(M) which has 5 vertices, two rigid ver-
tices identified with π1(M1

0 ) and π1(M2
0 ), two cyclic vertices, identified with

π1(C1) and π1(C2), and one Fuchsian vertex, identified with π1(S). There-
fore, π1(M) is torsion-free, freely indecomposable, and not cyclic, hence
π1(M) is one-ended and the given graph of groups decomposition is the JSJ
splitting:

π1(M1
0 ) Z π1(S) Z π1(M2

0 )

〈c1〉 〈t1〉 〈∂S1〉 〈∂S2〉 〈t2〉 〈c2〉

Let W (M) be the domain of discontinuity constructed by Canary and
Storm [9] for the action of Out(π1(M)) on X(π1(M),PSL2(C)). Recall that
ρ ∈W (M) if and only if

(1) the restriction of ρ to the free group π1(S) is primitive-stable, and
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(2) for i = 1, 2, there exists a subgroup H i of π1(M) freely generated by
ci = ∂Si, an element of π1(M i

0), and an element of π1(S) such that
the restriction of ρ to H i is primitive-stable.

We refer the reader to Minsky [28] for the definition of a primitive-stable
representation of a free group Fn, but we recall that the set of primitive-
stable representations is a domain of discontinuity for the action of Out(Fn)
on X(Fn,PSL2(C)) that contains XA(Fn,PSL2(C)) as a proper subset.

Let

Y (M) = W (M) ∪ XA2(π1(M),PSL2(C)).

Then Y (M) is an Out(π1(M))-invariant open subset of X(π1(M),PSL2(C))
on which Out(π1(M)) acts properly discontinuously. It only remains to
prove that

W (M) rXA2(π1(M),PSL2(C))

is nonempty.
Let ρS : π1(S)→ PSL2(C) be a primitive-stable representation that is not

convex cocompact, hence not Anosov. For i = 1, 2, let J i be a proper free
factor of rank 3 of π1(S) so that ∂Si is an element of a minimal generating set
{∂Si, ai2, ai3} for J i. (For example, one may choose J i to be the fundamental
group of an essential twice-punctured torus subsurface of S with ∂Si as one
boundary component.) Lemma 3.2 in Minsky [28] then implies that the
restriction of ρS to J i is convex cocompact. Let g be an element of π1(M0)
such that α(g) and α(c) generate F2 and let gi be the copy of g in M i

0. Let
αi : π1(M i

0)→ F2 be the result of precomposing α with the identification of
π1(M i

0) with π1(M0) and define νi : F2 → PSL2(C) by νi(αi(ci)) = ρS(∂Si)
and νi(αi(gi)) = ρS(ai3).

We define ρ : π1(M) → PSL2(C) to agree with ρS on π1(S) and agree
with νi ◦ αi on π1(M i

0) for each i. For each i, let H i be the subgroup
of π1(M) generated by ci, ai2 and gi. Then ρ(H i) = ρS(J i) is a convex
cocompact free group on 3 generators, which implies that H i is a free group
on 3 generators and the restriction of ρ to H i is convex cocompact. It follows
that ρ ∈W (M). However, since ρS is not Anosov, ρ is not amalgam Anosov.
This completes the proof. �

Remarks: (1) If one has a domain of discontinuity P (Fn, G) for the action
of Out(Fn) on X(Γ, G) that is strictly larger than XA(Fn, G) for all n ≥ 2,
and the JSJ splitting of Γ is nontrivial and contains a Fuchsian vertex group,
then one may generalize the construction of Canary–Storm [9] by considering
the set Q(Γ, G) ⊂ X(Γ, G) of representations so that (1) if Γv is a Fuchsian
vertex group, then ρ|Γv ∈ P (Γv, G), and (2) if Γv is a cyclic vertex group,
then there exists a group H registering Γv so that ρ|H ∈ P (Γv, G). The
set Q(Γ, G) will be a domain of discontinuity for the action of Out(Γ) on
X(Γ, G) that contains XA2(Γ, G). It seems likely that it would often be the
case that Q(Γ, G) strictly contains XA2(Γ, G).
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(2) It is an open question whether or not W (M) is a maximal domain of
discontinuity for the action of Out(π1(M)) on X(π1(M),PSL2(C)). This is
related to the question of whether or not the set of primitive-stable repre-
sentations is a maximal domain of discontinuity for the action of Out(Fn)
on X(Fn,PSL2(C)).
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Appendix A. Appendix: Projective Anosov Schottky groups
and strongly amalgam Anosov representations

RICHARD D. CANARY, MICHELLE LEE, ANDRÉS SAMBARINO,
AND MATTHEW STOVER

The purpose of this appendix is to prove that strongly amalgam Anosov
representations are amalgam Anosov. We recall that if Γ is a one-ended,
torsion-free hyperbolic group and G is a semisimple Lie group with finite
center, then ρ ∈ X(Γ, G) is strongly amalgam Anosov if there exists a pair
P± of proper opposite parabolic subgroups so that ρ|Γv is (P+, P−)-Anosov
for every Fuchsian or rigid vertex group Γv in the JSJ decomposition of Γ.

Theorem A.1. Suppose that Γ is a one-ended, torsion-free word hyperbolic
group and G is a semisimple Lie group with finite center. If ρ ∈ X(Γ, G) is
strongly amalgam Anosov, then ρ is amalgam Anosov.

The proof is based on the fact, see Theorem A.2 below, that if one is given
a well-positioned collection of biproximal elements of SLd(R), then one may
pass to large enough powers that the group they generate is a free, projective
Anosov group, i.e., a projective Anosov Schottky group. The existence of a
result of this form has been well-known among experts. For example, in the
typical situation where the Schottky group produced by Benoist [1, Sec. 6] is
irreducible, it follows immediately that it is projective Anosov from results
of Quint [30, Prop. 3.3] and Guichard-Wienhard [16, Prop. 4.10]. Kapovich,
Leeb, and Porti [19, Theorem 7.40] previously established a generalization
of Theorem A.2 to the setting of general semisimple Lie groups. Our proof
of Theorem A.2 relies heavily on results and techniques of Benoist [1, 2] and
Quint [30] as well as a criterion for a representation to be projective Anosov
due to Guéritaud–Guichard–Kassel–Wienhard [15].

Recall that a matrix γ ∈ SLd(R) is proximal if its eigenvalue of maximal
modulus is real and of multiplicity one. It is biproximal if both γ and
γ−1 are proximal. If γ is proximal, then it has a unique attracting fixed
point γ+ ∈ P(Rd), which is the eigenline associated to the eigenvalue of
maximal modulus. Let γ− ∈ P(Rd)∗ denote the repelling hyperplane of γ.
(We regularly use the identification of P(Rd)∗ with the Grassmannian of
hyperplanes in Rd.) If ρ : Γ→ SLd(R) is projective Anosov with associated
limit maps ξ : ∂Γ → P(Rd) and θ : ∂Γ → P(Rd)∗ and c ∈ ∂∞Γ is an
attracting fixed point of an element γ ∈ Γ, then ρ(γ) is biproximal and

ξ(c) = ρ(γ)+ and θ(c) = (ρ(γ)−1)−

(see Lemma 3.1 and Corollary 3.2 in Guichard–Wienhard [16]).
A set S of matrices is symmetric when γ ∈ S if and only if γ−1 ∈ S. A

symmetric set S = {γ1, . . . , γ2r} of biproximal matrices in SLd(R) is well-
positioned if,

(1) γ+
i 6= γ+

j if i 6= j, and
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(2) γ+
i is not contained in the hyperplane γ−j whenever γj 6= γ−1

i .

Notice that conditions (1) and (2) immediately imply that γ−i 6= γ−j if i 6= j.
The key technical result needed for the proof of Theorem A.1 is the fol-

lowing.

Theorem A.2. (Tits [35], Benoist [1], Quint [30], Kapovich-Leeb-Porti [19])
If S = {γ1, . . . , γ2r} is a well-positioned symmetric set of biproximal matrices
in SLd(R), then there exists N > 0 such that if n ≥ N , then the subgroup of
SLd(R) generated by

Sn = {γn1 , . . . , γn2r}
is a free group of rank r and the induced representation ρ : Fr → SLd(R) is
projective Anosov.

We now prove Theorem A.1 assuming Theorem A.2, and return to the
proof of Theorem A.2 afterwards.

Proof of Theorem A.1. We first suppose that ρ : Γ→ SLd(R) is a represen-
tation such that the restriction of ρ to any Fuchsian or rigid vertex group of
the JSJ decomposition of Γ is projective Anosov. If w is a Fuchsian or rigid
vertex of the JSJ decomposition of Γ, let

ξw : ∂∞Γw → P(Rd) and θw : ∂∞Γw → P(Rd)∗

be the limit maps for ρ|Γw .
Let v be a cyclic vertex and let {w1, . . . , wr} be the vertices adjacent to

v and a be the generator for Γv. Since Γw1 is nonelementary, pairs of fixed
points of elements of Γw1 are dense in ∂Γw1 × ∂Γw1 . Thus, since ξw1 is
injective and θw1 is transverse to ξw1 , we can find g1 ∈ Γw1 so that ρ(g1)+

is distinct from ρ(a)+ and not contained in ρ(a)−, and ρ(g1)− is distinct
from ρ(a)− and does not contain ρ(a)+. Therefore, {ρ(a)±1, ρ(g1)±1} is a
well-positioned symmetric set of biproximal matrices.

Similarly, we iteratively choose gi ∈ Γwi so that

{ρ(a)±1, ρ(g1)±1, . . . , ρ(gi)
±1}

is a well-positioned symmetric set of biproximal matrices. Let

S = {ρ(a)±1, ρ(g1)±1, . . . , ρ(gr)
±1}

be the final result of this process. Theorem A.2 implies that there is a
positive integer N such that if n ≥ N , then

Λn = 〈Sn〉
is a free group of rank r+1 and the restriction of ρ to Λn is projective Anosov.
Therefore, for n ≥ N , Hn = 〈an, gn1 , . . . , gnr 〉 is a registering subgroup for
Γv and the restriction of ρ to Hn is projective Anosov. Therefore, for every
cyclic vertex group there exists a registering subgroup H such that the
restriction of ρ to H is projective Anosov. Since the restriction of ρ to every
Fuchsian vertex group is projective Anosov by assumption, it follow that ρ
is amalgam Anosov.
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Now suppose that ρ : Γ→ G is strongly amalgam Anosov and P± is a pair
of proper opposite parabolic subgroups so that the restriction of ρ to each
Fuchsian or rigid vertex group is (P+, P−)-Anosov. Let τ : G→ SLd(R)
be the irreducible representation provided by Proposition 2.5. Then the
restriction of τ ◦ ρ to every rigid and Fuchsian vertex group is projective
Anosov. It follows from the above analysis that for every cyclic vertex
group there exists a registering subgroup H such that the restriction of τ ◦ρ
to H is projective Anosov, which implies that the restriction of ρ to H is
(P+, P−)-Anosov. Therefore, ρ is amalgam Anosov. �

We now turn to the proof of Theorem A.2. We first recall Guéritaud,
Guichard, Kassel, and Wienhard’s [15] criterion for a representation to be
projective Anosov. (We have been informed that one can derive an analogue
of this criterion, see Theorem A.3 below, from the work in [19].)

Choose the maximal torus a for the Lie algebra sld(R) of SLd(R) for which
exp(a) is the group of diagonal matrices in SLd(R). We can then choose a
positive Weyl chamber a+ to be the interior of ā+, where exp(a+) is the set
of positive diagonal matrices with entries in descending order (from left to
right). If α1 is the root of highest weight for a+, then

α1(a1, a2, . . . , ad) = a1 − a2.

Let K exp(a+)K be the Cartan decomposition of SLd(R) with respect to
a+ and a maximal compact subgroup K = SO(d),

µ : G→ ā+

be the associated Cartan projection (see [1, 30, 16]), and µi(g) denote the
ith entry of µ(g). Fix a norm ‖ ‖ on Rd arising from a K-invariant inner
product and let ‖γ‖ be the operator norm of a linear transformation γ with
respect to ‖ ‖.

Notice that

µ1(g) = log(||g||).

Similarly, let

λ : G→ a+

be the Jordan projection (see [2, 30, 16]), and let λi(g) denote the ith entry

of λ(g). If g is proximal, then Λ1(g) = eλ1(g) is the modulus of the eigenvalue
of maximal modulus.

If Γ is a hyperbolic group, we recall that maps

ξ : ∂∞Γ→ P(Rd) and θ : ∂∞Γ→ P(Rd)∗

are transverse if ξ(x) and θ(y) span Rd for all distinct elements x 6= y in
∂∞Γ. Moreover, ξ and θ are said to be dynamics preserving if, whenever
c ∈ ∂∞Γ is an attracting fixed point of γ ∈ Γ, ξ(c) is an attracting eigenline
of γ and θ(c) is an attracting hyperplane of γ.
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Theorem A.3. (Guéritaud–Guichard–Kassel–Wienhard [15, Thm. 1.3]) Sup-
pose that r ≥ 2 and ρ : Fr → SLd(R) is a representation so that there exist
transverse, dynamics preserving, ρ-equivariant, injective, continuous maps

ξ : ∂∞Fr → P(Rd) and θ : ∂∞Fr → P(Rd)∗.
If

lim
n→∞

α1(µ(x0 . . . xn)) = +∞

for every infinite reduced word (xn) in the generators of Fr, then ρ is pro-
jective Anosov.

We will show that Benoist’s construction of Schottky groups in [1] can be
slightly modified so that the Schottky groups produced satisfy the assump-
tions of Theorem A.3. Benoist [1] defines the distance between two lines
X,Y ∈ P(Rd) to be

d(X,Y ) = min{‖x− y‖ | x ∈ X, y ∈ Y, ‖x‖ = 1, ‖y‖ = 1}.
Given a subset Z of P(Rd) and ε > 0, define:

b(Z, ε) = {X ∈ P(Rd) : d(X,Z) ≤ ε}

B(Z, ε) = {X ∈ P(Rd) : d(X,Z) ≥ ε}
Following Benoist [1], we say that a proximal matrix γ is ε-proximal if

(1) d(γ+, γ−) ≥ 2ε,
(2) γ is ε-Lipschitz on B(γ−, ε), and
(3) γ(B(γ−, ε)) ⊂ b(γ+, ε).

Benoist [1] further says that a symmetric set S = {γ1, . . . , γ2r} of ε-proximal
matrices is ε-Schottky if d(γ+

i , (γ
−1
j )−) ≥ 6ε for all i 6= j. Notice that this

implies that b(γ+
i , ε) ⊂ B(γ−j , ε) whenever γj 6= γ−1

i .

For an element γ ∈ SLd(R), let γ∗ be the element of SL((Rd)∗) defined by

γ∗(θ) = θ ◦ γ−1

for all θ ∈ (Rd)∗. Recall that if γ is a biproximal element of SLd(R), then

(γ∗)+ = ((γ−1)−)∗ and (γ∗)− = ((γ−1)+)∗.

We will use the following additional properties of ε-Schottky sets.

Lemma A.4. If ε > 0 and S = {γ1, . . . , γ2r} and S∗ = {γ∗1 , . . . , γ∗2r} are
ε-Schottky sets of proximal matrices in SLd(R) and SL((Rd)∗), then

(1) V =
⋂

1≤i≤2r B(γ−j , ε) is nonempty,

(2) W =
⋂

1≤i≤2r B((γ∗i )−, ε) ⊂ P(Rd)∗ is nonempty, and

(3) if i 6= j, X ∈ b(γ+
i , ε), and Y ∈ b((γ∗j )+, ε), then X and Y span Rd.

Proof. Since S is symmetric and ε-Schottky, if v ∈ P(Rd) and d(v, γ+
i ) < 5ε,

then d(v, γ−j ) > ε if γj 6= γ−1
i . Therefore, V contains any point such that

d(v, γ+
1 ) < 5ε and d(v, (γ−1

1 )−) > ε, so (1) holds. One can apply the same
argument as in (1) to S∗ to verify (2).
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Finally, to prove (3) we must show that if X is a line in b(γ+
i , ε) and Y

is a hyperplane in b((γ∗j )+, ε), then X is not contained in Y . However, any

line contained in Y lies within ε of a line in (γ−1
j )−, which would imply that

d(γ+
j , γ

−
j ) < 2ε, which contradicts the fact that S is ε-Schottky. �

We now apply techniques of Benoist [1] and Quint [30] to produce limit
maps for the Schottky groups generated by ε-Schottky groups of matrices in
SLd(R). These techniques are another instance of the ping-pong construc-
tion which goes back to Klein [20] in the Kleinian setting and Tits [35] in
the general linear setting. The following proposition is our version of Propo-
sition 3.3 in Quint [30], which in turn sharpens the discussion in Section 6.5
of Benoist [1].

Proposition A.5. (Quint [30]) If ε > 0 and S and S∗ are ε-Schottky sym-
metric sets of proximal matrices in SLd(R) and SL((Rd)∗), then the subgroup
Γ of SLd(R) generated by S is free of rank r. Furthermore, there exist trans-
verse, dynamics preserving, Γ-equivariant, injective, continuous maps

ξ : ∂∞Γ→ P(Rd) and θ : ∂∞Γ→ P(Rd)∗

such that if c ∈ ∂∞Γ is the attracting fixed point of an element γ ∈ Γ, then
ξ(c) is an attracting eigenline of γ and θ(c) is an attracting hyperplane for
γ.

Proof. By Lemma A.4,

V =
⋂

1≤i≤2r

B(γ−j , ε)

is nonempty. Choose v ∈ V , and let x = x0x1 · · ·xn be any reduced word in
the elements of S. Then, one may iteratively check that

x(v) ∈ x0x1 · · ·xi−1(b(x+
i , ε)) ⊂ b(x0, ε).

In particular, x(v) does not lie in V , since it does not lie in B((x−1
0 )−, ε),

so x 6= 1. Therefore, Γ is free on r generators. Each element xj ∈ S is
ε-Lipschitz on b(x+

j , ε), so x0 · · ·xi−1(b(x+
i , ε)) has diameter at most εiD,

where D is the diameter of P(Rd).
Recall that the boundary of a free group can be identified with the set of

infinite reduced words in its generators. If x = (xi) is an infinite reduced
word in the elements of S, then it follows that {x0x1 · · ·xn(v)} is a Cauchy
sequence and we can define

ξ(x) = lim
n→∞

x0 · · ·xn(v).

If w is any point in V , then x0 · · ·xn(w) also lies in x0x1 · · ·xi−1(b(x+
i , ε)),

which has diameter at most εnD. It follows that ξ(x) = limn→∞ x0 · · ·xn(w).
In particular, if c ∈ ∂∞Γ is the attracting fixed point of γ ∈ Γ, then γn(V )
converges to ξ(c) which implies that ξ(c) is an attracting eigenline of γ.
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Given two infinite reduced words x = (xi) and y = (yi), let r = r(x, y) be
the first index at which they differ. Then

ξ(x), ξ(y) ∈ x0 · · ·xr−2(b(x+
r−1, ε)),

so d(ξ(x), ξ(y)) ≤ εr−1D, which implies that ξ is continuous. Furthermore,

ξ(x) ∈ x0 · · ·xr−1(b(x+
r , ε)) and ξ(y) ∈ x0 · · ·xr−1(b(y+

r , ε)),

which are disjoint sets since b(x+
r , ε) and b(y+

r , ε) are disjoint. Therefore, ξ
is injective.

Lemma A.4 also gives us that

W =
⋂

1≤i≤2r

B((γ∗i )−, ε) ⊂ P(Rd)∗

is nonempty. The same argument as above applied to the dual representation
gives θ.

Given two infinite reduced words x = (xi) and y = (yi), let r = r(x, y) be
the first index at which they differ. Then

ξ(x) ∈ x0 · · ·xr−1(b(x+
r , ε)) and θ(y) ∈ x0 · · ·xr−1(b((y∗r )

+, ε)).

IfX = (x0x1 . . . xr)
−1(ξ(x)) and Y =

(
(x0x1 · · ·xr1)−1

)∗
(θ(y)), then Lemma

A.4 implies that X and Y span Rd. Therefore, since x0 · · ·xr−1 is a linear
transformation, ξ(x) and θ(y) span Rd. This implies that ξ and θ are trans-
verse. �

If Γ is irreducible, it follows immediately from Proposition 2.4 that the in-
jection of Γ into SLd(R) guaranteed by Proposition A.5 is projective Anosov.
However, this is not necessarily the case. We also need the following estimate
of Benoist. We note that in Benoist [1] the Cartan and Jordan projections
map into exp(ā+).

Proposition A.6 (Benoist [1]). If ε > 0 and S is ε-Schottky, then there
is a constant Cε ∈ (0, 1) such that if x0 · · ·xn is a reduced word in S, then
x0 · · ·xn is proximal and

||x0 · · ·xn||
||x0|| · · · ||xn||

≥ Cn+2
ε .

Proof. Proposition 6.4 in Benoist [1] asserts that x0 · · ·xn is proximal and
there exists Cε > 0 so that

||x0 · · ·xn||
Λ1(x0) · · ·Λ1(xn)

≥ Cn+2
ε .

Since 1 < Λ1(xi) ≤ ||xi|| for all i (see, for example, [1, Cor. 6.3]), the
estimate follows. �

We now establish our criterion for a collection of elements to generate a
projective Anosov Schottky group.
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Proposition A.7. If ε > 0 and S = {γ1, . . . , γ2r} and S∗ = {γ∗1 , . . . , γ∗2r}
are ε-Schottky symmetric sets of proximal matrices in SLd(R) and SL((Rd)∗)
such that

α1(µ(γi)) ≥ −3 log(Cε)

for all i, where Cε is the constant in Proposition A.6, then the group Γ gen-
erated by S is free of rank r and the injection of Γ into SLd(R) is projective
Anosov.

Proof. Proposition A.5 guarantees that Γ is a free group of rank r and
that there exist transverse, dynamics preserving, Γ-equivariant, injective
continuous maps

ξ : ∂∞Γ→ P(Rd) and θ : ∂∞Γ→ P(Rd)∗.

Theorem A.3 then implies that if

limα1(µ(x0 . . . xn)) = +∞
for every infinite reduced word (xn) in S, then the injection of Γ into SLd(R)
is projective Anosov.

Let
∧2 g be the second exterior product of g ∈ SLd(R). Then

α1(µ(g)) = log
||g||2

||
∧2 g||

,

since log ||g|| = µ1(g) and

log ||
∧

2g|| = log ||
∧

2(exp(µ(g)))|| = µ1(g) + µ2(g).

Therefore,

α1(µ(x0 · · ·xn)) = log
‖x0 · · ·xn‖2

‖
∧2(x0 · · ·xn)‖

= log
‖x0 · · ·xn‖2

‖x0‖2 · · · ‖xn‖2
+ log

‖x0‖2 · · · ‖xn‖2

‖
∧2(x0 · · ·xn)‖

≥ 2(n+ 2) logCε + log
‖x0‖2 · · · ‖xn‖2

‖
∧2 x0‖ · · · ‖

∧2 xn‖

= 2(n+ 2) logCε +
n∑
i=0

α1(µ(xi))

≥ (2n+ 4− 3(n+ 1)) logCε = −(n− 1) logCε.

Since Cε ∈ (0, 1), we have that −(n− 1) logCε →∞ as n→∞, so

lim
n→∞

α1(µ(x0 · · ·xn)) = +∞.

This completes the proof. �

Remark: Our original proof of Proposition A.7 showed that, in our setting,
one could use the fact limα1(µ(x0 . . . xn)) = +∞ for every infinite reduced
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word (xn) in S to verify condition (iv) of Proposition 3.16 in Guichard–
Wienhard [16]. As the results of Guéritaud, Guichard, Kassel and Wienhard
[15] are much more general, we make use of their work instead.

Theorem A.2 then follows immediately from Proposition A.7 and the
following lemma.

Lemma A.8. Let S = {γ1, . . . , γ2r} be a well-positioned symmetric set of
biproximal matrices in SLd(R). Then there exists ε ∈ (0, 1) and N > 0 such
that if n ≥ N , then

(1) Sn and (Sn)∗ are ε-Schottky, and
(2) α1(µ(γni )) ≥ −3 log(Cε) for all i, where Cε is the constant in Propo-

sition A.6.

Proof. Choose
ε1 = min

γj 6=γ−1
i

d(γ+
i , γ

−
j ) > 0,

and set ε = 1
6ε1. Notice that if γj 6= γ−1

i , then

d((γ∗i )+, (γ∗j )−)) = d((γ−1
i )−, (γ−1

j )+) ≥ ε.

As in the remark in Section 6.2 of [1], there exists N so that if n > N , then
γni and (γni )∗ are ε-proximal for all i, so S and S∗ are ε-Schottky symmetric
sets of proximal matrices in SLd(R) and SL((Rd)∗).

Benoist [2, Cor. 2.5.2] showed that

λ(γi) = lim
n→∞

1

n
µ(γni ).

Since each γi is proximal, exp(λ(γi)) is proximal, so α1(λ(γi)) > 0 for all i.
In particular, limn→∞ α1(µ(γni )) = +∞, and hence we can also choose N
large enough that

α1(µ(γni )) ≥ −3 log(Cε),

for all i and n ≥ N . This completes the proof of the lemma. �

Remark: One may use the Plücker embedding (see Proposition 2.5) to
produce analogues of Theorem A.2 for any semisimple Lie group with finite
center and any pair P± of proper opposite parabolic subgroups.
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7(1):1–47, 1997.

[3] M. Bestvina and M. Feighn. A combination theorem for negatively curved groups. J.
Differential Geom., 35(1):85–101, 1992.

[4] B. Bowditch. Cut points and canonical splittings of hyperbolic groups. Acta Math.,
180(2):145–186, 1998.

[5] M. Bridgeman, R. Canary, F. Labourie, and A. Sambarino. The pressure metric for
Anosov representations. Geom. Funct. Anal., 25(4):1089–1179, 2015.



32 R. D. CANARY, M. LEE, M. STOVER, AND APPENDIX WITH A. SAMBARINO

[6] M. Bridson and A. Haefliger. Metric spaces of non-positive curvature, volume 319 of
Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, 1999.

[7] R. Canary. Dynamics on character varieties: a survey. In Handbook of Group Actions:
Vol. II, pages 175–200. International Press of Boston, 2015.

[8] R. Canary and S. Hersonsky. Ubiquity of geometric finiteness in boundaries of defor-
mation spaces of hyperbolic 3-manifolds. Amer. J. Math., 126(6):1193–1220, 2004.

[9] R. Canary and P. Storm. Moduli spaces of hyperbolic 3-manifolds and dynamics on
character varieties. Comment. Math. Helv., 88(1):221–251, 2013.

[10] M. Carette. The automorphism group of accessible groups. J. London Math. Soc.,
84:731–748, 2011.

[11] C. Champetier. Petite simplification dans les groupes hyperboliques. Ann. Fac. Sci.
Toulouse Math. (6), 3(2):161–221, 1994.

[12] R. Gitik. Ping-pong on negatively curved groups. J. Algebra, 217(1):65–72, 1999.
[13] W. Goldman. Mapping class group dynamics on surface group representations. In

Problems on mapping class groups and related topics, volume 74 of Proc. Sympos.
Pure Math., pages 189–214. Amer. Math. Soc., 2006.

[14] M. Gromov. Hyperbolic groups. In Essays in group theory, volume 8 of Math. Sci.
Res. Inst. Publ., pages 75–263. Springer, 1987.
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98(3):739–749, 1976.

[18] M. Kapovich. Hyperbolic manifolds and discrete groups, volume 183 of Progress in
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