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Chapter 1

Abelian varieties

1.1 Notation

A variety over a field k is a geometrically reduced and separated scheme of finite type. We shall use that
varieties are generically smooth. For a map f : X — S of schemes and an S-scheme T, we write Xo — T
for the base change of f to T. When T = Spec(x(s)) for s € S, we also write X, instead.

1.2 Group schemes: definitions and basic properties

Fix a base scheme S.

Definition 1.2.1. An S-group scheme is an S-scheme G equipped with maps m: G X G — G, i : G — G,
and e : S — G satisfying the following:

1. m is associative, i.e., the diagram

(m,id)
GXxGxG——GxGE

l(id,m) \Lm

GxG G

commutes.
2. e provides left and right identities for m, i.e., the diagrams

¢ eve and ¢ L axa

NN

3. @ provides left and right inverses for m, i.e., the diagrams

L

commute.

(4,id) (id,z)
——>GxG and G*>G G

R

comimute.
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If m is symmetric, then we say that G is a commutative group scheme. Given two S-group schemes G, H, a
homomorphism G — H of S-group schemes is a map of S-schemes that commutes with m, i, and e.

Remark 1.2.2 (Functor of points perspective). Recall that there is a fully faithful Yoneda embedding
Sch/S?” — PShv(Sch/S) via X ~ hx := Homg(—, X).

The elements of hx (T') = X (T') for an S-scheme T are called the T-valued points of X; when T' = S = Spec(k)
for a field k, then X (7T') is exactly the k-rational points of X. The representable presheaf hx is thus often
called the functor of points of X. Using that the functor X — hx preserves finite products, one then checks
the following: given an S-scheme G, specifying the structure of an S-group scheme on G is the same as
specifying a group structure on the presheaf hg, i.e., a factorization
Sch/S” — Groups Jorgel, Qots

of hg. In practice, it is often much easier to specify the group structure on hg than to write down explicit
formulas for m, ¢, and e.

Remark 1.2.3. Using the functor of points, one can perform similar operations with group schemes as
one performs with groups. For example, if ¢ € G(S), then we can define the (left) translation by g map
T, : G — G by simply asking that for any S-scheme T, the induced map T,(T') : G(T) — G(T) be left
translation by (the image in G(T') of) g. Alternately, one uses the following formula to define T},

¢ ava™a.

Similarly, one may define a “conjugation by ¢” map ¢, : G — G, (normal) subgroup schemes, etc..

Remark 1.2.4. If G := Spec(4) — S := Spec(R) is a morphism of affine schemes, then specifying an S-
group scheme structure on G is equivalent (by definition) to endowing A with the structure of a Hopf algebra
in the category of R-algebras; the resulting map m* : A — A ®p A is often called the comultiplication.

We give some fundamental examples.

Example 1.2.5 (The additive group). Assume S = Spec(R). The additive group is the S-group scheme
given by G s := Spec(R][t]); we often write G, instead if the base S is clear. The group scheme structure
is determined by the formulas

m*(t)=t®¢t and i"(t)=—¢t and e*(t)=0.

It is an exercise to see that this satisfies the axioms for a group scheme. To understand what this means, note
that by Remark 1.2.2, this endows G, g(T") with a group structure functorially in 7. But G, s(T") = O(T).
Unwinding definitions, one checks that the group structure on O(T') defined this way is the obvious one.

Example 1.2.6 (The multiplicative group). Assume S = Spec(R). The multiplicative group is the S-group
scheme given by G,, s = Spec(R[t,t']); the additional structure is determined by the formulas

m'(t)=t®1+1®t and i*(t)=t"' and e*(t)=1.

It is an exercise to check that this satisfies the axioms for a group scheme. Again, these formulas translate
to something very natural: for any S-scheme T', we have G, s(T) = O(T)*, and this has an obvious group
structure functorially in 7", which corresponds to the one determined by the preceding formulas.

Example 1.2.7 (General linear group). Assume S = Spec(R). Let G := GL, g, i.e.,

1

G = SPGC(R[Iijhgi,jgn[mD
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We then have G(T') = GL,,(O(T)) for any S-scheme T'. This has an obvious group structure functorially in
T given by multiplication of matrices; the group scheme GL,, s obtained this way is called the general linear
group. We encourage the reader to make the formula for m* explicit for n = 2.

More generally, if V' is any vector bundle on S, one can define (by glueing) an S-affine S-group scheme
GL(V) characterized as follows: for any f : T — S, we have GL(V)(T) = Autp(f*V'). Taking determinants
of matrices locally defines a homomorphism GL(V) — G, s of group schemes.

Example 1.2.8 (The constant group). For any set X, write X := UyexX for the constant S-scheme
attached to S. The functor X — X commutes with finite products. Consequently, if G is an ordinary group,
then G is naturally an S-group scheme. We encourage the reader to describe the functor of points of G.

The preceding examples were all smooth. This need not always be true:

Example 1.2.9 (Roots of unity). Let S = Spec(R), and fix an integer n. Let G = p,, := Spec(R[z]/(z"—1)).
Then for any R-scheme T', we have

pn(T) ={C € O(T)" | (" =1}

The right hand side has an evident group structure functorially in T', so u,, is naturally a group scheme. In
fact, the natural map p, — G, is a closed immersion of group schemes and is compatible with the group
law, so p, can be viewed as a closed subgroup scheme in G,,. However, u, is not smooth over R if n is
not invertible in R. For example, if R = k is a field of characteristic p and n = p, then k[z]/(z? — 1) =
klz]/((z — 1)?) is a non-reduced ring.

Example 1.2.10 (The group scheme «;). Let S = Spec(R), and assume p = 0 in R. Let G = «, :=
Spec(R[z]/(xP)). Then, for any R-scheme T, we have natural identifications

ap(T) ={e € O(T) | ¥ = 0}.

As R has characteristic p, the right hand is naturally a group under addition, and thus oy, becomes a group
scheme. The natural inclusion a;, C G, realizes «, as a closed subgroup scheme of G,.

Exercise 1.2.11. Let G/S be a group scheme. Using the functor of points, show that G — S is separated
if and only if the identity section e : S — G is a closed immersion. (Hint: show that the diagram

|

is Cartesian.) Using this criterion, describe a nonseparated group scheme.

_A.axa

\Lmo(id,i)

G

Exercise 1.2.12. Let f : G — H be a morphism of S-group schemes. Assume H — S is separated. Define a
kernel for f using the functor of points, and show that it is also (representable by) a group scheme. Compute
explicitly the kernel of the following homomorphisms:

1. The map G, s = G, s determined by ¢ — ¢ on the functor of points.
2. The map Gg,,s — Gq,s given by x — zP on the functor of points (here S has characteristic p).
3. The map G, g — Gg,g given by x — 2P — x on the functor of points (here S has characteristic p).

Exercise 1.2.13. Let G be a group scheme over a field k that is locally of finite type. If G is geometrically
reduced, then show that GG is smooth. Give an example of reduced group schemes that are not geometrically
reduced. (Hint: for an imperfect field &, consider the kernel of G;k — Gg,1 of the form (z,y) — 2P + ay®
for y € k general.)
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1.3 Abelian varieties: definitions and basic properties

Definition 1.3.1. An abelian scheme over S or an abelian S-scheme is a group scheme A/S such that the
structure map A — S is proper and smooth with geometrically connected fibers. When S = Spec(k) is a
field, we say that A is an abelian variety over k.

One thinks of an abelian S-scheme A — S as a flat family of abelian varieties As — Spec(k(s))
parametrized by s € S.

Remark 1.3.2. Smooth and geometrically connected varieties over a field are geometrically integral, so
an abelian scheme has geometrically integral fibers. Moreover, as geometrically reduced group schemes are
smooth by Example 1.2.13, the smoothness assumption on the structure map A — S in Definition 1.3.1 can
be weakened to flatness if we require the fibres to also be geometrically reduced.

Remark 1.3.3. This definition is compatible with base change, i.e., if T — S is a map of schemes and A is
an abelian scheme over S, then A := A xg T is naturally an abelian scheme over T": the relevant structures
(the group law, the inversion map, the identity section) over T arise via base change from the corresponding
structures over S.

Example 1.3.4. When S = Spec(k) is a field, then an abelian variety of dimension 1 over k is the same
thing as an elliptic curve over k. Taking products, we obtain examples of higher dimensional varieties.

Remark 1.3.5. (Abelian varieties over C) When k = C, an abelian variety A/k has an analytification A*"
which is a compact complex manifold equipped with a group structure in the category of compact complex
manifolds', i.e., A" is a compact complex Lie group. In fact, the compactness forces such groups to be
commutative (thus justifying the name abelian varieties):

Proof sketch. For any t € A*™ conjugating by ¢ is a group automorphism ¢; of A*™, and the assocation t — ¢;
induces an action of A®" on its Lie algebra V := T.(A%"). This action is classified by a holomorphic map
A — End(V); but A" is compact and End(V') is a complex vector space, so the map must be constant
by the maximal principle in complex analysis®>. Thus, ¢; : A — A% acts as the identity on the tangent
space. Using the exponential for Lie groups, it follows that ¢; acts as the identity in an open neighbourhood
of the origin in A*”. Any such open neighbourhood generates A*" as a Lie group as A*" is connected, so
¢; must be the constant map with value ¢;(e) = e € A*". In other words, the group structure on A" is
commutative. Using GAGA, it follows the same must be true for A too. O

Thus, A*™ may be regarded as a commutative compact complex Lie group. It is a basic fact that all such
groups are of the form CY9/A, where A ~ Z29 C CY is a lattice; most such tori are not algebraic, and the
the lattices corresponding to the algebraic ones were classified by Riemann. A consequence of this theory is
that, as topological groups, we can describe A% completely: there is a homeomorphism A" ~ (S1)29. In
particular, the n-torsion A%"[n] is isomorphic to (Z/n)?9.

We shall prove analogues of the preceding analytic facts purely algebraically next.

1.3.1 Rigidity properties

The following rigidity result (due to Weil) is crucial in setting up the theory of abelian varieties, and is also
useful elsewhere.

1This follows from the fact that the analytification functor X +— X" commutes with fibre products, and thus the group
law on A induces one on A%™.

2This principle states that any holomorphic function on a domain D in C™ that attains its maximum at a point of D must
be constant. We apply it to suitable open subsets of A%™ that give charts: the compactness of A*™ forces each co-ordinate of
End(V) to define a function on A%™ that must attain a maximum.



gidClassical

Proposition 1.3.6 (Rigidity). Let f : X — S be a proper flat morphism with x(s) ~ H(X,,O0x.) for all
s €S. Then Og — f.Ox is an isomorphism. In particular, if T — S is an affine morphism, then any map
X — T is constant, i.e., it factors over f.

The condition on the cohomology of the fibers is ensured if the fibers are geometrically integral (or just
geometrically reduced and geometrically connected).

Proof. We only give the argument when S is noetherian. The general case can be deduced from this one
using “noetherian approximation” techniques.

First, assuming we have shown the first part, the second part follows immediately from the fact that any
S-map X — T factors uniquely over the canonical “affinization” map X — Spec(f.Ox).

The assertion Og ~ f,Ox is part of the “cohomology and base change” package, but we give a direct
argument. We may assume S = Spec(R) is the spectrum of a noetherian local ring (R, m). By the formal
functions theorem and faithful flatness of completions, it is enough to show that R/m"™ — H°(X,Ox/m"Ox)
is an isomorphism. We shall show more generally that for any finite length R-module M, the natural map
v M — F(M) := H°(X, f*M); we will induct on the length (M) of M.

If ¢(M) =1, then M ~ R/m, so the the claim is true by assumption on the fibres of f. If /(M) > 1, then
we can find a short exact sequence

0-K—-M-—=>Q—0

with ¢(K) and £(Q) strictly smaller than ¢(M). As F(—) is left-exact by the flatness of f, we get a commu-
tative diagram
0 K M 0 0

- L

0—— F(K)——=F(M)—— F(Q)

with exact rows. Both nx and ng are isomorphisms by induction. A diagram chase then implies the same
for the middle one. O

Corollary 1.3.7. Say S is a noetherian scheme. Let f : X — S be a proper flat morphism with k(s) ~
H%(X,,0x.) for all s € S, and let g : Y — S be a separated morphism. Let m : X — Y be an S-
morphism such that s : X3 — Yy is a constant map for some s € S, i.e., it factors over the structure map
X, — Spec(k(s)). Then 7 is constant over the connected component of s € S.

In practice, this will be applied with Y = Y x S being a constant family. In this case, the lemma simply
says that one cannot collapse a single fibre of a flat family of integral proper varieties without collapsing all
nearby fibers too.

Proof. We may assume S is connected and affine.

We first show that if 7|x, is constant over some affine open neighbourhood V'C S of s. Let U C Y be
an affine open subset containing the point ms(Xs). Then 7~1(U) C X is an open subset containing X,. By
properness of f, there exists some affine open neighbourhood s € V' C S such that Xy := f~1(V) c == 1(U).
Applying Proposition 1.3.6 to the the first square diagram

W‘xv

Xy, —Uy ——UCY

t

]

v v S

shows that m|x, is constant; note that Uy is affine as U, S, and V are affine.

By repeating the previous argument, it is enough to check m; is constant for all ¢t € S. Let W C S
be the set of all points ¢ € S with this property. We know that s € W. The argument in the previous
paragraph shows that W is open. It is thus enough to show that W is closed under specialization. Detecting



:AbVarMapHom

specializations® using valuation rings, we may then reduce to the case where S = Spec(V) for a discrete
valuation ring V with uniformizer ¢ € V, and s € S is the generic point. In this case, X is reduced:
Ox embeds into O X[%] by flatness of X/V, and the latter is reduced by assumption on the generic fibre.
Moreover, the subset 7(X) C Y is closed as X — S is proper and Y — S is separated; replacing Y with
m(X) (endowed with its reduced structure), we may assume that 7 is surjective, and thus Y is also proper
over S. Now, by assumption, 7(X;) € Y; gives a point in the generic fibre of Y — S. The closure of this
point gives a section S — Y of Y — S by properness. We must check that the induced map X - S — Y
coincides with 7. But this is true over Xy C X by construction, and thus must be true everywhere by the
scheme-theoretic density of X, C X. O

Corollary 1.3.8. Let A and B be abelian schemes over some noetherian base scheme S. Let f : A — B be
an S-map. Then f =Ty oh fory= f(ea) € B(S) with h : A— B being a homomorphism.

In other words, f is the composition of a homomorphism A — B with a translation on B.

Proof. By replacing f with Tj(, o f, we may assume f(es) = ep, i.e., f preserves the identity elements. We
must check f is a homomorphism. In other words, we want to check that two maps A x A — B given by
fomya and mp o (f, f) coincide; equivalently, we must check that the map

g:AXA—B g=fomgoigompo(f,f)

is constant with value eg. For this, we may assume S is connected. We now apply Corollary 1.3.7 with
X = Sbeingpry : AxA—AY = Sbeingpry: BXxA— A (le.,Yo=BandY =Y, x 5), s € S being
any point contained in S ~ e (S) € A, and m = g. The hypothesis that 75 is constant is verified in our case
precisely because f preserves the identity element. The conclusion is that g is constant over the nonempty
connected component of A. But Proposition 1.3.6 implies that A is connected since S is connected, so g is
constant. O

Corollary 1.3.9. Let f: A — S be a proper smooth morphism with a section e : S — A. Then there exists
at most one structure of an abelian S-scheme on A having e as the identity section.

Proof. The identity map A — A carries e to itself. If we endow the source and target with arbitrary abelian
S-scheme structures having e as the identity, then the identity map is a homomorphism by Corollary 1.3.8.
This formally implies that all such abelian S-scheme structures on A coincide. O

Proposition 1.3.10. Let A be an abelian scheme over a base S. Then A is commutative.

Proof via rigidity. We may assume S is a connected noetherian scheme by standard arguments. The inversion
map i : A — A preserves identity elements, so Corollary 1.3.8 implies i is a homomorphism, which implies
that A is commutative (by the same argument as for ordinary groups, applied via the functor of points). [

Proof via nonezistence of global functions. We give a second proof that is closer in spirt to the complex
analytic proof. For simplicitly, we restrict to the case where S = Spec(k) is a field.

Let m : A x A — A be the multiplication, and let s : A x A — A x A be the involution that switches
the two factors. We must show that m = m o s. An equality of morphisms between two k-schemes can be
checked after base change to the algebraic closure, so we may assume k is algebraically closed.

As k is algebraically closed and both A x A and A are varieties, it is enough to check the claim on k-valued
points by the Nullstellensatz. Thus, fix some t € A(k). We must show that conjugation by ¢ acts trivially on
A. As A is integral and ¢, fixes e € A(k), it is enough to show that ¢, acts trivially on the local ring O 4 .

3We are using the following: if S is a noetherian scheme, and x ~ y is a specialization of points of S, then there exists a
map f : Spec(V) — S with V being a discrete valuation ring such that f carries the generic point to = and the closed point to
y. To prove this, replacing S with m, one may assume S is an integral scheme with x being the generic point. Blowing up
the closed subscheme @ C S and using the discrete valuation defined by the exceptional divisor on the blowup provides the
desired V.
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If m C O4 . denotes the maximal ideal, then O 4 . injects into its m-adic completion, so it is enough to show
that ¢, acts trivially on V,, := Q4 /m™ for each n > 1.

Fix an integer n > 0. Then the conjugation action can be viewed as a map c(k) : A(k) — Aut(V,,) :=
GL(V,,)(k). Assume for the moment that we have lifted this construction to a morphism ¢ : A — GL(V,,)
of k-group schemes. We can then conclude by observing that GL(V},) is affine, while A is a proper variety
(and hence has no non-constant global functions).

It remains to define the conjugation action c. This is an exercise in thinking about the functor of points,
and follows from the fact that the formation of V,, commutes with base change. More precisely, for any
k-algebra R, write Agp = A ®j R for the abelian scheme over R defined by A via base change. The identity
section eg : Spec(R) — Apg is defined via base change from e. Let J.,, C O4,, denote the ideal sheaf of eg.
Then J7. C 04, defines the n-fold infinitesimal neighbourhood of the closed subscheme eg(Spec(R)) C Ar;
this subscheme is finite over R, and its co-ordinate ring (viewed as an R-algebra) identifies naturally with
Vo, @k R =04 /m" @ R. It follows that the same recipe used to define ¢(k) enables one to define ¢(R) for
any k-algebra R in a manner that is compatible as R changes, and thus we obtain the promised map ¢. [

1.3.2 Differential properties

Proposition 1.3.11. Let f : G — S be a group scheme with identity section e : S — G. Then there is a
canonical isomorphism Qé‘/s ~ f*e*ng/S. In particular, if S is the spectrum of a field, then Qé‘/s is free.

Proof. For any S-scheme T and g € G (T'), the translation by g map T, : G — G is an isomorphism, and
thus provides a canonical isomorphism T;QET/T ~ Q%;T/T. Applying this to T'= G and g € (G x G)(G)
being the diagonal map A (and unwinding definitions), one obtains a canonical isomorphism

m*Qé/S ~ prEQ};/S
on G x G. Alternately, this also follows by identifying both sides with Q%,rl via the commutative diagram

GxG

[eiiiinye!

X
\Lpﬁ lf
LS

G——

C . id, . . . .
using that both squares are cartesian. Restricting to G u) G x G, this gives the desired canonical

isomorphism
Qé}/s ~ f*e*Qé/S
of sheaves on G. O

Remark 1.3.12. Proposition 1.3.11 does not imply group schemes G/k over a field k are smooth as the
rank of Qé /k might exceed the dimension of G. For example, if G = p, and k has characteristic p, then

Qé Jk is free of rank 1, while G has dimension 0.

Remark 1.3.13. Assume S is affine. The isomorphism from Proposition 1.3.11 yields (by adjunction) a
map e*Qé /s H(G, Qé / g)- This map is injective with left-inverse provided by restricting to the identity
section. Moreover, the construction shows that its image is exactly the “translation invariant” 1-forms, i.e.,
those w € HY(G, Qlc/s) such that Tywr = wr € H°(Gr, QET/T) for any g € G(T') for any S-scheme T'.

Example 1.3.14. Let G = G, g with co-ordinate t € H°(G,O¢), as in Example 1.2.6. Then e*Qg/S is a
free Og-module of rank 1, identified with I./I2, where I, C O¢ is the ideal sheaf of the zero section. The
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generator ¢t — 1 € I, thus defines a translation invariant 1-form in H(G, Qf, / g)- Unwinding definitions, one

checks that this 1-form is %.

Corollary 1.3.15. Let A/k be an abelian variety over a field k. Any map f : P1 — A is constant. In
particular, abelian varieties are not rational (or even rationally connected).

Proof. We may assume k is algebraically closed. Assume f is nonconstant. Then its image C := f(P}) C A
is a unirational (possibly singular) irreducible curve. Replacing our given P! with the normalization of
C, we may assume f is birational onto its image. Choose a point ¢ € C(k) in the smooth locus, so ¢
lifts uniquely to P!(k). Then T.(P!) — T.(C) is an isomorphism. As C' C A is a closed subscheme,
the induced map T.(P') — T (A) is injective. On the other hand, pullback of forms gives a map f* :
HO(A, Q,lq/k) — HO(PY, Q%,l/k). The right hand side is 0, so the map is 0. By Proposition 1.3.11, it follows
that f *9}4 e Q%n Jk is the 0 map. Taking fibers at ¢ then contradicts the injectivity established earlier,
thus proving the claim. O

Remark 1.3.16. The conclusion of Corollary 1.3.15 is valid for any commutative k-group scheme A, not
merely abelian varieties. Indeed, the proof above only uses the smoothness of A, and not the properness.
To reduce to the smooth case, we simply observe that once we reduce to k = k, any map P! — A factors
uniquely over A,.q C A; one then observes that A,.q is a smooth k-group scheme as k = k. If we ever need
this, we shall gvie more details.

Exercise 1.3.17. Let X be a smooth projective surface over a field k, and let A/k be an abelian variety.
Any rational map X --» A is to a morphism X — A. (In fact, the same holds true for X of any dimension,
see Moonen’s notes.)

Lemma 1.3.18. Let G/k be a finite type group scheme over a field k. Then there is a canonical isomorphism
Te,e)(GxG) = Te(G) xTe(G). The multiplication map m : Gx G — G induces a map Tieo)(GxG) — Te(G)
that coincides with the addition map under the previous isomorphism. A similar statement holds true for
G" for any n > 1.

Proof. Recall that for a k-scheme X with z € X (k), there is a canonical identification®
To(X) = {f : Spec(kle]/(€*)) = X | flspectr) = @3-
It formally follows that if Y is another k-scheme with y € Y (k), then canonical map gives an isomorphism
o) (X X Y) = To(X) x T, (Y),

which gives the first part; here one must think through the compatibility of the preceding isomorphism with
the k-vector space structure on either side. For the second part, consider the inclusions

i G GG and iy G U

G.
Under the preceding identification of T(. ¢)(G x G), this produces maps

i10ying : To(G) = To(G) x Tu(G),

4To construct this identification, it is enough to do in the affine case. Thus, given a k-algebra R and a maximal ideal m
with k& = x(m), we must identify the k-linear dual of m/m? with the set k-algebra of maps R — k[e]/(€?) lifting R — R/m ~ k.
Both sides are compatible with localization, so we may assume R is local with m being the maximal ideal. Now given a map
R — k[e]/(e?) as above, the induced map on cotangent spaces then gives a k-linear functional on m/m? (as the cotangent
space of the target is canonically trivialized by €). Conversely, given a nonzero functional A : m/m2? — k, we have a natural
identification (R/m?)/ker(\) ~ k[e]/(€?), where ¢ corresponds to 1 € im(\) = k. This yields a map in the other direction,
and one checks that it is an inverse to the previous construction. In terms of this description, the k-vector space structure of
Ty (X) is described the k*-action on k[e]/(€?) by scaling e (corresponding to scalar multiplication on the tangent space) and the
k-algebra map kle1]/(€2) X k[e2]/(€2) — k[e]/(€2) given by €; — € (corresponding to addition of tangent vectors).

10
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and one checks by composing with the two projections that these coincide with the obvious inclusion of the
factors. The map my : Ti¢,)(G x G) — Te(G) can then be described as

mu(a,b) = my((a,0) + (0,0)) = mu(i1,«(a) + iz (b)) = muis «(a) + muiz (b)) =a+b,
as wanted. For n > 1, one proceeds inductively. O

Proposition 1.3.19. Let A/S be an abelian scheme. For any integer n, write [n] : A — A for the mul-
tiplication by n map. If n is invertible on S, then [n] is finite étale and surjective. In particular, for any
algebraically closed field k over S, the group A(k) is n-divisible for any n invertible on S.

For n invertible on S, it formally follows that the kernel A[n] of [n] is a finite étale S-group scheme: it is
the base change of [n] : A — A along e : S — A. We shall later see that A[n] is a twisted form of Z/n>’.

Proof. Standard properties about étale morphisms reduce us to checking this assertion in each fibre, i.e., we
may assume S = Spec(k) for an algebraically closed field k. As A is proper and connected, any étale map
is automatically finite (as quasi-finite proper maps are finite) and thus surjective (as the image is closed by
properness and open by étaleness), so it suffices to check étaleness. Since A is a smooth k-variety, the map
[n] is étale if and only if it is an isomorphism on tangent spaces at closed points. Using suitable translations,
it is enough to check the claim at the tangent space at e, i.e., we want [n], : Te(A) — T.(A4) to be an
isomorphism. But this map is the map on tangent spaces induced by

ALy An Ty g

where m,, is the “sum of all co-ordinates” map. Applying Lemma 1.3.18 inductively then shows that [n].
coincides with multiplication by n. As n is invertible on S, this is an isomorphism. O

Remark 1.3.20. In Proposition 1.3.19, when n is not invertible on S, the map [n] is never étale: the
proof above shows that [n]. is multiplication by n on tangent spaces, and thus not invertible by hypothesis.
Nevertheless, [n] is still finite surjective; this shall be proven later using intersection theory. More precisely,
we shall need to understand the behaviour of line bundles on abelian varieties.
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Chapter 2

Cohomology and base change: review

Consider a cartesian diagram

X’LX

Y
52>
of noetherian schemes and a quasi-coherent sheaf F' on X. Then there is a natural base change map
g*R'f.F — R flg"F.
If 8" — S corresponds to a map A — B of rings, then the above map is simply
HY(X,A)®4 B — H'(Xp, Fg).

This map is not an isomorphism in general. In fact, we give an example where this fails next with f being
smooth and projective, and F' being a line bundle.

Example 2.0.1. Let (F,e) be an elliptic curve over a field k. Choose a 1-parameter family {L;}+cr of non-
trivial line bundles on E that degenerate to the trivial bundle. Concretely, we take T to be the spectrum
of the local ring Og .; the line bundle Ogxg(A) ® priOg(e) on E x E restricts to give a line bundle L on
X = E x T, viewed as a T-scheme via the projection f: X — T. If n and s denote the special and generic
points of T', then L,, € Pic(X,,) is a non-trivial degree 0 line bundle, while L is the trivial bundle. We claim
that RVf.L = H°(X, L) is 0 while H°(Xj, L,) is 1-dimensional. The second assertion is clear as Xy ~ E
and Ly is the trivial bundle. For the first, we simply remark as that the flatness of 7, we have injection of
sections H°(X, L) — HY(X,, L,). Now L, is a non-trivial degree 0 line bundle on the elliptic curve X,,, and
thus has no global sections.

The theme of this chapter is to understand the relationship between the sheaf R’f,F and the function
s+ HY(Xs,Fs) on S.

2.1 Basic theorems on coherent cohomology

Theorem 2.1.1 (Finiteness theorem). Let f : X — S be a proper morphism of noetherian schemes, and let
F be a coherent sheaf on X. Then R'f,F is coherent for all i.

Theorem 2.1.2 (Formal functions theorem). Let f : X — Spec(A) be a proper morphism of noetherian
schemes, let I C A be an ideal, and let F' be a coherent sheaf on X. Then the natural maps give an
isomorphisms

—

HY (X,F)®4 A~ H{(X,F)~limH (X, F/I"),

where all completions are I-adic.



prop:FlatBC

Proof sketch. Let U be a finite cover of X by affines, and let C*(U, F)) be the associated Cech complex. Then
the vanishing of cohomology of affines ensures that

HY(X,F)~ H(C*(W,F)) and HYX,F/I")~ H'(C*(U,F/I")) ~ H(C*(U, F)/I")

for all n. Thus, it is enough to show the following: if K*® is a complex of A-modules with H*(K) finitely
generated for all ¢, then the natural map gives an isomorphism

Hi(K)®a A~ H(K) ~ lim H (K/I"K).
Both these are proven using the Artin-Rees lemma. O

Proposition 2.1.3 (Flat base change). Let f : X — S be a qegs morphism of schemes, and let F be a
quasi-coherent sheaf on X. Let g: T — S be any map, and consider the fiber product square:

Xy 2o X

[, b
T—L 558
Then there is a natural base change isomorphism
g'R' f.F =~ R flg"F
Proof. We may assume S = Spec(A) and T' = Spec(B) are affine. Our goal is to show that
HY(X,F)®a B~ H'(Xp, Fp)

via the natural map. We give an argument when X is separated, and the general case is similar. Let U be
a finite cover of X by affines, and let C*(U, F') be the associated Cech complex. Then we have:

1. H(X,F) ~ H(C*(U, F)) by the vanishing of the cohomology of affines as X is separated.

2. H(Xp,Fg) ~ H(C*(Up, Fg)) ~ H(C*(U,F) ®4 B) ~ H(C*(U, F)) ®4 B, where the first isomor-
phism exists for the same reason as above, the second as Cech complexes are compatible with base
change, and the third because the functor —® 4 B is exact (and thus commutes with taking cohomology
of a complex).

Combining the above gives the claim. O

Remark 2.1.4. Proposition 2.1.3 often allows us to reduce a cohomological statement about a general
morphism X — S to one where the base S is a complete noetherian local ring. In this case, Theorem 2.1.2
often allows us to reduce further to the case of artinian local rings. The artinian case can then be analysed
explicitly using exact sequences relating an artinian local ring to a field.

Proposition 2.1.5 (Detecting vanishing fibrally). Let f : X — S be proper morphism of noetherian schemes,
and let F be a coherent sheaf on X that is flat over S. Then R'f.F = 0 for all i > iy if and only if
HY (X, Fy) =0 for all i > i.

Proof. We may assume S = Spec(A) is affine. We want to show that H* (X, F) = 0 for all i > iy exactly
when HY(X,, F,) = 0 for all i > 0.

For <, assume H'(Xg, Fy) = 0 for all i > ig. It is enough to show that the stalks of H*(X, F) at closed
points are zero. By flat base change, we may assume A is complete noetherian local with maximal ideal m
corresponding to the closed point s € Spec(A). By the finiteness and formal functions theorems, we have
HY(X,F) ~ lim H(X,, F/m"). We know that H*(X,, F/m) = 0. Using the filtration of R/m" given by
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powers of m, and that R-flatness of R, it follows from the LES that H*(X, F/m"™) = 0 for all n > 0, which
proves the claim. (Note: this argument works separately for each degree i.)

For =, assume H!(X,F) = 0 for i > ig. Let U be an affine open cover of X, and C*(U, F) be the
associated Cech complex. Then C*(U, F) is a bounded complex of flat A-modules by assumption on F.
Moreover, for any A-algebra B, we have H'(C*(U,F) ®4 B) ~ H'(Xp, Fg) as the formation of Cech
complexes commutes with base change. Now, as C*(U, F) is a bounded complex of flat A-modules, it is
homotopically flat! there is a spectral sequence,

ER?: Tor? (HY(C*(U, F)),B) = H"*9(C*(U,F) ®4 B).

It then immediately follows that if H*(C*(U, F')) = 0 for i > 0, the same must be true for H*(C*(U, F)®4 B).
Taking B to be the residue fields of A then proves the proposition. O

Proposition 2.1.6 (Projection formula). Let f : X — S be a gcgs morphism of schemes. Let E be a vector
bundle on S and let F' be a quasi-coherent sheaf on X. Then there is a natural isomorphism

E®os R fiF ~ R f.(f*E ®0, F).

Proof. There is a natural map from the left to the right given by “cup products”; these can be explicitly
constructed using Cech complexes or by observing that f, is lax symmetric monoidal. So it suffices to prove
the isomorphism locally on S, and we can then reduce to the case of trivial bundles, which is clear?. O

Proposition 2.1.7 (Kunneth). Let S := Spec(k) be the spectrum of a field. Let X andY be qeqs k-schemes.
Let F' (resp. G) be a quasi-coherent sheaf on X (resp. Y'). Then there is a natural isomorphism

DirjenH(X,F) @ H(Y,G) ~ H"(X x Y, FRG).

Proof. We give an argument when X and Y are separated, and the general case is similar. Let U and V be
finite covers of X and Y by affines. Then taking products gives an affine open cover U x V of X x Y. We
have an obvious isomorphism

C*(U,F) ®), C*(V,G) ~ C*(U x V,FR G),

so the claim follows from the usual Kunneth formula for complexes. O

2.2 Relating the cohomology of a family to the fibers

We make the following provisional® definition:

Definition 2.2.1. For a commutative ring A, a complex M® of A-modules is called perfect if each M? is a
finite projective A-module, and M*® = 0 for i ¢ [—n,n] for some n.

Lemma 2.2.2. Let A be a noetherian ring. Let K® be a complex of A-modules satisfying:

1. Each K' is flat, and K* = 0 fori ¢ [a,b] for some fized integers a < b.

2. Each H'(K) is finitely generated.
Then there exists a perfect A-complex M® and a quasi-isomorphism® M® — K*® with M* = 0 for i ¢ [a,b].
Proof. See Mumford. O

I This means that tensoring with it preserves quasi-isomorphisms, and hence can be used to compute derived tensor products.

20ne must identify the natural map with the obvious map as well, but we leave this to the reader.

30nce derived categories are introduced, we shall call a complex perfect if it is isomorphic in the derived category to one
satisfying the conditions of the previous definition.

4This is a map of complexes that induces an isomorphism on all cohomology groups.
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rwardPerfect

shforwardQis

Lemma 2.2.3. Let f: M®* — K*® be a quasi-isomorphism between bounded complexes of flat modules over a
commutative ring R. Then for any A-module B, the map M*®4 B — K®*®4 B is also a quasi-isomorphism.

Proof. Exercise. O

Proposition 2.2.4. Let f : X — Spec(A) be a proper morphism with A noetherian. Let F be a coherent
sheaf on X that is flat over A. Then there exists a perfect A-complex M*® such that for any A-algebra B,
there is a natural isomorphism

H'(M®* ®4 B) ~ H(Xp, Fp)
for all i.

Proof. Consider the Cech complex C*(U, F') attached to a finite cover U = {U;}i=1,....n, of X by affines
U; C X. Then we have:

1. By the vanishing of the coherent cohomology of affine schemes, we have H*(C*(U, F)) ~ H'(X, F). In
particular, each H*(C*(U, F)) is a finitely generated A-module, and vanishes outside [0, n].

2. Each C*(U, F) is a flat A-module by assumption on F.

3. The formation of C*(U, F') commutes with base change, i.e., if B is any A-algebra, then
C.(u, F) ®A B~ C'(UB, FB)
via the natural map.

Using (1) and (2) and applying Lemma 2.2.2 to C*(U, F) gives a perfect A-complex equipped with a quasi-
isomorphism M*® — C*(U, F'). To finish, we must show that the quasi-isomorphism M*® — C*(U, F') remains
a quasi-isomorphism after applying — ® 4 B. This follows from Lemma 2.2.3. O

Remark 2.2.5. In the setup of Proposition 2.2.4, by Lemma 2.2.3, we are free to replace M*® with any
quasi-isomorphic perfect complex without affecting the conclusion.

Corollary 2.2.6 (Semicontinuity). Fiz X, A, and F as in Proposition 2.2.4. Then:

1. For each i > 0, the function s — dim H'(X,, Fy) on Spec(A) is upper semicontinuous, i.e., the sets
{s € S| dim H (X, Fy) > k} are closed for any integer k. In particular, the value of this function can
only go up under specialization.

2. The function s — x(Xs, Fs) =Y ,(=1)"dim H (X, F) is locally constant.

3. Assume that H (X, Fy) = 0 for some fized i and all s € Spec(A). Then H'(X,F) = 0 and the natural
map gives an isomorphism

Hiil(X7F) XA "{(8) =~ Hiil(stFs)
for all s € Spec(A).

4. Assume A is reduced, and fix an integer i. Then the function s — H*(X,, Fs) is constant if and only
if H(X, F) is a finite projective A-module and H*(X,F) ®4 r(s) =~ H (X, Fs) for all s € Spec(A).
If either condition are satisfied, then H' =1 (X, F) @ k(s) — H"Y(X,, Fy) is an isomorphism as well.

Proof. All assertions are equally valid for the cohomology groups of the fibers of any perfect A-complex M*®.

1. Choose a perfect complex M*® of A-modules as in Proposition 2.2.4. By shrinking the base further, we
may assume each M? is finite free. The differential d’ : M? — M**! is thus a matrix with entries in A.
Our goal is to show that the function

s+ dim(ker(d’ ®4 k(s))/im(d" ™ @4 K(s)))
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is upper semicontinuous. As all dimensions involved can take on only finitely many values (between 0
and the largest rank of the M*’s), it is enough to show that the functions

ki(s) := dim(ker(d' ®4 k(s))) and 7;(s) = — dim(im(d" "' @4 x(s)))

are upper semicontinuous. By rank-nullity, we have r;(s) = rank(M®~1) — k;_;(s), so it is enough to
show that the claim for k; for all 7. But

{s € Spec(A) | ki(s) > c} = {s € Spec(A) | rank(d" @ r(s)) < rank(M") — c}.
The right hand side is the vanishing locus of the set of (rank(M?) — ¢)2-minors of d’, and is thus closed.

Remark 2.2.7. We pause to give a possibly more enlightening proof for the last statement of the claim,
i.e., the values of the function can only go up under specialization. By detecting specializations using
valuation rings, we may assume A is a discrete valuation ring with fraction field K, residue field &, and
uniformizer t € A. We must show that dimx H*(X g, Fr) < dimy H* (X}, F). Choose a finite complex
M*® of finite projective A-modules as in Proposition 2.2.4. We must show that dim H(M*® ®4 K) <
dim H'(M® ®4 k). As A — K is flat, we have H(M® ®4 K) = H'(M*®)[1]. On the other hand,
tensoring the exact sequence
0AL A k=0

with M® gives a short exact sequence of complexes (as each M? is flat). Taking cohomology of this
sequence gives a short exact sequence of k = A/t-modules

0— H'(M®)/t - H' (M® @ k) — HTH(M®*)[t] — 0.

It thus suffices to check dimg H'(M*)[}] < dimy, H'(M*)/¢t. This holds true for any finitely generated
A-module in place of H*(M?*), and can be easily seen using the classification of such A-modules.

. We may assume that A is a local ring. Our goal is to show that the function s — x (X, F) is constant.
Choose a complex M*® as in Proposition 2.2.4. As A is local, each M* is a finite free A-module of some
rank r;. We claim that for any s € Spec(A), we have

X(Xs, Fs) = Z(—l)iri-

The right side is clearly independent of s, so this would prove the required statement. To see this
formula, write k& = (s) for simplicity. Then the left side is >°,(—1)% dimy H*(M*® k) by construction.
As M?® 4 k is a k-vector space of dimension r;, we are reduced to showing the following: for any finite
complex N°® of finite dimensional k-vector spaces, we have

Z(—l)i dimy, HI(N*®) = Z(—w‘ dimy N*.

We leave this assertion to the reader as an exercise in linear algebra.

. Fix a prime ideal m C A with residue field k. Our goal is to show that
H™YX,F)®sk — H™(X,F/m)

is an isomorphism; the vanishing of H*(X, F') will be deduced en route. For this, by flat base change, we
may assume that A is complete noetherian local with maximal ideal m. We shall show more generally
for any A-module M, the natural map

H ™Y X, F)®s M — H Y X, Fo, M)
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is an isomorphism. Using a presentation of M, it is enough to check that the functor
M— H X, Fo, M)
is right-exact. As F' is A-flat, this is implied by the vanishing of the functor
M H(X,F®4 M)

and the long exact sequence®. To show this vanishing, by the formal functions theorem, it suffices
handle the case where M is killed by m”™ for some n > 0. The case n = 1 follows by our assumption
since any such M is a finite product of copies of k. The general case then follows by filtering M by the
m-adic filtration and using the attached long exact sequences. Taking M = A also gives H (X, F) = 0,
as wanted.

4. We explain a simple proof when A is a dvr, and leave the rest to the references. So assume A is a
dvr with fraction field K, uniformizer ¢, and residue field k. Choose a perfect A-complex M*® as in
Proposition 2.2.4. Assuming that dimg (H*(M*®)[}]) = dimy (H(M*® ®4 k)), we shall show:

(a) HY(M®) is free,
(b) HY(M®)/t ~ H(M® ®4 k), and
(c) H=Y(M®)/t ~ H Y (M®* @4 k).

This clearly proves the claim. Tensoring the exact sequence

05 AL A k=0

with M* gives a short exact sequence of complexes (as each M? is flat). Taking cohomology of this
sequence gives a short exact sequence of k = A/t-modules

0— H(M®)/t = H' (M® @4 k) — HTH(M®*)[t] — 0.
We then get
dimK(Hi(M°)[%]) < dimy HY(M*®/t) < dimy, (H (M® @4 k)),

where the first inequality is a general fact about finitely generated A-modules, and the second follows
from the SES. Our hypothesis ensures that the outer terms are equal, and hence all terms are equal,
say to some integer r > 0. It follows that

HY(M®*)/t ~ H'(M® @4 k),

proving (b). Choosing r generators of the this k-module and lifting to A, we get a surjection A” —
HY(M*). This map is bijective after reduction modulo ¢ by construction; it is also bijective after
inverting ¢ as dimg (H'(M*)[1]) = r. It is then easy to see that this map is an isomorphism, which
proves (a). Finally, (c) follows (a) and the exact sequence used above shifted one degree down.

O

5If a functor between abelian categories carries short exact sequences to right exact sequences, then it also carries right exact
sequences to right exact sequences.
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Chapter 3

Line bundles

3.1 The seesaw and cube theorems

Lemma 3.1.1. A line bundle M on a proper geometrically integral variety Y over a field k is trivial if and
only if HO(Y, M) and H°(Y, M~1) are nonzero

Proof. The “only if” direction is clear, and for the “if” direction we observe that if s : Oy — M and
t: M — Oy are nonzero maps, then the compositions st and ts are both nonzero (as Y is geometrically
integra), and thus isomorphisms (as Y is proper), implying that both s and ¢ were isomorphisms. O

Proposition 3.1.2. Let f : X — S be a proper flat morphism of noetherian schemes. Fiz L € Pic(X).
Then there exists a unique locally closed subscheme Z C S such that:

1. The pushforward (fz)«Lz is invertible on Z.

2. If T — S is an S-map, then T — S factors (necessarily uniquely) over Z exactly when (fr).«Lr is
invertible. In this case, (fr)«Lr is pulled back from (fz)«Lz.

In the sequel, we shall refer to the conjunction of (1) and (2) above for the pair (fz, L) as saying that
(fz)«Lz is invertible and of formation compatible with base change.

Proof. The universal property in (2) characterizes Z, and also shows that its formation is compatible with
base change (provided it exists). We may thus work locally on S to find such a Z. In fact, the underlying
set is clear from (2): |Z] = {s € S | dim H°(X;, Ls) = 1} C S. This set is constructible by Corollary 2.2.6
(1). To find the desired scheme structure, fix some s € |Z|. As |Z] is locally closed, the intersection |Z| N U
is closed for a suitably small affine open neighbourhood s € U C S. We shall equip this closed set with a
natural closed subscheme structure satisfying the analog of (1) and (2) for the base change fyy. In particular,
these structures patch together via the universal property to produce the required scheme structure on Z.

First, we make a preliminary construction. Assume S = Spec(A4). By shrinking S further, we may choose
a finite complex K*® of finite free A-modules as in Proposition 2.2.4, so H(K®* ®4 B) = H°(Xp,Lp) for
all A-algebras B. Setting

Q = coker((K')Y <, (K°)Y),

this translates to a functorial identification Hom4(Q, B) ~ H°(Xp, Lp) for all A-algebras B. In particular,
it follows that the formation of ) commutes with localization on A.

Now, as we have fixed s € |Z]| C S, we have dim H°(Xs, L) = 1, so Homa(Q, k(s)) = (Q ®4 k(s))" is
1-dimensional. Then Nakayama shows that @ is a cyclic A-module, at least after shrinking S further around
s. Write Q = A/I for some ideal I C A. We then claim that setting Z = V(I) solves the problem, i.e.,
satisfies (1) and (2). For (1), we must show that Hom4(Q, A/I) is an invertible A/I-module, which is clear
as @ = A/I. To check (2), we shall show the following;:
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(*) For any A-algebra B, the B-module Hom 4 (@, B) is invertible exactly when IB = 0.

Once either of these conditions is satisfied, the resulting map Homx(Q, A/I) ® 4,1 B — Homa(Q, B) is
an isomorphism as @ = A/I, which proves the rest of (2).

To prove (x), note that Homs(Q,B) = B[I] = {b € B | I -b}. If this B-module is invertible and
IB # 0, then, after passing to an open cover of Spec(B), we would obtain a free B-module of rank 1 that is
annihilated by a nonzero ideal of B, which is absurd. O

Theorem 3.1.3 (Seesaw theorem). Let f : X — S be a proper flat morphism of noetherian schemes with
geometrically integral fibers. Fix L € Pic(X). Then:

1. The set Z :={s € S| L|x, is trivial} is closed in S.
2. We have Lz, , ~ I2,.,M for some M € Pic(Zyeq).

red —

3. There exists a unique closed subscheme structure on Z such that L|yz is pulled back from Pic(Z), and
the map Z — S is universal with this property, i.e., if T — S is some map with Ly € Pic(Xr) pulled
back from Pic(T), then the structure map T — S factors uniquely over Z.

In particular, if L is trivial on aoll the fibers of f and S is reduced, then L is pulled back from S.

Proof. 1. By Lemma 3.1.1, we have
Z={seS|H"X,,Ly) >1}n{se S| H (X,,L;*) > 1},
which is closed by Corollary 2.2.6 (1).

2. For this part, we may replace S with Z,..q to assume L is trivial on all the fibers. Thus, H°(X,, L)
is 1-dimensional for all s by our hypothesis on the fibers. As the base is reduced, Corollary 2.2.6 (4)
implies that M = f,L is a line bundle, and the map M, — H"(X,, L,) is an isomorphism for all s.
There is a pullback f*M — L defined by adjunction, and it is an isomorphism after restriction to each
fiber X by construction (as each line bundle is trivial on the fibers, and the map on global sections is
an isomorphism). Any such map must be an isomorphism: if a map between finite projective modules
over a noetherian ring is an isomorphism on each fiber, it is an isomorphism by Nakayama.

3. We first claim that L is pulled back from S if and only if f.L and f,L~! are invertible and of formation
compatible with base change. Indeed, the “only if” implication follows from the projection formula
as f.Ox ~ Og by Proposition 1.3.6. Conversely, if f.L and f.L~! are invertible and of formation
compatible with base change, then the adjunction map f*f.L — L is map between line bundles that
is an isomorphism on the fibers by our base change compatibility assertion (as in (2)), and thus an
isomorphism by Nakayama.

Consider the maximal locally closed subscheme W C S such that (fw).Lw and (fw )Ly are both
invertible and of formation compatible with base change, as provided by Proposition 3.1.2 applied to
L and L. By the previous paragraph, the map W — S satisfies the universal property formulated
in (2). It thus remains to check that W = Z as subsets of S; indeed, this will imply that W — X is a
closed immersion as Z C X is closed by (1). But W = Z is also clear from the universal property in
(3) and the definition of Z, so we are done.

O

Remark 3.1.4 (Seesaw via Picard schemes). For X/S as in Theorem 3.1.3, consider the presheaf Picx /g
on Sch/S defined by T +— Pic(Xr)/f*Pic(T). If f is assumed to be projective and admits a section, then
a non-trivial theorem of Grothendieck shows that Picx /g is representable by a separated S-group scheme.
If one is willing to use this result, then Theorem 3.1.3 admits a direct proof: the line bundle L defines a
section [L] : S — Picx/s(T'), and the desired closed subscheme Z C S is simply the pullback of the 0-section
of Picx /g along [L].
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Remark 3.1.5. It follows from the universal property in Theorem 3.1.3 (2) that the formation of Z itself
commutes with base change, i.e., if g : S — S is any map, then the scheme-theoretic inverse image 7’ :=
g Y(Z) C ' satisfies the universal property in Theorem 3.1.3 (2) for the pair (fs/, Lg/).

Remark 3.1.6. Theorem 3.1.3 owes its name to the special case X is a product of two proper geometrically
integral varieties over a field k£, and f is a projection. In this case, the theorem implies that line bundles on
the product that are trivial on the fibers of one of the projection maps are pulled back from the base of the
projection, thus evoking a “seesaw” image.

Remark 3.1.7. It is tempting to ask the following question: if X and Y are proper and geometrically
integral varieties over k, and L € Pic(X x Y) is trivial on X x {y} and {2} x Y for a single pair of points
(z,y) € X(k) x Y(k), then is L is trivial? The answer is no. For example, take an elliptic curve (E,e), and
let D C X xY be the divisor given by A —prl_l(e) —prz_l(e). Then D|ieyx g and D|gy ey are trivial, but D
is not trivial: if it were trivial, then for any x € E(k), we would see that D|gy s} =~ Op(x — e) is the trivial
line bundle on E, which is not possible unless = e as the map E(k) — Pic(F) given by y — O(y —e) is
injective.

Theorem 3.1.8. Let S be a connected noetherian scheme, and let X — S and Y — S be two proper flat
morphisms with geometrically integral fibers. Fix L € Pic(X xgY) Assume the following:

(idx,ey)
—

1. There exist sections ex € X(S) and ey € Y(S) such that the pullback of L along fx : X
X xgY and fy : Y XY X o oY s trivial.

2. There exists a point s € S with L trivial.
Then L is pulled back from S.

The idea of the proof is deformation theoretic: using (1) and deformation theory, one “spreads out” the
conclusion of (2) to arbitrary artinian thickenings of s, and, in the limit, to a formal neighbourhood of s.

Proof. Write P = X xg Y for the product. Let Z C S be the maximal closed subscheme with Ly pulled
back from Z universally, as in Theorem 3.1.3. We must show Z = S. We have s € Z by (2), so Z # 0.
As Z is closed, it is enough to show Z is also open (as S is connected). Moreover, to prove openness, it is
enough to check stability under generalizations: a closed subset of a noetherian affine scheme that is closed
under generalizations has to be open. We may thus assume S = Spec(R) for a noetherian local ring R with
maximal ideal m and residue field k. Relabelling, write s € S for the closed point, and write I C m for the
ideal of Z. We want to show I = 0. If not, then there exists a smaller ideal J C I with I/J ~ k as an
R-module: we may simply take J to be the preimage of any codimension 1 subspace of I/mI (as the latter
is nonzero if T # 0 by Nakayama). Let W := Spec(R/J), so we have a strict containment Z C W of closed
subschemes of S. By definition of Z, we know that Lz is pulled back from Z, and hence trivial (as Z is
local). We shall show that Ly is also trivial, contradicting the maximality of Z, thus proving the theorem.

As Ly is trivial, we can choose some s € H° (Pz,Lyz) giving an isomorphism Op, 2 L. Pulling back
the exact sequence
1-k—R/J—>R/I—1

to P and tensoring with L gives an exact sequence
1l—-Ls—Lw —Lz;—1

of sheaves. Hence, the obstruction to lifting s to an element § € H°(Pz, Lz) is an element & = £(s) €
H (P, Ly). We shall show that ¢ = 0. This will imply the theorem. In fact, we claim the stronger statement
that £ = 0 exactly when Lyy is trivial. Indeed, if £ = 0, then the map s lifts to § that necessarily trivializes
Lw (by Nakayama). Conversely, if Ly is trivial, then ¢ = 0 as the map H°(Pw,Lw) — H°(Pz,Lz)
identifies with the map R/J — R/I by Proposition 1.3.6, and hence is surjective.
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It remains to show & = 0. By functoriality of forming £ from s, the pullback class {x = fx(€) €
H' (X, f%(Ls)) measures the obstruction to trivializing f%(Lw) on Xw, and similarly for & = f3(€) €
HY (Y, f3-(Lg)). But f%(L) and f3-(L) are themselves pulled back from S by hypothesis, and hence trivial
as S is local. It follows that {x = &y = 0. It is therefore enough to check that pullback gives in injective
map

HY (P, Ly) — H (X,, f¥xLs) x H' (Y, f3-Ly).

But, after fixing an isomorphism L ~ Op,, this identifies with the pullback
H'(P,,0p,) = H'(X,,0x,) x H\(Y,0y,),
which is even bijective by the Kunneth formula. O

Corollary 3.1.9 (Theorem of the cube). Fiz a base scheme S. Let X — S andY — S be proper flat maps
with geometrically integral fibers, and let Z be any connected finite type S-scheme. Let L € Pic(X xY x Z).
If there exist sections x € X(S5), y € Y(S5), and z € Z(S) with L|{zyxyxz, Llxx{yixz, and L|xxyx{z}
being trivial, then L is trivial.

Proof. Our hypotheses ensure that Theorem 3.1.8 applies to the projection X x Y x Z — Z, so we learn
that L is pulled back from Z. On the other hand, L is trivial on the section {z} x {y} x Z C X xY x Z of
the projection by assumption, and hence L must be trivial. O

3.2 The theorem of the square and applications

Lemma 3.2.1. Fiz a connected base scheme S. Let w : A — S be an abelian scheme, and let Z be any
S-scheme. Fiz maps f,g,h: Z — A. Then for any L € Pic(A), there exists an isomorphism

(f+g+h)'L~(f+9)'La(f+h)'Le(g+h)'Le (L )og (L )or (L") or el

b
Here we follow the convenient that if a,b : Z — A are two maps, then a + b is the composite Z M

Ax A A

Proof. Tt is enough to handle the universal case where Z = A x A x A, and f, g, h are the 3 projections. Set
m=f+g+h meg=f+g mgp=9+h,and mg, = f+h. Writee: A x A x A — A for the constant
map. It is enough to show that the line bundle

M:=m'L'@mj,Lomy,Lom, Lo 'L @g" L " @h* L™ @ n*eL
is trivial on A x A x A. It is easy to see that the following pairs of maps induce the same maps on composition
with A x A LD, 44 5 A

m,msg and mgp,g and mygp, f and eom, h.

It then immediately follows that M|y 4x (e} is the trivial bundle. By symmetry, we also M also restricts to
the trivial bundle over {e} x A x A and A x {e} x A. Corollary 3.1.9 then implies that M is trivial. O

Corollary 3.2.2. Let A/S be an abelian scheme. Then for any integer n and L € Pic(A), we have

n24n
p)

n2—n
)L~ L" 3" @ [-1]*"L" 7" @ r*e* L.

In particular, if L is symmetric (i.e., L ~[=1]*L), then [n]*L ~ o’ up to line bundles pulled back from S.
Given any line bundle M, the bundle M ® [—1]*M is symmetric.
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Proof. One proves this separately for positive and negative n by induction. We give the argument for n = 2.
Applying Lemma 3.2.1 to Z = A with f = [1], g = [1], and h = [—1], we obtain

L2 L@ Lo 0L L '@ L' @ [-1]*"L ' @1 e*L,
which, as [0] = e o 7, simplifies to give
2L~ L*® [-1]*"L®@ 1 e L3,
as wanted. O

Corollary 3.2.3 (Theorem of the square). Let A/S be an be an abelian scheme. For all L € Pic(A) and
x,y € A(S), we have an isomorphism
try L® L=t Lot L

up to line bundles pulled back from S.

Proof. Write ¢, and ¢, for the constant maps with values x and y respectively. Apply Lemma 3.2.1 with
f=cqg, g=cy and h =1id to get

L~ct

*
t Tty

iy LotiLotiLoc Ll ' @c L' @ L7 @ciL.

This gives the desired formula up to line bundles pulled back from S. O

Remark 3.2.4 (The ¢y, construction). Corollary 3.2.3 implies that for each line bundle L on A, the map
of presheaves
¢+ A— Picyys

defined on points by ¢, (z) = 5L ® L1 is a homomorphism. The kernel of this map classifies those points
x: T — A such that the line bundle ¢*(L7) ® L' on A x T is pulled back from 7. We shall give a different
description of this kernel in Corollary 3.2.6.

3.2.1 The Mumford bundle and K(L)

Let L be a line bundle on an abelian scheme A/S.

Definition 3.2.5. The Mumford bundle attached to L is
AL) :=m*(L)@priL ' @ priL" € Pic(A x A).

Applying the Seesaw theorem to the first projection pry : Ax A — A, we obtain a maximal closed subscheme
K(L) C A such that A(L)|g(z)xa is universally pulled back' from K(L).

If x : T — Ais a map, then pullback A(L)|rxa can be identified as t%(Lr) @ priz*(L) ® Ly on T x A,
where Ly = prj(L). Thus, we have:

Corollary 3.2.6. A map x : T — A factors through K(L) exactly when t Ly ®L;1 on T x A is pulled back
from T.

Using this, we claim:
Lemma 3.2.7. The subscheme K(L) C A is a subgroup scheme.

Proof. Let x,y € A(T) be two scheme-theoretic points. We must show that if t5(Lr)® Lz and ¢} (L) ® L'

are pulled back from T, the so is t; (L7) ® L;'. But this is immediate from Corollary 3.2.3. O

(incl,e)

Mn fact, we have A(D)|k(yxa = Ok (r)xa: this follows by pulling back along the section K(L) K(L) x A to pry.
This is the main reason to introduce the pry L~! term in the definition of A(L). If we had not done this, then K (L) would be
the same scheme, but we would lose the triviality.
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Lemma 3.2.8. Assume S = Spec(k) for an algebraically closed field k.
1. The mazimal connected reduced subscheme B := (K(L)%),cq is an abelian subvariety of A.
2. The line bundle L|p ® [-1]*L|p is trivial.
In particular, over any base scheme S, if L is relatively ample for A/S, then K(L) is finite over S.

Proof. For (1), observe that B is a proper connected reduced variety such that B(k) C A(k) is a subgroup.
As k is algebraically closed, this implies that B is an abelian variety. Write M = L|g. It is immediate
from the definitions that A(L)|pxp =~ A(M). Now A(L)|x(r)xa is trivial, and hence A(M) is also trivial on
B x B. Pulling back along (1, —1) : B — B x B shows that M ® [—1]*M is trivial on B, giving (2).

For the last assertion: as K(L) C A is closed, the map K(L) — S is proper. Moreover, the formation
of K(L) commutes with base change. Thus, to show finiteness, we may assume S is a geometric point.
Adopting the notation of (1), it is enough to show dim(B) = 0. As L is ample, so is M, and hence the same
holds true for M ® [—1]* M. But the latter is trivial on B by (2). The claim follows as there are no positive
dimensional connected projective variety where the trivial bundle is ample. O

Remark 3.2.9. As A(L)~! = A(L™1), we have an equality K (L) = K(L™!) of subgroup schemes of A. In
particular, the finiteness of K (L) does not force ampleness of L. We shall see later that the noneffectivity
of L is the only obstruction here.

3.2.2 Projectivity of abelian varieties

The following proposition ensures that any map non-finite map out of an abelian variety arises essentially
by collapsing a non-trivial abelian subvariety.

Proposition 3.2.10. Let k be an algebraically closed field. Let f : A — Y be a map of k-varieties with A
an abelian variety. For each a € A(k), write F, for the connected component of f~1(f(a)), given its reduced
structure. Then Fy is an abelian subvariety of A, and F, = a+ Fy C A for any a € A(k).

Proof. Fix some a € A(k), and consider the map ¢ : A x F, — Y defined by restriction 4 x A ™ A Ly,

Now ¢({0} x F,) is simply the closed point f(a). By Corollary 1.3.7, it follows that ¢ factors over the

projection pri : A x F, — A via a map ¢ : A — Y. Using the section A m A x Fg, it follows that

@(b) = ¢(b,a) = f(b+ a) for any b € A(k). This gives
fo—a+F,)=0¢0b-a,F,)=0¢b—a)=f(b—a+a)=f(b).

Taking a = 0 gives f(b+Fy) = f(b), so b+ Fy € Fy for all b € A(k). Taking b = 0 gives f(—a+Fy) = f(0),
so —a+ F, C Fy for all a € A(k), and hence F, C a+ Fp for all a € A(k). Combining the previous two
sentences shows Fy, = a + Fy for all a € A(k).

As Fy is proper, geometrically reduced and geometrically connected, by Remark 1.3.2) it remains to
check Fy(k) C A(k) is closed under the group operation. But we have already seen that a + F, = F{ for all
a € A(k). If a € Fy(k), then F, = Fy, so this gives a + Fy = Fp, and hence Fy(k) is closed under the group
operation. O]

Effective divisors on an abelian variety are effectively semiample.

Proposition 3.2.11. Let A/k be an abelian variety, and let D be an effective divisor on A. Then the line
bundle L = O (D) is semiample. More precisely, the linear system |2D| is basepoint free.

Proof. We may assume k is algebraically closed. We must show that for each a € A(k), there exists some
E € |2D| such that a ¢ E. Let U C A denote the dense open set —a + (A — D). Then U N [—1]*(U) is not
empty, so we can choose some b € A(k) with b, —b € —a+(A—D). This means a+b € A—D and a—b € A—D;
equivalently, we have a ¢ —b+ D and a ¢ b+ D. But this can also be written as a ¢ T*, (D) UT; (D). Now
the divisor £ = T%*,(D) + T} (D) belongs to the linear system |2D| by Corollary 3.2.3, and we just checked
a ¢ E, as wanted. O

23



mpleCritKofL

neComplement

tiveFieldExt

Remark 3.2.12. Let A be an abelian variety over an algebraically closed field k, and L € Pic(A) an
effective line bundle. Proposition 3.2.11 gives a morphism f : A — P(H%(A, L?)) such that f*O(1) = £2.
Proposition 3.2.10 gives an abelian subvariety Fy C A in the fibre over f(0). On the other hand, we also
obtain the subgroup scheme K (L) C A as in §3.2.1. We claim that Fy coincides with B := (K(L)%);cq-

To show Fy C B, fix some x € Fy(k). As Fp is connected, it is enough to check that = € K(L)(k), i.e.,
we have T(L) ~ L. Fix a nonzero section s € H°(A, L) corresponding to an effective divisor D C A. The
section s? gives a hyperplane H C P™ which pulls back to the divisor 2D. As x € Fyy, we have fo T, = f,
so T¥(2D) and 2D are the same divisor. As this is an equality of divisors and not merely divisor classes, we
must also have T;(D) = D. Passing to associated line bundles shows T} L ~ L.

To show B C Fy, set M := L|g. Then M? is globally generated (as L? is so). We shall check that M?
is trivial. This implies that the composition B — A ER P(HY(A, L?)) is the constant map; its image is
necessarily f(0), which would prove that B C Fy. To check triviality of M2, note that Lemma 3.2.8 implies
that M~! ~ [~1]*M, and hence M2 ~ [-1]*M?2. As [~1] is an automorphism, it follows that M2 is also
globally generated. Lemma 3.1.1 then implies that M? is trivial.

Remark 3.2.13. Let (A, L, D) as in Remark 3.2.12. The proof of Fy C B in Remark 3.2.12 shows something
stronger: we have
Fo C HD):={x € A(k) | t;D = D},

where the equality is an equality of divisors (and not merely divisor classes). In particular, we have
K(L)°(k) = B(k) C Fo C H(D).
In particular, any open set in A containing H (D) also contains K (L)°.

We get the promised characterization of ampleness of L in terms of K(L):

Corollary 3.2.14. Let A/k be an abelian variety, and let L € Pic(A) be an effective line bundle. If K(L)
is finite, then L is ample.

Proof. We may assume k is algebraically closed. Let f : A — P™ be the map defined by L? by Proposi-
tion 3.2.11. It is enough to show that the fibers of f are finite. In fact, as all fibers are translates of each
other, it suffices to show that Fj is finite. But Remark 3.2.12 tells us that Fy = B C K(L), which is finite
by hypothesis, so we are done. O

Lemma 3.2.15. Let X be a separated noetherian scheme. Let U C X be a dense affine open subset. Then
each generic point of X — U has codimension 1 in X. In other words, X — U is a union of Weil divisors in
X.

Proof. We give a proof when X is normal; see [?, Tag 0BCQ] for the general case. For any x € X, the the
base change U, := U x x Spec(Ox ;) C X, := Spec(Ox ;) is a dense affine open subset by the separatedness
of X and the density of U. Now if = is a generic point of X — U, then X, — U, is a single closed point, so
U, is the punctured spectrum of the local scheme X, . If x had codimension > 2 in X, then it would follow
from normality that H°(X,,O0x,) ~ H°(U,,Or,). But both U, and X, are affine, so this forces U, = X,,
which is impossible as © ¢ U. Thus, z has codimension < 1; in fact, the codimension is exactly 1 as U, is
nonempty. O

Exercise 3.2.16. Let X/k be a scheme of finite type. Assume that X is projective. Show that X is
projective.

Theorem 3.2.17. Abelian varieties are projective.

Proof. By Exercise 3.2.16, we may assume k is algebraically closed. Let U C A be an affine open subset
containing e. Let D = A — U, so D is an effective Weil (and hence Cartier) divisor on A by Lemma 3.2.15.
Let L = O4(D) and consider H(D) = {x € A(k) | t:D = D} as in Remark 3.2.13. Any « € H(D) carries U
to itself under translation (by definition). As e € U, it follows that x € U, and thus H(D) is contained in
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U. Since K(L)°(k) C H(D), it follows that K (L)° is also contained in U (see Remark 3.2.13). But K(L)°
is proper and connected, while U is affine, so K(L)° = {x}, which proves that K (L) is finite, and thus L is
ample by Corollary 3.2.14. [

Alternative proof. By Exercise 3.2.16, we may assume k is algebraically closed. Let U C A be any nonempty
affine open subset. Let D = A—U, so D is an effective Weil (and hence Cartier) divisor on A by Lemma 3.2.15.
Let L = O4(D). By Proposition 3.2.11 the line bundle L? is globally generated; write f : A — P™ for the
associated morphism. Then the divisor 2D is defined by a section of L?, and hence arises as the pullback
of a hyperplane H C P™ under f. In particular, for any closed point z € P™ — H, the preimage f~!(x) is
contained in U := A— D. But f~!(z) is proper and U is affine, so f~!(x) must be finite. Proposition 3.2.10
then ensures that all fibres of f are finite, and thus f is finite. But this immediately implies that L2, and
hence L, is ample. O
Corollary 3.2.18. Let A be an abelian variety of dimension g. Then A cannot be embedded into P2971.

Remark 3.2.19. Note that any projective variety of dimension g can be embedded into P29%1; a better
version of the argument below improves 2g — 1 to 2g when g > 3 in the first assertion, thus showing the
sharpness of the 2¢g + 1 bound.

We shall use some intersection theory in the proof, and we summarize what we need. For any coherent
sheaf E on P™, write ¢;ot(E) = Y o, ¢i(E) for the total Chern class of a sheaf E, viewed as an element of
the graded ring H**(P™); here we H*(—) denotes any Weil cohomology theory. We shall use the following
facts:

e The formation of Chern classes is compatible with restriction to subvarieties.
e ¢iot(—) carries addition in Ky to multiplication of cohomology classes.
o ¢;(E) =0 for i > rank(FE).

o If h = ¢1(0(1)) € H?(P™) is the hyperplane class, then h?|x € H?4(X) is nonzero if X is a d-
dimensional subvariety of P™.

Proof. Say i: A C P™ is a closed immersion. We have an exact sequence
0= I/T* = Qpm — Q4 =0
of sheaves on A, where I/I? is the conormal bundle of rank m — g. Applying ¢ to the above sequences
gives
ctot(Q%Dm|A) = Ctot(Q,la;) : Ctot(I/Ig)-
Now QY = 09, s0 cot(2Yy) = 1. Also, ciot(I/1?) vanishes in degrees > rank(I/I?) = m — g. Thus, we get
ci(Qpm|a) =0 for i>m—g.

On the other hand, the Euler sequence on P is

0 — Qb — Opm(—1)"T = Opm — 0.
Writing h = ¢1(Opm (1)) € H?(P™) for the hyperplane class, this gives

Ctot(Q%jm) = (]. - h)m+1.

As the formation of total Chern classes is compatible with restriction to subvarieties, we have the same
formula after restriction to A. In particular, as ¢;,—g+1(Qpm|a) = 0, we get

RmTIT =0 € H**(A).
As A is a projective variety of dimension g and h is a hyperplane class, we also know that h9 # 0 on A, so

it follows that
m—g+1>g, so m>2g—1,

as wanted. O
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3.2.3 Torsion subgroups
We begin by calculating the degree of multiplication by n.

Theorem 3.2.20. Let A/S be an abelian scheme of relative dimension g. Then for any integer n, the
multiplication map [n] : A — A is finite flat of degree n?9. In particular, for any algebraically closed S-field
k, the abelian group A(k) is divisible, and its n-torsion A(k)[n] is finite.

We may assume S is a geometric point (exercise!).

Proof that [n] is finite flat. It is enough to check that the fibers are finite schemes. Let L be an ample line
bundle A Set M := L ® [-1]*L. so M is symmetric and ample. Then [n|*M ~ M™ by Corollary 3.2.2.
Let X C A be a fibre of [n] (viewed as a reduced proper variety). But then M™ |x ~ ([n]*M)|x would be
trivial. As M™ is ample, this forces X to be 0-dimensional, as wanted. O

To proceed further, we need the notion of a degree for a coherent sheaf on a projective variety:

Construction 3.2.21. Let X be an irreducible projective variety of dimension g over a field k. For a line
bundle L and coherent sheaf F' on X, the function Pp 1 (n) = x(F ® L™) is a polynomial in n. Write %!F)
for the coefficient of n? in this polynomial, and write deg(L) = dr(Ox). We shall use the following facts

1. F'— dp(F) is additive in short exact sequences. Indeed, the polynomials Pr 1 (n) behave additively in
F

2. For any integer k, we have an equality Pg z(kn) = Pgpx(n) of polynomials, and thus an equality
deg(LF) = k9deg(L).

3. If L is ample, then Pp(L) has degree dim(F) (i.e., the coefficient of nd™() is nonzero when F # 0).
This is proven by induction on dim(F'). Using (2), we may assume L is very ample. The case dim(F') =0
is clear: Pp(n) is simply the sum of the dimensions of the (finitely many) stalks of F' and is clearly
independent of n. In general, using (1) and standard exact sequences relating F' to its restriction to
irreducible components, we may assume dim(F) = g (so F has irreducible support) and that F is
torsionfree (as the torsion has smaller dimensional support). Now if g > 0, as F' is torsionfree, we can
find an exact sequence

0> F®RL ' F—F®0z4 —0.

It follows that Pr(n) — Pr(n — 1) = Prgo,,, (7). By induction, Prgo,/,, (n) is a polynomial h(z) of
degree dim(F') — 1. It follows that Pr(n) = Z?:o h(j) is a polynomial degree dim(F).

4. dp(F) > 0if F # 0 and dim(F) = g¢: this follows from (3) as Pp(n) = dim H%(X, F ® L") > 0 for
n > 0 is positive.

5. dp(F) =0 if dim(F) < g: this follows from (3).
This notion behaves well with respect to finite morphisms.
Proposition 3.2.22. Adopt the notation of Construction 3.2.21. Then:
1. dp(F) = rank(F) - deg(L).
2. If f: Y — X is a finite surjective map with dim(Y") = g, then deg(f*L) = deg(L) - deg(f).
Proof. For (1): we can choose an exact sequence
0— k) s p Q=0

of coherent sheaves where I C Ox is an ideal, and @ is torsion: if U C X is the affine open complement of

an ample divisor H € |L*|, then we have an inclusion (‘);Jank(F) C F|y with a torsion cokernel, so we get the
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above sequence by “clearing denominators” and may thus take I = Ox(—kH) for k> 0. As @ is torsion,
dr,(Q) = 0. Tt follows that
rank(F) - dp(I) = dp (I"™*F)) = d (F).

Applying a similar argument to the exact sequence
0—-1—-0x—>0x/I—0

then proves (1).
For (2): by the projection formula, we have

Poy () = x(Y, f*L") = x(X, f.Oy ® L") = Py, 0, 1(n),
for all n, so Py j+1, = Py, 0y, as polynomials. Using (1), this gives
deg(f*L) :=dy1(Oy) = d(f.O0y) = deg(L) - rank(f.Oy) = deg(L) - deg(f),
as wanted. O

We can now finish the degree calculation.

Proof of Theorem 3.2.20. Let L be an ample line bundle on A. By replacing L with L ® [—1]*L, we may
assume L is symmetric. Applying Proposition 3.2.22 to [n] : A — A gives

deg([n]* L) = deg(L) - deg([n]).

On other hand, as L is symmetric, we have [n]*L = L™ As deg(L) # 0, it is enough to show that
deg(L*) = k9 - deg(L). Write Q(n) = x(L"™) and R(n) = x(L*"). These are both polynomials degree g in n,
and we have Q(kn) = R(n). In particular, the leading coefficient of R is k9 times the leading coefficient of
@, which gives the claim by definition of degrees. O

We can now analyze the torsion subgroups.
Theorem 3.2.23. Let A/k be an abelian variety of dimension g, and fix an integer n.

1. If n is invertible on k, then [n] is finite étale of degree m?9. Moreover, the group scheme Aln] is
isomorphic with the constant group scheme (Z/n)%9 when k is algebraically closed.

2. If char(k) = p, then there exists some integer 0 < i < g such that A[p™](k) ~ (Z/p™)* for all m > 0.
The integer ¢ appearing in (2) is called the p-rank of A.

Proof. Proposition 1.3.19 shows that [n] is finite étale while Theorem 3.2.20 shows its degree is n29, so the
first half of (1) is clear. For the second, note that the category finite étale k-algebras is equivalent to the
category of finite sets as k is algebraically closed. As A[n] is a finite étale k-group scheme, it follows that
Aln] is canonically identified with the constant k-group scheme attached to the finite abelian group A[n](k).
The latter has cardinality n?9 as [n] is finite étale of degree n29. Moreover, for each m | n, the m-torsion
subgroup of A[n](k) has cardinality m?9 by the same reasoning. Elementary group theory then shows that
A[n](k) must be isomorphic to (Z/n)%9.

For (2), consider first the case m = 1. The analysis Proposition 1.3.19 showed that [p]* induces the 0 map

on cotangent spaces as e. We have also seen that H°(A4,Q} ;) ~ e*Q} , and that € , is free. It follows

that [p]* induces the zero map [p]*Q}L‘/k — Qz/k of sheaves. Applying Lemma 3.2.24 (and Remark 3.2.25)
shows that [p] : A — A factors unique as

Froba p
e

A AW Yy
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RelativeFrob

for some map V. Now Froby,, is finite flat and purely inseparable of degree p? (this holds true for any
smooth k-scheme of dimension g). In particular, there is a natural bijection A[p](k) ~ AM[V](k). As
Frob,y, and [p] are finite and faithfully flat, the same holds true for V. In particular, V' is finite flat of

degree %‘% = ’;igg = p9. Tt follows that A[V](k) is an abelian group killed by p of order < p9, and

hence must be (Z/p)’ for some 0 < i < g.
To pass to larger m, note that the abelian group A(k) is divisible by Theorem 3.2.20. Hence, we have
exact sequences

0= Apl(k) € Ap™|(k) 22 Ap™=1(k) - 0.

The left side is (Z/p)’. By induction, the right side is (Z/p™~1)’. It is then easy to see from the structure
theory of abelian groups that the middle term must be (Z/p™)?, for its p-torsion is (Z/p)*.
O

Lemma 3.2.24. Let R be a smooth algebra over a perfect field k of characteristic p. Then the kernel of
R Q}%/k is exactly the subring RP of p-th powers in R.

Proof. Viewing R as an RP-algebra, the map R 4 Q5 Jk is an RP-linear map of finite RP-modules whose
kernel K certainly contains RP. To show RP = K, we may work étale locally on RP. Moreover, note that
the formation of K commutes with étale localization on RP: any étale RP-algebra is of the form SP for an
étale R-algebra S, and, in this case, the map obvious map R ® g» SP — S is an isomorphism. We may then
reduce to the case R = k[x1, ..., ], where one checks this by direct calculation. O]

Remark 3.2.25. For any k-algebra R, write R = R®j, rrov IR, sO RWisa k-algebra, and the Frobenius on
R induces a k-linear map F'robgy : R — R called the relative Frobenius. Thus, we have the fundamental
diagram

k Frobg k
if if(”
Froby f
R RM
Frobgr

When R is reduced, the map Frobg : RM — R is injective with image exactly R? C R. Thus,
Lemma 3.2.24 can be reformulated as follows: if R is a smooth k-algebra and S — R is a map of k-

rob
algebras with Q};/k — Q}%/k being the 0 map, then S — R factors uniquely as S — R frobeie, pooof

course, the analogous statement also holds true for non-affine schemes.
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Chapter 4

Group schemes

4.1 Group schemes in characteristic 0

Theorem 4.1.1 (Cartier). Let k be a field of characteristic 0, and let G/k be a group scheme of finite type.
Then G is reduced and, thus, smooth.

We give de Jong’s proof from the Stacks Project. There is also an extremely simple proof by Oort.
Lemma 4.1.2. Let k — R be a map of Q-algebras with R noetherian local. Fix some f € R. Assume that

d , , . L
the map R &, Q}%/k is a direct summand. Then f is a nonzerodivisor on R.

This is totally false in characteristic p: take R = k[x]/(2?) and f = z.

Proof. Choose a splitting of R &, Q}% = and let 6 : R — R be the corresponding derivation. In other words,
we have d(a) = 0(a)df + c(a) for c(a) in the kernel of the splitting. Note that 6(f) = 1 by construction. As
6 is a derivation, this gives (f" 1) = (n + 1) f" for all n > 0.

Say fg = 0. We shall show that g € N, f"R, and thus g = 0 by Krull’s intersection theorem. Applying 6
to fg =0 gives f0(g9) + g =0, so g € fR. By induction, assume we have shown g € f"A, so g = f™h, and
hence f"*1h = 0. Applying 6 gives

o) +h-(n+1)-f7=0
Dividing by n + 1 shows that g = f"h € f**'R, which finishes the proof by induction. O

Lemma 4.1.3. Let k be a field of characteristic 0. Let R be a finite type k-algebra with Q}%/k locally free.
Then R is smooth.

Proof. As k is perfect, it is enough to show that Ry, is regular for each maximal ideal m. Note that Q}%!m Jk
is free of some rank n (by assumption on R) and has fiber given by m/m2. If m/m? = 0, there is nothing to
prove (as R is automatically regular by the definition of regularity). If not, then choose some f € m that
is nonzero modulo m?. By Nakayama Ry, Y, Q}%m /k is a direct summand. Lemma 4.1.2 implies that f is a
nonzero divisor, so, by general properties about regular rings, it is enough to show that S = Ry, /f is regular.
But we have an exact sequence

N/ S QL ®rS — QL — 0.

The left map is split injective as it is the base change to f of R, LN Q}%m/k. It follows that Q}g/k is free of
rank n — 1, so we win by induction. O

Proof of Theorem 4.1.1. By Lemma 4.1.3, it is enough to show that Qé/k is locally free. But this was verified

in Proposition 1.3.11, so we are done.
O
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4.2 Quotients

Fix a noetherian base ring k. Let G be a finite k-group scheme, and let X/k be a k-scheme. There is an
evident notion of a G-action on X that one defines via the functor of points. Such an action is given by a
map act : G x X — X satisfying suitable actions.

Definition 4.2.1. An action of G on X is free if the map

)

G x X L9tPr) v x

is a closed immersion. If X is separated (as we shall always assume), this is the same' as asking that G-action

on X is free on the functor of points, i.e., G(T) acting on X (T) has no stabilizers for a k-scheme T

Given a k-scheme X with a G-action, we also wish to study when a sheaf F' on X has a compatible
G-action. Roughly, this means one must have transitive system of isomorphisms v, : Fi, > Fg(, for each
x € X and g € G. To make this workable, we havet he following:

Definition 4.2.2. Let X be a k-scheme with a G-action. For a k-scheme S and an S-point g € G(S), write
ag : Xg — Xg for the induced action, so apy = ap 0 a4 for h,g € G(S). A G-equivariant quasi-coherent

A
sheaf on X is a quasi-coherent sheaf F' on X together with specified isomorphisms agFg -2 Fg for each
scheme-theoretic point g € G(5) such that, for any pair g,h € G(S), the map Apg @ a;, Fs ~ Fg coincides
with
* * %k a;)\h' * A9
ap Fs ~ ajap,Fs — ay,Fg — Fy.

In fact, it suffices to specify A, for the universal point g = id¢ € G(G) and to formulate this compatibility
for the universal pair of points (g, h) = (pri,pr2) € G(G x G).

Example 4.2.3. Let A be an abelian variety over a field k. Let G C A be a finite subgroup scheme. Then
the translation action of G on A is free.

We shall use the following result about the existence of quotients:

Theorem 4.2.4. Let G be a finite flat k-group scheme acting freely on a flat k-scheme X. Assume that
any finite set of points of X are contained in an affine open. Then there exists a universal G-invariant map

m:X =Y, ie., the maps G x X YN X 5 Y and G x X 22 X - Y coincide. Write X/G=Y, call
the quotient, and write f : G x X — X/G for the induced map.

1. The quotient map 7 : X — X/G is an fppf G-torsor, i.e., the X — X/G is faithfully flat, and the map
GxX M) X Xx/q X is an isomorphism.
2. The quotient map 7 : X — X/G is finite flat of degree rank(G).

pry—act™

3. We have Ox /g ~ W*Og;( = ker(m,.Ox f+0axx).

4. If k is an algebraically closed field, then X (k)/G(k) ~ (X/G)(k), and |X|/|G| ~ |X/G]|.

5. If F is a quasi-coherent sheaf on X/G, then w*F is naturally a G-equivariant sheaf on X, and this
construction gives an equivalence between quasi-coherent sheaves on X /G and G-equivariant sheaves
on X.

6. There exists a “norm” map Nm : Pic(X) — Pic(X/G) such that Nmon* is multiplication by the rank
of G.

1Indeed, the map G x X — X x X is proper as G is proper over k and X is separated. The freeness on the functor of points
ensures this map is a monomorphism. A proper monomorphism is a closed immersion.
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7. Assume now that X is proper. Then X/G is also proper, and for any coherent sheaf F on X/G, we
have
X(X/G, F) = rank(G) - x(X, 7" F).

In fact, (1) implies the rest above.

Proof. The first (5) are standard. For (6), we note that if f* : A — B is any finite locally free ring map
corrsponding to a finite locally free map f : Spec(B) — Spec(A) of affine schemes, then there is a norm map
B* — A* defined by sending b € B* to the determinant of the left-action of b on finite projective A-module
B. The composition of this norm map with f* is multiplication by [B : A]. This construction sheafifies
in the étale topology in our global situation above to define a map n,G,, — G,, of étale sheaves whose
composition with the pullback G, — m.G,, is multiplication by the rank of G. Now m, is acyclic on étale
sheaves as it is a finite morphism. It follows that H*(X/G,7.G,,) ~ H'(X,G,,). Taking i = 1 then gives
the desired map.

For (7), we refer to Mumford. O

Example 4.2.5. Let A be an abelian variety over a field k. For each integer n, we have a finite subgroup
scheme G := A[n] C A that acts on A freely via translation. The map [n] : A — A is G-equivariant, and
exhibits the target A as the quotient A/G. Indeed, the map [n] factors uniquely as A — A/G < A by the
universal property of the quotient. Both 7 : A — A/G and [n] : A — A are finite flat and surjective, so the
same holds true for g : A/G — A. Comparing degrees then shows that g is an isomorphism.
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Chapter 5

Dual abelian varieties

5.1 Properties of degree 0 line bundles

In this section, we fix an abelian variety A over an algebraically closed field k. Recall from Remark 3.2.4
that we have a homomorphism

Pic(A) — Hom(A,Picy ;) via L+ ¢p = (z—tiL® L.
Thus, ¢, = 0 if and only if for any scheme theoretic point 2 : T — A, the bundle ¢*(Ly) ® L;' is pulled
back from 7. This motivates the following:

Definition 5.1.1. Let Pic’(A4) C Pic(A) denote the kernel of the map Pic(A) — Hom(A, Pica ;). In other
words, a line bundle L lies in Pic’(A) if and only for any 2 € A(k), there exists an isomorphism t5L ~ L.

Lemma 5.1.2. For any line bundle L € Pic(A) and any x € A(k), the line bundle t: L& L~" lies in Pic’(A).
In other words, ¢, can be viewed as a map Pic(A)/Pic’(4) — Hom(A(k), Pic’(A)).

Proof. This follows from the theorem of the square: for any y € A(k), we have

* (g% =1\ ~ %
(s L@ L7h) ~ t;

7 —1 o 4% * —1 *r—1 o 4% —1
Lt LT Lot Lo L oL ~ i Lo LY,

where we use the the theorem in the second isomorphism. O

Lemma 5.1.3. A line bundle L lies in Pic’(A) if and only if A(L) := m*L @ pri L~ @ priL~" is trivial on
Ax A

Proof. It K(L) C A denotes the maximal closed subscheme over which A(L) is pulled back from A via prq,
then we have seen in Corollary 3.2.6 that K (L) = A exactly that ¢ = 0. Tt follows that ¢, = 0 exactly
when A(L) is pulled back from A via pri. But, in the latter situation, it is easy to see that A(L) must be

trivial using the section A M A x A of pry. O

Lemma 5.1.4. If L € Pic’(A), then for any maps z,y : S — A, we have z*L @ y*L ~ (z +y)*L on S. In
particular, [n]*L ~ L™.

In contrast, for L ample, we showed in Corollary 3.2.2 that [n]*L ~ L™ . Thus, [n]* behaves linearly on
Pic’(A) C Pic(A), and quadratically on the ample cone in Pic(A).

Proof. For L € Pic’ (A4), Lemma 5.1.3 gives an isomorphism m*L ~ priL ® prj L. Pulling this back along
(z,y) : S — A x A gives the first part of the claim; the second follows immediately by induction. O
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Lemma 5.1.5. For any L € Pic(A), we have [n]*L ~ L™ @ M for M € Pic®(A).
Proof. Corollary 3.2.2 shows that

7L2 —n

2+n 712 —n

L~ L3 @[-1'L"7" ~L" ® (Le[-1]'L)

It is thus enough to show that L ® [~1]*L~" € Pic’(A) for any line bundle L. Choose a point z € A(k).
Translating by x gives

L[ L Y~ L [-1]t L

—x

~t L@ [-1] (Lot ,L7!)® [-1]*L~".
As the second term on the right lies in PiCO(A), Lemma 5.1.4 simplifies the above expression to give
HL 1LY~ Lol ' et Lo [-1]*L
Applying the theorem of the square to the first three terms gives
t'(L®[-1]*"L™Y) ~ Lo [-1]*L7!,
as wanted. O

Lemma 5.1.6. If L € Pic(A) has finite order, then L € Pic®(A).

Proof. Consider the homomorphism
. L—¢r, .
Pic(A) ——— Hom(A, Pica ).

Now if L has finite order, then there is some n such that ¢r» = n - ¢y is trivial. But this means that
¢r(nz) = nér(x) is trivial for all x € A(k). As A(k) is n-divisible, it follows that ¢y = 0, as wanted. O

Lemma 5.1.7. If S is a connected k-scheme of finite type, then for any L € Pic(S x A) and any points
s,t € S(k), we have L, ® L' € Pic’(A).

In other words, if two line bundles on A are members of the same connected family, then one lies in Pic’
exactly when the other does.

Proof. By shrinking S, we may assume L|gy e} is trivial. Also, by replacing L with L ®priL;t

51, we may
assume L, is trivial for a fixed s € S(k). We must check that L; € Pic’(A) for all t € S(k); equivalently,
we must show that A(L;) is trivial on A x A for all ¢t € S(k). We shall prove this by putting it in a family.
Thus, on S x A x A, consider the bundle y*L @ pri, L~ @ pri; L=, where u(s,a,b) = (s,a+b). In fact, this
is also simply A(L) if we view L as a line bundle on the abelian S-scheme A x S — S. The restriction of
this line bundle to {s} x A x A is A(L;), and hence is trivial by hypothesis on s € S(k). The restrictions to
S x{e} x Aand S x A x {e} are trivial simply because L|gy .} is trivial. The theorem of the cube implies
that u*L @ prioL=! @ prisL~1 is trivial. Taking fibers over t € S(k) then implies that A(L;) is trivial, as
wanted. O

Lemma 5.1.8. Say L € Pic’(A) is not trivial. Then H*(A,L) =0 for all i.

Proof. We first observe that H%(A, L) = 0. Indeed, if not, then L is effective. But, as L € Pic’(A), we have
[-1]*L ~ L= by Lemma 5.1.4, so L™! is also effective. Lemma 3.1.1 then implies L is trivial, contradicting
our assumption.

By induction, hoose the minimal k > 0 where we do not yet know H*(A, L) = 0. The composition

a—(a,e)
e

A Ax A A
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prop:Pic07

cons:DualAV

thm:DualAV

is the identity, and hence the identity on H*(A, L) factors over H*(A x A,m*L). As L € Pic’(A), we have
m*L ~ priL ® pr3 L. By Kunneth, we get

H(Ax Am*L) ~ @ jor H'(A, L) ® H’ (A, L).

Now the terms for ¢ = 0 or j = 0 vanish as L has no sections. The remaining terms vanish by induction,
so H¥(A x A,m*L) = 0. As the identity on H¥(A, L) factors through this group, we get H*(A, L) = 0 as
well. O

Proposition 5.1.9. Assume L € Pic(A) is ample. Then ¢r, : A(k) — Pic®(A) is surjective.

Proof. Fix some M € Pic’(A). Assume towards contradiction that M does not lie in the image of ¢r.
Consider the line bundle

K=AL)@piM ' ~m*Lopi(L o M) @prs L7 .
For each = € A(k), we have
Klaxey ;L@ L " @M~ and Kl|gyxa =tiL®@ L™

As M does not lie in the image of ¢r, it follows that K|axi,) is a non-trivial bundle in Pic’(A) for all
x € A(k). Lemma 5.1.8 and the formal functions theorem then show that R'pro K ~ 0 for all 4, and hence
Hi(A x A,K) =0 for all i by the Leray spectral sequence for prs.

On the other hand, consider the Leray spectral sequence for pri. Lemma 5.1.8 and the formal functions
theorem again show that supp(R'pri .K) C K(L) for all i. As L is ample, the subscheme K (L) is finite,
so Ripry . K is supported on a zero dimensional subscheme of A (and is the direct sum of its stalks). Such
sheaves have no cohomology, so the Leray spectral sequence for pr; degenerates to give

HY(Ax A, K)~ H(A, R'pry .K).

As the left side is zero for all i, the sheaf appearing on the right must also be zero for all i. Thus, we have
Ripri K = 0 for all i. By semicontinuity, this implies Hi(A,K\{z}XA) =0 for all 4 and all x € A(k). But
taking x = e, we have K|y 4 >~ 04, which clearly has a nonzero H 0. giving a contradiction. O

Remark 5.1.10. Proposition 5.1.9 and Theorem 4.2.4 give a bijection (A/K(L))(k) ~ A(k)/K(L)(k) ~
Pic’(A). In particular, the group Pic’(A) has the the same finiteness features as the set of k-points of an
abelian variety. For example, it follows that there are only finitely many n-torsion line line bundles on A
(using Lemma 5.1.6).

5.2 Construction of dual abelian variety

Fix an abelian variety A over a field k. Our goal is to construct the dual abelian variety A with the property
that there is a natural isomorphism A?(k) ~ Pic’(A). More precisely, we shall show:

Theorem 5.2.1. Consider the category of triples (S, L,.), where S is a k-scheme, L € Pic(S x A) is a line
bundle, ¢ : L|S><{e} ~ Og s a trivialization, and one has L\{S}XA has degree O for all geometric points s of
S. This category has a final object (A, P, 7). Pointing A' by the natural triple (Spec(k),O4,std) gives a
base point e € At(k); the pair (A, e) is an abelian variety.

The universal property identifies A*(k) with isomorphism clases of pairs (M, ) where M has degree 0
and ¢ is a trivialization of M at the origin; as two different ¢’s differ by a scalar, their difference can be lifted
to an automorphism of M, so it follows that A*(k) is also identified with Pic®(A). Thus, Theorem 5.2.1 is
endowing Pic’(A) with the structure of (the k-points of) an abelian variety. We shall use the description
arising from Proposition 5.1.9.

Fix an ample line bundle L on A, so K(L) C A is finite. Let A(L) be the Mumford bundle on A x A.
Note that K(L) x {e} is a subgroup scheme of A x A, and hence acts freely on the latter via translation.
Our first observation is that this action lifts to A(L).
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LambdalEquiv | Lemma 5.2.2. The line bundle A(L) is naturally K(L)-equivariant for the translation action of K(L) on
A x A. More precisely, an equivariant structure is uniquely determined once one fizes an isomorphism
Ll ~ k.

Proof. For any k-scheme T, wse a subscript of T to denote base change along T — Spec(k), so A(L)r =
A(Lt) € Pic((A x A)r) is the corresponding Mumford bundle.

Given a T-valued point © € K(L)(T), the corresponding automorphism of (A x A)r is t ., where
(7,0) € (A x A)p(T) is the corresponding point. We must thus supply an isomorphism ¢; ,A(L) ~ A(L) for
each such x that are compatible with addition on K(L).

To get an isomorphism, observe that we have

ty ALr) =t (mpLr @ prilpt @ prylnt) = miti Ly @ priti Lyt @ pra Lyt

As ¢ € K(L), we have some isomorphism t: Ly ~ Ly ® M for some line bundle M, pulled back from T.
Any such choice determines an isomorphism

t A(Lr) = ALr) @ mip My @ priMy " ~ A(Ly),

where we use that, since My is pulled back from T, it pulls back the same way along both m and pr;. To
fix this isomorphism, it is enough to fix it after pullback along i : Ay X7 {e}r < (4 x A)r: restriction of
functions along ¢ is bijective by Kunneth. But we have a canonical isomorphism

ML)y ~i*myLr @ *prilyt @ i*prilit ~ L@ L' @ V.~ V,

where V denotes the trivial vector bundle on 7" with global sections V' = e¢*(L). Similarly, we have a canonical
isomorphism

ity JA(L) = i A(L)r ~ V.
Thus, we fix the isomorphism t; A(L)7 ~ A(L)r by requiring that it agree with the standard isomorphism
t:V ~ V on application of i*. It is then easy to see that we have the desired transitivity to define a

K (L)-equivariant structure on A(L). O

We can now define the pair (A?, P ¢) that shall eventually be shown to have the universal property in
Theorem 5.2.1.

Construction 5.2.3 (Construction of the Poincare bundle). Let 7 : A — A' = A/K(L) be the quotient,
so At x A ~ (A x A)/(K(L) x {e}). The K(L)-equivariance of A(L) constructed in Lemma 5.2.2 then
allows us to descend the line bundle A(L) to a line bundle P on A x A via Theorem 4.2.4. Finally, the
proof of Lemma 5.2.2 also gives a K(L)-equivariant isomorphism ¢*A(L) ~ V where i : A x {e} — A x A
is the obvious inclusion and V' = e*(L) is the fibre of L at the origin. It follows that we obtain a natural
isomorphism P|4:y (e} ~ V. Fixing a trivialization of V' then defines the desired trivialization tyn-

Proof of Theorem 5.2.1. Fix a triple (S, F,¢) as in the statement. This gives us a line bundle pri; P@pri, F~1
on S x At x A. Let I'g C S x A! be the maximal closed subscheme over which this line bundle pulled back
along pri3. We claim that pri induces an isomorphism I'g ~ S.

Let us see how to use this claim to prove the theorem first. By construction, we know that M :=
(prisP @ prisF~1)|rgxa is pulled back from some N € Pic(I's). Using the obvious section defined by
g C SxA! ~ Sx At x{e} C Sx A*x A and the fact that both pri; P and pri; L come equipped with preferred
trivializations on S x A' x {e}, we conclude that N is the trivial line bundle on I's that comes equipped
with a preferred trivialization. In other words, we have a canonical isomorphism p3sP|roxa >~ prisFlrexa
that is compatible with the given trivializations over I's x {e}. Now, granting the claim that pry induces
an isomorphism I'g ~ S, it immediately follows that the triple (S, F, ) is the pullback of (A%, P, tyniy) along
the map S ~ g 225 At

We now prove I'gs maps isomorphically to S via pry.
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1. Preliminary reductions: As the formation of I'g is compatible with base change on S, we immediately
reduce to the case where k is algebraically closed, and S = Spec(B) is an artinian local ring; write s € S
for the closed point. Moreover, as the construction of I'g does not involve the choice of trivializations,
we can ignore the trivializations from here on. Now the line bundle F|(} 4 has degree 0, and hence
also has the form P[54 for some b € At(k) by Proposition 5.1.9. In particular, replacing F with
psF |{_S1}X 4 does not change the subscheme I's. After making this replacement, we may thus assume
that F|gs1x4 is the trivial bundle.

2. Freeness of the cohomology of M via priz: We first claim that M|« atx{a} is a degree 0 line bundle
on the abelian variety A* for all @ € A(k): this is true for a = e, and thus follows by Lemma 5.1.7.
To identify this fibre, note that the pullback line bundle 7* (M {51 Atx{a}) on A is identified with
A(L)|ax{ay ~ tiL ® L™, By the ampleness of L, the set of all a € A(k) where the latter bundle

T

is trivial is finite (Lemma 3.2.8). The pullback Pic(A?) LA Pic(A) has finite fibres Remark 5.1.10,
so there are only finitely many a € A(k) where M|{s}xatx{q} 18 the trivial line bundle on A’. By
Lemma 5.1.8 and semicontinuity, the support of the coherent sheaf R'pris .M on S x A is finite. The
Leray spectral sequence degenerates to give H'(S x A® x A, M) ~ H*(S x A, R'pr13..M). On the other
hand, by the projection formula, we also have Ripri3 .M =~ (R'pris .pr3;P) @ F~1. As the support of
this sheaf is finite, we can trivialize F' in a small neighbourhood of the support of this sheaf to ignore
it. We conclude then there is a noncanonical isomorphism

H' (S x A" x A, M) ~ H'(S x A" x A,prj;P) ~ B®;, H'(A" x A, P).
In particular, these cohomology groups are all free B-modules.

3. The vanishing of most of the pushforwards of M via pris: For any a € A*(k) ~ Pic?(k), the line bundle
M| {syx{a}xa is trivial exactly when a = e is the origin. Thus, the sheaf Ripria M is supported set-
theoretically at e € A*(k). Let R = 04, ®; B be the local ring at (s,e) € S x A, so each Ripris ..M
is can be viewed an R-module. By Proposition 2.2.4, there exists perfect complex

K* = (KO SK'S o Kg)

of R-modules that universally computes (the pullback to R of) R'pris .M. Each homology of K* is
an artinian R-module. Now recall the following:

Lemma 5.2.4. Let O be a regular local ring of dimension g. Let M® — M' — ... — M9 be a perfect
complez over O with each H'(M®) being artinian. Then H'(M®) =0 fori # g.

Proof. Pick the smallest ¢ with H'(M®) # 0. We shall show that H*=9(M* ®§ k) is nonzero, which
clearly gives a contradiction if i < g as M*® ®(L9 k has no cohomology in negative degrees. Consider the
canonical exact triangle

HY(M®)[—i] = M® — 721 Me,
Noting that — ®é k carries D27 to D279 by the existence of the Koszul resolution for k, it follows by
tensoring above triangle with k& and looking at H*~9 that

Tor) (H'(M?®), k) := H'9(H'(M*) ®§ k) ~ H'9(M* @§ k).
Now H!(M®, k) is a nonzero artinian O-module, so the left side is always nonzero: one can see this by

filtering this artinian module in terms of copies of k and using that Torg)(—7 k) is left-exact (as it is
the highest left-derived functor of Toro). Thus, the right side above is always nonzero, as wanted. [

Applying this lemma to K*, viewed as a perfect complex over the regular local ring O4 . C R, implies
that H(K®e) = 0 for 0 < i < g. It follows that R'pri.M = 0 for i < g, and (the stalk at (s,e)
of) RIpris .M is identified with N = HY9(K*). Taking global sections of R9pris M, using that it’s
supported set-theoretically at a single point and the Leray spectral sequence, it follows from (2) that
the R-module N is free when regarded as a B-module via B C R.
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4. Showing I's — S is a homeomorphism: I'g is contained in the support of @; R'pria .M as M is trivial
over I'g. It follows from (3) that I's is set-theoretically contained {(s,e)} C S x A’. It is also clear
that (s,e) € I'g, so I'g is set-theoretically the single point {(s,e)} C S x A?, which certainly maps
homeomorphically to S (which is set-theoretically also just a single point {s}).

5. Finding a candidate scheme-structure I's: Let K*V be the complex obtained by dualizing the complex
K* from (3) over the ring R. Then the same reasoning used in (3) shows that there is an exact sequence

0— K9 -5 K9 —» .5 K% -5 Q—0,

i.e., the complex is exact except on the right, and highest homology group @ is an artinian R-module.
By the universality of K*®, we know that Homz(Q,T) ~ H°(Spec(T) x A, M|spec(ryxa) for any R-
algebra T'. Applying this to T' = k gives Hompg(Q, k) ~ H°({s} x {e} x A, M| (s x{erxa) =~ H(A,0.4),
which is a 1-dimensional vector space. It follows by Nakyama that @ is a cyclic R-module, so we can
write @ = R/I for some ideal I. We claim that V(I) = I's. Note that this is the same construction
that appeared in Proposition 3.1.2.

6. The containment I's C V(I): let J C R be the ideal defining I's. We must check that I C J; equiva-
lently, we must show that Homp(R/I,R/J) ~ R/J. But R/I = @, so the left side is Hompr(Q, R/J),
which calculates H? of the pullback of M along I's x A C S x A* x A. But this restriction is trivial,
so H'(Ts x A, M|rgxa) =~ H(Ts x A,Orgxa) ~ H°(T's,Ory) =~ R/J, as wanted.

7. The containment V(I) C I's: as I's C S x A! is the maximal closed subscheme of S x A! over which
M is pulled back from I's (and thus trivial, as I'g is artinian), we must show that the restriction of M
to Spec(R/I) x A C S x A x At is trivial. To check this, it suffices to show that the adjunction map

n:HO(V(I) x A, M|y yxa) ®r/1 Oviryxa = M

is an isomorphism. This is a map between line bundles on V(I) x A, so it suffices to check surjectivity.
But surjectivity can be tested after tensoring along R/I — k. Now, after this base change, the line
bundle M becomes trivial (as the closed point of Spec(R) certainly sits in I's). On the other hand, we
also have base change for the left hand side by the universal property of @ ~ R/I:

H(V(I)x A, M|y (1yxa)®g 1 R/k ~ Homp(Q, R/I)®p/1 R/k ~ Hompg(Q, R/k) ~ H°({(s,€)} x A, M|{(s,e)}x )-
Thus, after base change along R/I — k, the map n becomes the standard map
H(A,04) @ 04 — Oa,

which is certainly an isomorphism.

Thus, with (5) and (6), we have shown I's = V(I) where I C R was the annihilator of Q ~ R/I. It
remains to to show that the composite B — R — R/I is an isomorphism.

8. The composite B — R — R/I is injective: As K*V resolves @, it follows any R-linear functor applied
to K*V has homology annihilated by I. In particular, I also annihilates the homology of our original
complex K*® = (K*V)V, and thus I annihilates the module N = HY9(K*®). As N was free over B C R
by (2), it follows that I N B = 0. In other words, the natural composition B — R — R/I is injective.

9. The composite B — R — R/I is surjective: it is enough to show surjectivity after reducing modulo
the maximal ideal of B. In other words, as the formation of I'g (and thus R/I) is compatible with
base change, we must show that k ~ R/I if S = Spec(k). In this case, we have M = P, so we must
check that the maximal closed subscheme I' C A? over which P is pulled back from I' coincides with the
origin Spec(k) < A'. By compatibility with base change, the preimage of T' under A 2Ly At coincides
with the maximal closed subscheme I' C A such that A(L)|g,, , is pulled back from I'. But this was, by
definition, given by K (L) C A. It follows that I' = K(L), and thus I' = K (L)/K (L) ~ {e}, as wanted.
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We record two corollaries of the proof.

Corollary 5.2.5. We have H{(A*x A,P) =0 ifi # g and HI(A*x A, P) ~ k. In fact, we have Ripry ,P =0
fori< g an RIpri P =k.

Proof. We apply the proof of Theorem 5.2.1 with S = Spec(k). In the notation of the proof, we are trying to
show that K*® is a resolution of k. The proof above already shows that Q ~ k, and thus K*V is a resolution

of k (placed in degree g) over R. As R is a regular local ring of dimension g, we can also resolve k by a

ht
Koszul complex M*® of dimension. Any two free resolutions of k are homotopy-equivalent, so M LY KoV,

By duality, we get MV hf_gy K*. As Koszul complexes are self-dual up to a shift, it follows H*(MY) = 0 if
i # gand H9(MY) = k. The same then holds true for K*. As K* is a complex of R-modules that universally
computes the cohomology of P|gpec(r)x 4, the claim follows by semicontinuity as Ripry P is supported inside
Spec(R) C A'. O

Corollary 5.2.6. H'(A,04) has dimension g, and H'(A,04) ~ N"H"(A,04) has dimension (7).

Proof. The proof of Corollary 5.2.5 gives a homotopy-equivalence between K*® the standard Koszul complex
resolving k over the regular local ring R. Base changing along Spec(k) < Spec(R) and using the universal
property defining K® then shows that H*(A, O 4) is computed by the mod m reduction of the Koszul complex
on R defining k. The claim now follows from standard properties of the Koszul complex over R: the i-th
term is free of rank (f) as it is A? of the 1-st term, and all differentials are zero modulo m. O

5.3 Duality

The goal of this section is to explain why the association A — A? gives a duality on the category of abelian
varieites, i.e., it is contravariantly functorial and satisfies biduality A ~ (A")’.

Construction 5.3.1 (The dual map). Let f: A — B be a homomorphism of abelian varieties over a field
k. Then we get an induced map g : (id, f) : B* x A — Bt x B. If P € Pic(B! x B) denotes the Poincare
bundle, then we get an induced line bundle ¢g*Pp € Pic(B! x A). For each (geometric) point b of B,
the restriction g*Ppg|{p1x4 is a degree 0 line bundle on A. Moreover, as f is a homomorphism of abelian
varieties, the restriction g*CPB\th{eA} ~ ?B|th{eB} comes equipped with a preferred trivialization ¢. The
triple (B, g*Pp,t¢) then defines a map f* : B* — A! via the universal property in Theorem 5.2.1. By
definition, we have an identification
(ft7 ld)*:PA = (lda f)*:PB
of line bundles on B* x A. For future reference, we write this line bundle as Q(f).

Proposition 5.3.2 (Functoriality of duality). Let f : A — B be a finite surjective homomorphism of abelian
varieties over a field k. Then f' is also finite surjective, and deg(f) = deg(f?).

Proof. We first explain why f* is finite (and thus necessarily surjective for dimension reasons). It is enough
to show that if k = k, then F := (f*)!(e) € A*(k) is finite. By the construction above, F is the set of all
b € B'(k) with (9*Pp)|(p}x4 being trivial. But the latter line bundle identifies with f*(Pp|(yxp). Now
f* : Pic(B) — Pic(A) has a finite kernel by a norm argument'. As the map b € B'(k) — Plypyxp € Pic’(B)
is bijective, it follows that there are only finitely many such b, so F' is indeed finite.

1 As in the proof of Theorem 4.2.4, there is a norm map Nm : Pic(A) — Pic(B) that is a left-inverse to f* up to multiplication
by deg(f). In particular, the kernel of f* sits inside the subgroup of all deg(f)-torsion line bundles. As we have already seen
all such line bundles lie in Pic?(B) (see Lemma 5.1.6), the claim follows from the finiteness of torsion points in Pic®(B) (see
Remark 5.1.10).
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To understand degrees, consider the line bundle Q =~ (f%,id)*P4 =~ (id, f)*Pp from Construction 5.3.1.
Applying Theorem 4.2.4 (6) to both the isogenies (f*,id) and (id, f), we learn that

X(At X A7TA) : deg(ft) = X(Bt X AvQ) = deg(f) : X(Bt X BaTB)v

which gives the claim. If g denotes the common dimension of A and B, then y(A* x A,P4) = (—=1)9 and
X(B' x B,Pg) = (—1)9 by Corollary 5.2.5, so the above equality simplifies to give deg(f) = deg(f*). O

Theorem 5.3.3 (Biduality). Let A be an abelian variety over a field k. Then there is a canonical isomor-
phism A — (A%t of abelian varieties.

Proof. Consider the Poincare bundle P4 on A* x A. Then Palatxqay is a degree 0 line bundle on At (as
this is true for a = e by construction, and then follows for any a by Lemma 5.1.7) and P4l{c}xa comes
equipped with a preferred trivialization ¢ (namely, the unique one compatible with the trivialization on
Prerxfey coming from the preferred trivialization of P|4:y(cy). Thus, the triple (A,P4,t) defines a map
a: A — (AY)? by Theorem 5.2.1. This map preserves the origin, and is thus a homomorphism of abelian
varieties. We shall check it is an isomorphism.

Let us first check that « is finite; as dim(A4) = dim(A?) = dim((A%)?), finiteness of a automatically
implies surjectivity. It is enough to check that over k = k, the set-theoretic fiber F = a~!(e) € A(k) is finite.
By definition, this is exactly the set F of all a € A(k) such that Pa|aey 4y is trivial line bundle on A*. If L
denotes a chosen ample line bundle L used to realize A* = A/K(L) and P4 as descended from A(L) along
m:AxA— (AxA)/(K(L)x{e}) ~ A" x A, then for any a € F, the bundle A(L)|sx 4} is trivial. But this
bundle is ¢ L ® L', and hence this gives a € K(L)(k). As L is ample, there are only finitely many such a,
so F'is indeed finite, thus proving that « is finite.

We have shown that a : A — (A")! is a finite surjective homomorphism of abelian varieties. If G = ker(«)
viewed as a finite subgroup scheme of A, then it follows from degree considerations that A/G ~ (A?)? via «.
Our goal is to show deg(a) = rank(G) equals 1. For this, consider the induced map 7 := (a,id) : A x A" —
(AH)t x A; this map realizes the target a quotient of the source by the free action of G x {e} given by
translation. We must show deg(w) = 1. Note that we have

X(A x A", 7*F) = deg(m) - x((A")" x A, F)

by Theorem 4.2.4 (6). On the other hand, applying the universal property of (A?)? gives an identification
7P ot = P4. Taking F' = P4+ then gives

(A x A" P4) = deg(m) - x((AY)" x A, Pa¢).

By Corollary 5.2.5, both Euler characteristics showing up above are (—1)7 where g = dim(A) = dim(A?). It
follows that deg(w) = 1, as wanted. O

Remark 5.3.4. By construction, P4 comes equipped with a preferred trivializations along A* x {e}. More-
over, there is a unique trivialization along {e} x A compatible with the previous one over {e} x {e}: existence
follows from the functor of points of A* while uniqueness is clear. Thus, we may view P4 more symmetri-
cally: it is a line bundle on A* x A that comes equipped with preferred and compatible trivializations along
At x {e} and {e} x A. It follows from this, and Lemma 5.1.7, that the restrictions of P4 to the fibers of
either projection give degree 0 line bundles.
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Chapter 6

The Fourier-Mukai transform

We work in the setup of schemes of finite type over a field k.

6.1 Reminders on derived categories

Notation 6.1.1. For any k-scheme X of finite type, write D(X) = Dg.(X, Ox) for the quasi-coherent derived
category of X. Write D?(X) for the its bounded version, and D’ , (X) C D’(X) for the full subcategory
spanned by complexes with coherent cohomology. We shall write (M, N) — M ®~ N for the symmetric
monoidal structure on D(X).

Proposition 6.1.2. Let f: X — Y be a map of finite type k-schemes.

1.

The right derived functors of pushforward assemble to give an exact functor Rf. : D(X) — D(Y).
This functor is lax monoidal, i.e., there is a natural map Rf.(M)®L Rf.(N) — Rf.(M @ N) (which
may not be an isomorphism). If f is proper, then Rf. preserves D% , .

The left derived functors of pullback assemble to give an exact functor Lf* : D(Y) — D(X). This
functor is symmetric monoidal, i.e., it commutes with tensor products in a natural way. If f is flat
(or merely has finite Tor-dimension' ), then Lf* preserves D, . In particular, this holds whenever Y
is smooth.

. Rfy is right adjoint to Lf*.
. Projection formula: for any M € D(X) and N € D(Y), there is a natural isomorphism N@FRf. (M) ~

Rf.(f*N @F M) induced by the unit map N — Rf.f*N and the lax monoidal structure of f.

. Base change: given a cartesian square

x 2. x

Il

(R i
which is Tor-independent®, there is a base change isomorphism
Lg"Rf.(~)~Rf.Lg"(-)

of functors D(X) — D(Y").

1This condition means that the local rings of X have finite Tor-dimension over the corresponding local rings of Y.

2This condition means that Tor?y‘y((f)xyz, Oy ,4) =0 for all 4 > 0 and compatible points z € X, y € Y, and 2’/ € X'. It
holds true if one of f or g is flat, which is the only case we shall use.
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6. Kinneth formula: fori € {1,2}, if f; : X; = Y are two maps which are Tor-independent (for example,
one could be flat) and M; € D(X;), then there is a canonical isomorphism

Rf1 My ®" Rfy My ~ R, (Lpri My ®@" Lpry M),

where w: X Xy X —'Y is the structure map.

6.2 Constructing functors via transforms

Construction 6.2.1 (Fourier-Mukai transforms). Let X and Y be k-schemes of finite type. Let K €
D(X xi Y). The integral transforms or Fourier-Mukai transforms @i and Wk attached to K are the

functors
O : D(X)— D(Y) via N+ Rpro.(LpriN @ K)

and
Uy : DY) = D(X) via M+ Rpry.(LpriM @ K).

We often refer to K as the kernel of @i and Vg, and view the above construction as giving functors

d: D(X x;, V) 2225 pun(D(X), D(Y)) and¥ : D(X x;, V) 2225 Fun(D(Y), D(X)),

where the target denotes the category of exact k-linear functors.

Example 6.2.2 (The identity). Take X = Y, and K = Oa(x) as the structure sheaf of the diagonal
A: X — X xp X. Then &, ~ id. Indeed, we have

Lpri(N) ® K ~ RA.N
by the projection formula for A, so the claim follows pro o A = id.
Example 6.2.3 (Pushforward and pullback). Let f : X — Y be a morphism of separated finite type k-
schemes. Let i : I' C X — Y by the graph, and K = Ri,Opr € D(X x;Y). Then ®x = Rf, and U = Lf*.
To see the former, note that for N € D(X), we have

Lpri(N) @ Ri,Or ~ Ri,N
via the projection formula for i, so we get
O (N) = Rpro . (LpriN @ K) ~ Rpry .(Ri.N) ~ Rf.N.
Similarly, for M € D(Y'), we have
Lpry(M) @ Ri,Or ~ Ri.(Lf*N)
via the projection formula for i, so we get
Ui (M) = Rpri.Ri.(Lf*N)~ Lf*N,

as wanted.

Example 6.2.4 (Tensor product). Fix a k-scheme X and some M € D(X). Set K = RA.M, where
A: X < X xj X is the diagonal. Then ®x(—) = (=) @ M.
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lveTransform| Proposition 6.2.5 (Convolution of integral transforms). Let X, Y, and Z be three k-schemes of finite type.
Let K € D(X x4 Y) and L € D(Y xy Z). Set

K x L= Rpriz. (Lpri, K @ LprisL) € D(X xy, Z).
We call this the convolution of K and L. Then we have
P ol ~ P,
as functors D(X) — D(Z). Similarly, we have
VoW ~Wp,p
as functors D(Z) — D(X).
Proof. Consider the diagram

X Xk Y Xk Z
Py z
Pxy
X Xk Y Y Xk Z
pry prz
pPrx pry
X Y Z.

All maps above are flat, and the square is a fibre square. Here we have followed the convention that all
projection maps coming out of X X Y X Z are labelled with a suitable subscript on p, while all projection
maps out of any product with only two factors are denoted pr with a suitable subscript. Thus, we also write
px : X X, Y X, Z — X for the projection to X, etcetera.

By definition, we have

(P 0 P ) (M) = p(Rpry,«(Lpr (M) @ K)) = Rprz.(Lpry (Rpry,.(Lpri (M) ©" K) @" L)).
Applying flat base change to the cartesian square above shows
Lpry Rpry .« ~ Rpy 7z« Lpxy,
so the above exrpression can be simplfied to give
(P o ®x)(M) = Rpz,» (LP}M ® Lpky K ® Lpy 7 L),

where we have also used the projection formula for pxy and pyz. Applying the projection formula to pxz
and the sheaf Lpry M, this simplifies further to

(®r o ®x)(M) = Rprz,.(Lprky M @ Rpxy,.(Lpkxy K @ Lpy 7 L)) ~ ®reer (M),
as wanted. The proof for U is similar. O
Remark 6.2.6. The operation of convolution gives a “composition” law
D(X x,Y)x DY x3, Z) = D(X X Z).

One can check that this is associative. Proposition 6.2.5 implies that this convolution law is compatible with
composition of functors under the map

®: D(X x, Y) — Fun(D(X), D(Y)).

In other words, the assignment X — D(X) has more functoriality than just in morphisms of schemes: it is
functorial in “correspondences” X — Y if one defines this to mean an object of D(X x Y). One can also
formulate this in suitable 2-categorical terms, but we do not do that here.

Remark 6.2.7. Given finite type k-schemes X and Y and some K € D(X), we can view X as a space
parametrizing certain objects of D(Y') via the assignment  +— K|(,1xy. This perspective is quite useful in
practice.
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6.3 The Fourier-Mukai equivalence

Let A be an abelian variety over a field k. Write A’ for the dual and P4 € Pic(A x A') for the Poincare
bundle. Under the biduality isomorphism, we can also view P4 as a line bundle on A? x A ~ A! x (A")! by
switching factors; we have seen before that P4 = P 4¢ via this identification. For notational sanity, we write
P 4e for P4 viewed as a line bundle on A* x A.

Theorem 6.3.1. The map ®p, : D(A) — D(A") is an equivalence. More precisely, under the biduality
isomorphism A ~ (A", we have the formulas

Oy, 0 ®p, = [-14[—g] and Py, 0Py, =[]} [,
where g = dim(A). Moreover, ®p, induces an equivalence on Db , with inverse determined by the same
formulas.

The equivalence ®p, is called the Fourier-Mukai equivalence for A. The proof relies on the following
observation:

Lemma 6.3.2. Let u: A x A* x A — A x A be the map (a,b,c) — (m(a,c),b). Then the line bundle
1P @ prigPa @ prigPa
on A x At x A is trivial.

Proof. This follows from the theorem of the cube: to get triviality on {e} x A* x A and A x A* x {e}, one
uses that Pal(eyxar is trivial, while triviality on A x {e} x A uses that P44y is trivial. O

Proof. As the isomorphism A =~ (A%)! carries P4 on A! x (A!)! to P4 on A! x A, it is enough to prove
the first assertion. By Proposition 6.2.5 and Example 6.2.3, it is enough to show the following: if pris :
Ax A* x A — A x A is the projection, then the convolution
PaxPar i= Rpriz «(LpriyPa @ LprisPac) € D(A x A)
identifies with Op[—g], where I' C A x A is the graph of [—1]. By Lemma 6.3.2, this simplifies to give
Pa*Pat = Rpriz Ly Pa,
where ;1 : Ax At x A — A x A® is the map (a, b, c) — (m(a,c),b). Applying flat base change for the cartesian
square
Ax A x AL Ax Al

J{Pﬁs iph

AxA—" o A
this simplifies to
TA * fPAt = Lm*RprL*‘J’A.

We have seen earlier that Rpri P4 ~ k(e)[—g] (see Corollary 5.2.5). We can then apply flat base change to
the square
' ——=AxA

{ef ——4

to conclude that
PaxPyr = Lm*Rpri . Pa ~ Lm*k(e)[—g| ~ Or[—g],

as wanted.
The last assertion is automatic as all functors involved preserve DY, (—) as all varieties in sight are
proper and smooth. O
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We briefly discuss some properties of the Fourier transform.

Lemma 6.3.3 (Tensoring with degree 0 line bundles goes to translations). For any degree 0 line bundle M,
on A corresponding to a point x € A'(k), we have a natural isomorphism

Oy, (F @ M,) ~ t: g, (F) (6.1)
for all F € D(A).

Proof. Unwinding definitions, it is enough to check that the line bundles pry M, ® P4 and tZ‘e,w)fP 4 on Ax At
agree. Both their restrictions to the fibres A x {y} of pry are identified with M, ® M,,. Hence, their difference
is pulled back from a line bundle on A? by the Seesaw theorem. On the other hand, both line bundles are also
trivial along the section {e} x A C A x A: this is clear from pr} M, @ P 4 from the corresponding statement
for P4, and follows for the second as ¢ ,Pal(eyxat = t5(Pal{e}xar), which is trivial by the trivialization in
the definition of P4. O

Example 6.3.4. Corollary 5.2.5 (and biduality) show that
P, (04) ~ r(e)[—g].

It follows from (6.1) that
Oy, (My) =~ K(—2)[-g]

for any M, € Pic’(A) corresponding to = € A*(k). Hitting both sides with P ,, then gives
M., = 1M, = &5, ((—2)
for x € A'(k) and thus (by switching the roles of A and A?) we get
Py, (K(y)) ~ Ny

for y € A(k) corresponding to N, € Pic’(A?) via the biduality isomorphism. In other words, the Fourier-
Mukai transform switches degree 0 line bundles and skyscraper sheaves (up to shifts and signs).

Lemma 6.3.5 (Translations go to tensoring with degree 0 line bundles). If a € A(k) corresponds to a line
bundle N, on A!, then we have a natural isomorphism

Py, (t5F) = N_y @ @y, (F)
for all F € D(A) and x € A(k).
Proof. Note that
Lprity F @ Py =t o LpriF @ Pa ~t; o(LpriF @ Pa) @ proN_g,

where we use the identification
tr0Pa =praN, @ Py

proven as in Lemma 6.3.3 (and the fact that N_, = N 1). Thus, we obtain
Doy, (t5F) ~ Rpro (s o(LpriF @ Pa) @ pryN_g) ~ N_z @ Rpro .ty o(Lpri F @ Pa).
Now writing ¢; o = (t—2,0)«, and observing that prg o t; o = pra, the last expression above simplifies to give
O, (13 F) =~ N_p @ Rpra ity o (LpriF @ Pa) = N_, Rpri(LpriF @ Pa) ~ N_, @ @5, (F),

as wanted. O
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FM3| Lemma 6.3.6 (Tensor products go to convolutions). For any M, N € D(A), there is a natural isomorphism
Oy, (M) @ Pp, (N) = Pp, (M x4 N),
where M x4 N = Rm..(LpriM @ LpriN) € D(A).
In other words, the Fourier-Mukai transform carries tensor products in D(A) to convolution on D(A?).
Proof. Consider the diagram

Ax Ax At L=

N |-
pri Ax A pra m A
P2
P1
A

with the square being cartesian. Now we have

A

®p, (M4 N) = Rpro.(Pa® Lpri(M x4 N)) ~ Rpry (P4 ® (Lpr; Rm.(Lp; M @ LpiN)))
Simplifying the second largest parenthesized term via flat base change for the square above gives
Do, (M #4 N) = Rpra  Rp (L P4 @ LpriM ® LpriN).
As the map p above agrees with the one in Lemma 6.3.2 after reordering factors, that lemma impies
WPs~prisPa@prosPa.
As pro o p = prs as maps, this gives
@y, (M x4 N) =~ Rprs ((Lprfg,fPA ® LpriM) @ (Lpr3sPa @ Lpr;M)).

The map prgopu : Ax A x At — A? is the two fold fibre power of the flat map py : A x A* — A'. The
sheaves appearing on the right pulled back from each component of this fibre power. Thus, by Kiinneth,
this simplifies to

Dp, (M x4 N) =~ Rpro . (Pa® LpriM) @ Rpra »(Pa @ LpryN) =: @9, (M) @ ®p, (N),
as wanted. O

FM4| Lemma 6.3.7 (Exchange of RT" with fibers). For any F € D(A) and any M, € Pic’(A) corresponding to
x € AY(k), there is a canonical isomorphism

RU(A, F @ My) =~ ®4(F)| (a3
Similarly, for any G € D(A?), there is a canonical isomorphism
RI(A, ®4:(G) ® M) =~ G[—g]|{-x)

for all z € A'(k).
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Proof. The second follows from the first by setting F = ® 4:(G) and using 4 o D 4+ ~ [—1]*[—g]. For the
first, Applying base change to the cartesian square

Ax{r}—=Ax A

{z} Al

shows that
PA(F)| (2} = Rpra(F @ Pa)l{zy = RU(A, F @ Palax(zy) = RT(A, F ® M),
as wanted. O

Remark 6.3.8. In Lemma 6.3.7, taking M, = O4 in the second isomorphism shows that x (4, ®4:(G)) =
(=1)9x(Gley). Thus, if G is a line bundle, then x(A4, ®4:(G)) = (—1)7.

Remark 6.3.9. Combining Lemma 6.3.7 with 6.3.4, we learn that

RT(A,04) ~ k(e)[—g] ®éAt’ k(e).

e

We may replace O4: . with its completion R without changing the right hand side. But then there is a
non-canonical identification R ~ k[z1,...,z,4] as A’ is smooth of dimension g. It follows from a standard
calculation with the Koszul complex that that the homology of right hand side is an exterior algebra on H?,
and hence the same holds true for the left hand side, recovering Corollary 5.2.6; of course, this is essentially
the same proof, repackaged using derived categories.

Lemma 6.3.10 (Behaviour under isogenies). Say f : A — B is a homomorphism of abelian varieties with
dual ft. Then
Ppofi~(fHY*ody.

Proof. Consider the diagram

B~ Bx Bt—2. pt

1

A<— Ax Bt pt

P1
[l
A Ax At 225 AL
The top left and bottom right squares are cartesian. By construction of the dual isogeny, we have
Py~ B*Pp. (6.2)
Thus, we get
Opo fiM = @2 (q] [+ M @ PB) >~ @2, L+ (DI M @ *Pp) ~ p2 . (pTM @ P 4)

where the second equality uses flat base change for the top left square and the projection formula for 3, and
the last equality uses (6.2). As p; = pri o «, this simplifies to

Dpo fuM >~ ps.a*(priM @ Py).

The projection formula for the bottom right square then shows pa .a* ~ (f*)*pra ., which immediately gives
the desired equality. O
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Chapter 7

Applications of the Fourier-Mukai
equivalence

Let A/k be an abelian variety of dimension g. Write ® = ®5, for notational simplicity. Also entirely for
notational ease, we restrict to the case where k is algebraically closed.

7.1 Homogeneous bundles

An object E € D(A) is called homogeneous if t3 E ~ E for every geometric point x of A; this is the obvious
derived analog of Definition 5.1.1, and will usually be applied when FE is a vector bundle. Note that we do
not demand any compatibility in « for the isomorphisms ¢;E ~ E.

Our first real application of the Fourier-Mukai equivalence is to classify homogeneous vector bundles:

Theorem 7.1.1. ®[g] identifies the category of homogeneous bundles on A with the category of coherent
sheaves with finite support on At; this correspondence exchanges ranks with lengths. In particular, the collec-
tion of homogeneous vector bundles forms an abelian subcategory of Coh(A) that is closed under extensions.

The proof relies on the following lemma:

Lemma 7.1.2. . Say G € Dgoh(A) is invariant under tensoring with degree O line bundles (i.e., there exist

isomorphisms G @ L ~ G for all L € Pic’(A)). Then G has finite support.

Proof. As tensoring with line bundles preserves cohomology sheaves, we may assume G is actually a sheaf.
Now if the support is not finite, then there is a reduced irreducible curve C' C A such that G|¢ has nonzero
rank. Write f : C — C C A for the normalization, and write G for the torsionfree quotient of f*G. Then
G is a nonzero vector bundle on C such that G ® f*L ~ G for any L € Pic’(A). Passing to determinants
(and this uses G # 0), and using the divisibility of Pic”(A), it follows that the same holds for E = det(G).
But this simply means that f*L is the trivial line bundle on C for every L € PicO(A). Stated differently,
the pullback 7*P 4 along 7 := (f,id) : C' x A* — A x A' is trivial along all fibers of projection to C. By
the Seesaw theorem, we must then have 7*P4 ~ priL for some line bundle L on C. Using our trivialization
of Palaxgoy, it follows that L is itself trivial, and thus 7P is trivial. Viewing P4 now as a family of line
bundles on A parametrized by A as in Theorem 5.3.3, it follows that the classifying map C — (A!)* is
the constant map. But by unwinding definitions, this is simply the map f : C — A under the biduality
isomorphism A ~ (A*)!. Thus, we have shown that f is constant, but this is absurd: f was finite and C' was
a curve by construction. O

Proof of Theorem 7.1.1. If N is a torsion coherent sheaf with finite support on A?, then write N = ®(M) for
some M € D(A). As N has finite support, it can be written as an iterated extension of skyscraper sheaves.
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As ®~! of a skyscraper sheaf is a line bundle in homological degree g, it follows that M|g] is coherent sheaf
on A that can be expressed as an iterated extension of line bundles. In particular, M|g] is a vector bundle.
To see homogeneity, note that as N has finite support, IV is invariant under tensoring with degree 0 line
bundles. The claim now follows from Lemma 6.3.3.

Conversely, say M € D(A) is homogenous. Set N = ®(M)[g]. We must check that N is a coherent
sheaf with finite support on A. In fact, it is enough to check that N has finite support: once this is known,
it follows immediately from the previous paragraph that ®~*(IN) = M]|g] lives in exactly as many nonzero
degrees as N, and thus N must live in a single degree since M does so. To check finite support, we simply
invoke Lemma 7.1.2; noting that NV is invariant under tensoring by degree 0 line bundles by Lemma 6.3.3
and the homogeneity of M. O

7.2 Unipotent vector bundles

A vector bundle E on A is called unipotent if it is an iterated extension of copies of the structure sheaf.

Theorem 7.2.1. ® 4[g] identifies the category of unipotent vector bundles on A with the category of coherent
sheaves on A' supported set-theoretically at 0 (i.e., the category of artinian O a¢ .-modules); this correspon-
dence exchanges ranks and lengths. In particular, the collection of unipotent vector bundles form an abelian
subcategory of Coh(A) closed under extensions.

Proof. Recall the formulae
D4(04) = k(e)[—g] and Pue(k(e)) =04

coming from Example 6.3.4. By induction on the number of extensions needed to express a unipotent vector
bundle in terms of O 4, it follows from the first formula that ® 4[g] carries unipotent vector bundles to sheaves
on A! supported at the origin. The claim now follows by applying the same reasoning to ® 4: using the second
formula above. O

7.3 Non-degenerate line bundles and cohomology of ample line
bundles

We say that a line bundle L on A is non-degenerate if the group scheme K (L) is finite; equivalently, the
homomorphism ¢y, : A — A is an isogeny (i.e., finite surjective). An ample line bundle and its inverse are
non-degenerate. Our goal is to show that the cohomology of such line bundles is particularly constrained.

Theorem 7.3.1. Let L be a nondegenerate line bundle.

1. There exists an integer 0 < i(L) < g and a vector bundle E on A* such that ® o(L) = E[—i(L)]. In
particular, H'(A,L) = 0 for all i # i(L).

2. We have (dim Hi(L)(AL))2 = rank(K(L)).
In particular, the rank of K(L) is a square and H*F) (A, L) # 0.

The integer (L) is called the index of L and will be analyzed later. To prove the theorem, we proceed in
steps. First, we explain why the structure of ®4(L) is quite simple after pullback along the isogeny of ¢y,

Lemma 7.3.2. Let L be a non-degenerate line bundle on A. Then there is an isomorphism
¢ ®A(L) ~ RT(A, L) ®, L.

By the faithful flatness of ¢, it follows that each cohomology group of ®4(L) is a vector bundle on A. (We
shall subsequently show that there is only one nonzero cohomology group.)
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Proof. The map ¢y, : A — A? classifies a line bundle M on A x A that is trivial on each fibre of pr; (and
trivialized at the origin on the second factor). By definition, if we write o = (id, ¢1) : Ax A — A x A?, then
a*P, = M. Tt is an exercise in unwinding definitions that M ~ A(L); more precisely, such an isomorphism
is determined by the choice of a trivialization of L|(.. (In fact, the entire construction in §5.2 could have
been carried out using any non-degenerate line bundle L, not just an ample one.)
Now consider
D4(L) = pro.(pri x Pa).

Using the diagram

Ax A
P2
P1
A a A
Ax A (933

pr2
pri
A At

and the cartesianness of the second square, we get
P1PA(L) ~ pa(PIL @ a™Py).
As explained above, we have a*P4 ~ A(L) ~ m*L @ p; L~! @ p5L~!. Plugging this in, we get
¢ PA(L) ~pou(m* L@ psL™) ~py (m*L)® L1,
where the second isomorphism uses the projection formula. Now the cartesian square

AXAL>A

-

A —— Spec(k)

then implies that
¢5®A(L) ~ RT(A, L)® LY,

as wanted. O
Next, we compute x(A, L).
Corollary 7.3.3. We have x(A, L)? = rank(K(L)).

Proof. We shall use a fancier version of Theorem 4.2.4 (7) applied to the finite quotient A — A/K (L) ~ A®:
for any M € D? , (A'), we have

coh

Applying this to M = & 4(L) and using Lemma 7.3.2 gives

X(A,RT(A,L) ® L™") = rank(K (L)) - x(A", ®4L).
Now the projection formula simplifies the left side as

X(A,RI'(A, L) ® Lil) = x(A4,L) - x(4, Lil)'
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By Serre duality (as K4 =~ O4), we have x(A4,L71') = (=1)9x(A, L). So the left side above simplifies to

X(A, RD(A, L) ® L71) = x(A, L)* - (- 1)".
On the other hand, by Exercise 6.3.8, we have

X(AY, @4L) = (=1)x(L](ey) = (-1)°.
Putting everything together now gives the claim. O
The following general fact about convolutions of line bundles will help in the proof.
Lemma 7.3.4. Let L be any line bundle on A, and let i : K(L) — A be the defining inclusion. Then
La [-1"L7" = iu(L|r(ry)[—g]-

In particular, if L is non-degenerate, then this complex has finite support.
Proof. We must show

mae(PIL @ p3[—1]"L7) = iu (Ll k(1)) [—g)-
To understand the LHS, consider the factorization the automorphism 7 of A x A given by

n(a,b) = (m(a,b),—b).
Then p; o = m and n? = id. In particular, the latter implies 1, = n*, so we may compute
m(piL @ p3[~1*L7Y) =~ pran* (piL @ p3[—1]"L 7).
Now p; o =m and [—1] o ps 0 = po, so this simplifies to
ma(piL @ p5[~1]"L7Y) = pru(m* L@ p3L71).
Using the formula A(L) ® pjL ~ m*L ® p5L~!, this can be rewritten as
me(piL @ p3[~1]"L7Y) = p1(A(L) @ piL) = p1. ML) @ L,

where the last isomorphism uses the projection formula. Now using flat base change for the cartesian square

Ax AT gt g
lpl iprl
A éL Al

as well as the formula o*P4 ~ A(L), we learn that

my(piL @ ps[—1]*L™") ~ L ® ¢1pr1.Pa.
By Corollary 5.2.5, this simplies as

ma(piL @ p3[—1"L71) = L ® ¢ ri(e)[—g].

As the kernel of ¢, is exactly K (L), the claim follows. O
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Proof of Theorem 7.5.1. Thanks to Corollary 7.3.3 and Lemma 7.3.2, it is enough to show the following: if
L is a nondegenerate line bundle, then ® 4(L) has the form E[—i(L)] for some vector bundle F and some
integer 0 < (L) < g. Note that this assertion can be checked after pullback along ¢r. By Lemma 7.3.2,
we have ¢ ®4(L) ~ RI'(A, L) ® L1, Tt is thus enough to show that RI'(A, L) is concentrated in a single
degree; this degree is necessarily in [0, g] for general reasons as A has dimension g.

As tensor products and convolutions are interchanged (Lemma 6.3.6), applying ® 4 to Lemma 7.3.4 gives

DA(L) @ Pa([=1]"L7") = @a(in(Llk(r)))[-g)-

Now K(L) is finite as L is non-degenerate, so L\K(L) is non-canonically identified with Og(r). By the
finiteness of the support and Theorem 7.1.1, it follows that the RHS above has the form E’[—g] for a
homogeneous vector bundle E’ on A* of rank rank(K(L)). Pulling back along ¢ and using Lemma 7.3.2
then shows that

(RT(A,L) ® L™Y) @ (RT(A, [-1]"L™Y) @ [-1]*L) ~ ¢} E'[—g].

Reorganizing the LHS, we get

RI'(A,L) ® RT(A,[-1]"L™") ® 04 ~ E[—¢]
for some vector bundle E on A of rank rank(K(L)). As the LHS is pulled back from a point, it is easy to
see that this forces both RT'(A, L) and RT(A, [-1]*L™!) to have exactly one non-zero cohomology group, as
wanted. O

Next, we analyze the index i(L) of a nondegenerate line bundle. We begin by observing that it is invariant
in families:
Lemma 7.3.5. Say L and L' are algebraically equivalent nondegenerate line bundles on A. Then i(L) =
i(L).
Proof. Tt is enough to show that L' = t*L for some # € A*(k): granting this, pullback along ¢, induces
an isomorphism H*(A, L) ~ H*(A,L’), so the indices must be the same. By hypothesis, there is a smooth
proper connected curve and a line bundle £ on C' x A such that £|¢.3xa =~ L and Llgc,3xa ~ L for some
co,c1 € C(k). The twist M := £ ® pr3 L' is thus a line bundle on C' x A whose fibre over ¢y is trivial. By
Lemma 5.1.7, the fibre over ¢; lies in Pic?(A), so L’ ® L' € Pic’(A). But the map ¢, : A — A* is surjective
by non-degeneracy of L, so we must have

LI'e@L '=¢p(z)=tLa L,
and thus L' ~ ¢ L, as wanted. O

The index is also invariant under isogeny:

Lemma 7.3.6. If f : A — B is an isogeny and L is a nondegenerate line bundle on B, then f*L is
nondegenerate and i(L) = i(f*L).

Proof. By construction, we have

¢per=fogrof.
Indeed, we have ¢ (z) =t5f*L® f*L~ " ~ f*(t;’;(m)L®L*1) = f*¢r(x), so the claim follows that f! = f*
under the identifications A*(k) ~ Pic’(A) and B*(k) ~ Pic’(B). As the RHS is a composition of 3 finite

surjective maps, the same is true for the LHS, so f*L is non-degenerate.
For equality of indices, we use Lemma 6.3.10 applied to f* to get

OAf* L~ fldp(L).

As L is nondegenerate, ®5(L) has the form E[—i(L)] for a vector bundle F on B!. As f! is finite flat, the
pushforward f! preserves vector bundles, so ® o f*L = F[—i(L)] for a vector bundle F' on A?. The claim now
follows from the definition of the index in Theorem 7.3.1. O
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Lemma 7.3.7. For any n > 0 and any nondegenerate line bundle L on A, we have i(L) = i(L").

2 is a square; the general case can be deduced by a trick using

Proof. We only give a proof when n = m

Lagrange’s 4 square theorem. Lemma 7.3.6 applied to f = [m] shows that i([m]*L) = i(L). Now Lemma 5.1.5
shows that L™ = L™ and [m]*L lie in the same algebraic family: their difference is degree 0, and hence lies
in the same family as the trivial bundle as A’ is connected. Lemma 7.3.5 then shows that i(L) = (L"),

proving the claim. O
Putting everything together, we learn a vanishing (and non-vanishing) theorem for ample line bundles:

Corollary 7.3.8. Say L is an ample line bundle on A. Then H(A,L) =0 for j >0, and dim H°(A, L) =
rank(K (L)) > 0.

If dim(HY(A, L)) = 1, then we say that L gives a principal polarization.

Proof. Lemma 7.3.7 ensures that i(L) = (L") for all n > 0. On the other hand, by Serre vanishing, we have
HI(A,L™) =0 for j > 0 and n > 0. It follows that i(L™) = 0 for n > 0, and hence (L) = 0. The rest
follows from Theorem 7.3.1. O

7.4 Classification of stable vector bundles on an elliptic curve

Let E be an elliptic curve over a field k. We shall review the notion of semistable and stable bundles, and
then to classify them (following a result a Atiyah).

7.4.1 Semistable and stable bundles

Fix a smooth projective geometrically connected curve C' over a field k. Recall that each vector bundle F on
C has a degree d(E) := d(det(E)) € Z and a rank r(E) € Z>(. Both these invariants are additive in short
exact sequences, and thus give homomorphism Ko (C) — Z. It follows that we can define d(F) and r(E) for

any E € Db, (C), and these invariants are also additive in E.

Definition 7.4.1. For a nonzero vector bundle E on C, define the slow p(E) = deg(E)/rank(E). We
say that E is semistable (resp. stable) if for every quotient bundle £ — F, we have u(F) < pu(F) (resp.

W(E) < p(F)).

Lemma 7.4.2. Let
0—-FE —FE—FEy—0

be a short exact sequence of nonzero vector bundles. Then

min(u(Er), n(E2)) < p(E) < max(pu(Er), p(Ez)).
Moreover, if p(Er) = u(Ez), then p(E) = p(E1) = p(E2).

Proof. This is a complete elementary statement. Say di,r1,ds,ro € Z with 71,75 nonzero and % < &2

Then we have o
ditdy _ o3t dy- B dy

— - )
r1+ T2 1+ T2 r1+re T2

which gives the the assertion p(FE) < max(u(FE7), u(Es)); the assertion min(u(Er), u(Eq)) < u(FE) is proven
in exactly the same way. The last part is clear. O

Example 7.4.3 (Stable vector bundles on P!). For any curve C, every line bundle is trivially stable and
thus also semistable. If L, M are two line bundles, then F = L@ M is semistable if and only if d(L) = d(M):
the if direction follows from Lemma 7.4.6 below. Conversely, if d(L) # d(M), then say d(L) < d(M). We
have p(E) = w > d(L) = p(L). Realizing L as a quotient of E then shows that F is not semistable.

52



By the same reasoning, a finite direct sum @;L; of line bundles is semistable exactly when all the L;’s have
the same degree.

Specializing now to P!, by Grothendieck’s theorem, there exists semistable vector bundles on P! of slope
u exactly when p is an integer. In this case, the category of semistable vector bundles of slope u (for fixed
u) is identified with the category of vector spaces V' via the functor V +— V ® O(u). In particular, stable
vector bundles on P coincide with line bundles.

Lemma 7.4.4. Fiz a nonzero vector bundle E. Then E is semistable (resp. stable) if and only if for every
nonzero subsheaf F C E, we have u(F) < p(E) (resp. p(F) < u(E).

Proof. We explain the semistable case. The stable case is exactly the same with strict inequalities instead.
_ Assume that E is semistable. For a nonzero subsheaf I' C FE, write ' C E for the saturation of F', so
F/F is torsion. Then the exact sequence

0—F—F—F/F—0
shows that deg(F) < deg(F). As F and F have the same rank, it follows that u(F) < u(F). Thus, after

replacing F' with F'; we may assume that F' is saturated in F, and thus Q := E/F is a vector bundle. We
must check that u(F) < p(E), i.e., that

d(F)r(E) < d(E)r(F).
By semistability, we know that u(E) < u(Q), i.e., we have
d(E)r(Q) < d(Q)r(E).
Now we know that d(Q) = d(E) — d(F) and r(Q) = r(E) — r(F). Plugging these in to last inequality, we get
d(E)(r(E) —r(F)) < (d(E) — d(F))r(E).
Canceling the d(E)r(E) term on both sides and switching signs gives
d(E)r(F) = d(F)r(E),

as wanted. The exact same proof also works when F is stable.

Conversely, assume that F satisfies the conclusion of the lemma in the semistable case. Fix a bundle
quotient F — F with kernel K. We must show u(E) < p(F), and we know that pu(K) < u(E). The same
reasoning used above in the opposite direction proves the desired implication. O]

Lemma 7.4.5. Let E and F be semistable bundles with u(E) > p(F'). Then Hom(E, F) = 0.

Proof. Assume there exists a nonzero map E — F with image Q C F. Then p(Q) > p(F) by semistability
of E, and u(Q) < p(F) by semistability of F' (and Lemma 7.4.4). Tt follows that u(E) < u(F'), which is a
contradiction. O

Lemma 7.4.6. Let 0 - E1 — E — F3 — 0 be a short exact sequence of vector bundles with equal slopes.
Then E is semistable if and only if Eh and E5 are so.

In particular, direct sums of semistable vector bundles of the same slope are semistable.

Proof. Assume F is semistable. As p(FE;) = u(FE), it is immediate the characterisation of semistability via
subsheaves that E; is semistable. Dually, as pu(E) = p(FE2), it follows from semistability of E that Fy is
semistable.

Conversely, assume both F; and Es are semistable, and write p for the common slope of all bundles.
Assume towards contradiction that E admits a subsheaf G with u(G) > w(E). Then GN E; C Ep so
w(GNEy) < pif GNE; # 0; likewise, G/GNE; C Ey so p(G/GNEy) < pif G/(GN Ey) # 0. Thus,
it0 ¢ GNE; ¢ G, then Lemma 7.4.2 gives u(G) < max(u(G N Ey), u(G/(G N Ey))) < p, which is a
contradiction. Thus, we must have either GNE; = 0or G C Fy. Now if GNE; = 0, then G — FEs is
injective, so u(G) < u, which is a contradiction; a similar contradiction is reached if G C F4, so we are
done. O
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Lemma 7.4.7. A stable vector bundle E is simple, i.e., Hom(E, E) is a division ring. In particular, if k is
algebraically closed, then Hom(E, E) ~ k.

Proof. Say f: E — FE is a nonzero map with image Q). As f is nonzero, @) is also nonzero, so @ is a bundle.
If f is not surjective, then pu(Q) < u(FE) as @ is a proper submodule of E. On the other hand, u(Q) > u(E)
as @ is a quotient of E; if @) is a non-trivial quotient one gets a strict inequality, and the only other option
is F ~ @, which gives equality. Combining the two, this leads to the absurd statement that pu(E) < u(E),
which is a contradiction, so f must be surjective. By rank considerations, f is also injective, and hence f is
an isomorphism. O

Remark 7.4.8. In Lemma 7.4.7, if k is not algebraically closed, then it is indeed possible that Hom(F, E)
is a division ring larger than k. For example, say C is a genus 0 curve over k without points. Fix an
identification C ® k ~ P'. Then there exists a rank 2 vector bundle E on C such that E ® k ~ Op1(—1)%2
via the previous identification; for instance, the group H(C, K¢) ~ Ext};(@c,Kc) is a 1-dimensional k-
vector space (as this can be checked after passage to k), and we can choose E to be any non-split extension
of O¢ by K¢. Tt is easy to see that semistability can be detected after passage to k, so E is semistable by
Lemma 7.4.6. In fact, we claim that E is also stable. To see this, fix a line subbundle L. C E. We must
show that d(L) < u(F) = u(E ® k) = —1. By base change, we get a line subbundle M := L ® k C O(—1)%2.
Then M ~ O(—1) for some 7 > 0, and we must check that ¢ > 1. If not, then i = 1, so L provides a k-model
for O(—1). But then L~! provides a k-model for O(1). But then H°(C,L™!) is a 1-dimensional k-vector
space, and the zero locus of any nonzero section of L~! gives a k-rational point of C' (as the same holds true
over E), which contradicts our assumption that C' does not have points. It follows that E is stable, and thus
A :=Hom(E, E) is a division ring over k. By base change, we also know that A®k ~ End(O(—1)%2) ~ My(k).
In particular, A is a division algebra over k that is strictly larger than k. In fact, a more careful analysis
shows that A is the quaternion algebra over k corresponding to C' under the identification between twisted
forms of P! and twisted forms of My(—) (as both sides identify with H'(k, PGL3)).

Theorem 7.4.9. Let E be a vector bundle. Then there is a unique filtration
O0=FyCF,C...CE.=F
such that Q; := E;/FE;_1 is semistable, and p(Q;) > w(Qiy1) fori > 1.

This filtration is called the Harder-Narasimhan (or just HN) filtration. The subsheaf Ey C E is called
the mazimal destabilizing subsheaf of E.

Proof. We first observe that set of all possible slopes of all nonzero subsheaves of FE is bounded from above.
To see this, note that E can be realized as a subsheaf of L®" where L is sufficiently ample and n > 0 (by
writing EV as a quotient of L~ for n > 0). Lemma 7.4.6 implies that L®~™ is semistable, so slopes of its
subsheaves are bounded from the above, and thus the same holds true for FE. Let p be the largest possible
slope that occurs amongst all nonzero subsheaves of E.

Next, we observe that F,G C E are two subsheaves with u(F) = u(G) = p, then p(F + G) = p as
well. Indeed, F' + G is a quotient of FF @& G. Now Lemma 7.4.2 implies that F' & G is semistable of slope
u, and hence pu(F + G) > p. But pu was chosen to be the maximal slope amongst all subsheaves of F, so
w(F 4+ G) = p as well. It follows that there is a maximal nonzero subsheaf E; C E of maximal rank with
w(Ey1) = p. Tt is then also clear from maximality of p that F; is semistable: any subsheaf of F; is also a
subsheaf of E, and hence must have slope < . This gives the first step of the filtration.

By induction, E/FE; has a filtration as prescribed in the theorem. Taking preimages in F then gives a
filtration 0 = Ey C Ey C ... C E. = E of E with pu(Q;) > p(Qi+1) for i > 2. It remains to check that
w(Er) > p(E2/Eq). If not, then p(Ey) < pu(E2/E7r). But then p(Ey) = min(u(Er), p(Ea/E1)) < u(Es), so
we have found a subsheaf Fy C E that is strictly larger than E; with slope > p, which is impossible by
choice of E1. Thus, we have constructed the filtration.
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For uniqueness, say 0 = Gy C G1 C ... C G}, = G is another filtration with G;/G;1 being semistable
and u(G;/Gi—1) > u(Git1/G;) for i > 1. Let k be minimal such that Ey C Gy, so the map Ey — Gi/Gi—1
is nonzero. We then have

p(Er) < p(Gr/Gr-1) < u(Gr) < p(Er),

where the first inequality uses Lemma 7.4.5, the second is true by assumption on the filtration {G;}, and the
last holds true as p(E7) = p is maximal amongst the slope of all subsheaves of E. It follows that all these
numbers must be the same. As pu(Gr/Gr—1) is a strictly decreasing function of k, it follows that k = 1, and
thus By C Gy with pu(F1) = p(G1). But then the maximality of E; amongst all subsheaves of E with slope
w ensures that 7 = G1. Quotienting by this subsheaf, one proceeds by induction. O

Corollary 7.4.10. The HN filtration of any vector bundle E on an elliptic curve C is split. In particular,
indecomposable vector bundles are semistable.

Proof. Let 0 = Ey C Ey C ... C E, = E be the HN filtration for F, and let Q; = E;/E;+1. We have
w(Q;) > p(Qi41). By induction, the HN filtration for F,._; is split, i.e., we have an isomorphism FE,_; &
69:;11 ;- The obstruction to splitting the HN filtration from F is thus an element of @ZtllExtl(Qr, Q). By

Serre duality (as C' has genus 1), it is enough to show that Hom(Q;,@,) = 0 for ¢ € {1,...,7 — 1}. But
w(Q;) > u(Q,) for such i, so the claim follows from Lemma 7.4.5. O

We give one source of examples of semistable bundles.

Example 7.4.11. Say f : D — C is a finite étale map of curves. Then A = f,Op is semistable of slope (or,
equivalently, degree 0). To see this, we are allowed to pass to finite flat covers of C' by smooth connected
curves: this passage scales the slope by the degree of the cover, and thus semistability can be descended
through the pullback. But, as f is finite étale, there is some finite flat cover g : ¢/ — C' of smooth connected
curves such that D’ := ¢g*D — C’ is simply U ;C’" — C’. The corresponding structure sheaf is &7 ;O¢,
which is semistable by Lemma 7.4.6.

7.4.2 Atiyah’s theorem

Let E be an elliptic curve over k. The base point e € E(k) determines a line bundle L = Og(e) of degree 1,
and the map ¢r, : E — E' is an isomorphism: its degree is the square of H°(E, L) by Corollary 7.3.8, and
is thus 1-dimensional by Riemann-Roch. From now on, identify E with E? via this map.

Our first goal is to prove the following classification of semistable bundles on E.

Theorem 7.4.12. Fiz a rational number p. The category Vect(E), of semistable bundles with slope p on
E is identified with the category Cohiors(E) of coherent sheaves on E with finite support. If we denote this
association by F — T(F), then ((T(F)) = ged(deg(F), rank(F)).

In particular, there exist semistable bundles with all slopes. The first step of the proof is to understand
the behaviour of semistable bundles under the Fourier-Mukai transform.

Lemma 7.4.13. For any F € D? , (E), we have
deg(Pp(F)) = —rank(F) and rank(®g(F)) = deg(F).
In particular, p(®g(F)) = —u(F)~ provided u(F) # 0.

Proof. As E' is an elliptic curve, we have x(E, F) = deg(F'): this is true for vector bundles by Riemann-
Roch, and thus follows in general by additivity. Using this observation, the claims follow from the canonical
isomorphisms

RU(E, ®p(F)) = F-1)|;y and RI(E,F) = dp(F)|(,
from Lemma 6.3.7. O
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Lemma 7.4.14. Say F is a vector bundle on E with = u(F) < 0. Then ®g(F)[1] is a semistable bundle
with slope —p 1.

Proof. Tt is enough to prove this after base change to the algebraic closure. By Lemma 7.4.6, we may also
assume that F' is indecomposable. Then ®(F') is also indecomposable. As F has negative slope, we have
H°(E,F® L) =Hom(L™',E) =0 for all L € Pic"(E) by Lemma 7.4.5 as L™ is semistable with slope 0. Tt
follows that all fibers of ®g(F) lie in cohomological degree 1. By semicontinuity, it follows that ®g(F)[1] is
a vector bundle whose slope is —u~! by Lemma 7.4.13. As we already know this bundle is indecomposable,
it follows from Corollary 7.4.10 that ®g(F')[1] is indeed semistable. O

Lemma 7.4.15. For any slope p, there is an equivalence Vect(E), ~ Vect(E)y obtained by repeatedly
applying Pg[l] and — ® Og(e) (and their inverses) in some order. Any such equivalence preserves the
quantity ged(rank(F), deg(F)).

Proof. If p = 0, there is nothing to do. If not, then using Lemma 7.4.14, we are allowed to replace pu with
—p~ ! using the Fourier-Mukai equivalence. Moreover, tensoring with O(e) certainly gives an equivalence
Vect(E),, ~ Vect(E),+1. To see why this allows us to eventually reach ;1 = 0, we use some group theory.
Recall that SLy(Z) acts transitively on Q U {oo} = P!(Q) via fractonal linear transformation. Moreover,
SL2(Z) is generated by the matrices

0 1 1 1
S:[—l O]andT:[O 1}.

The matrix S acts on Q U {oc} via g — —pu~!, while T acts via u — p + 1. These coincide by the effect

on slopes of the equivalences induces by ®g[1] and — ® O(e) of semistable bundles. As S and T generate
SL2(Z) and the latter acts transitively on Q U {o0}, it follows that some combination of iterations of ®g[1]
and — ® O(e) (and their inverses) gives an equivalence Vect(E), ~ Vect(E)o.

The statement about preservation of ged(rank(F'),deg(F)) under the above equivalence follows from
Lemma 7.4.14 for the Fourier-Mukai functor, and the following observation for the — ® Og(e) functor: if ¢
is a rational number, then ged(a, b) = ged(a + b, b). O

Proof of Theorem 7.4.12. By Lemma 7.4.15, it is enough to show
1. ®g[1] gives an equivalence Vect(E)g ~ Cohyors(E).
2. For any F € Vect(E)o, we have {(Pg(F)[1]) = ged(deg(F), rank(F)) = rank(F) (as deg(F) = 0).

For both of these, we may assume k = k.

For (1), say F is a semistable bundle of degree 0. We shall prove by induction on the rank of F' that
®p(F[1]) is a torsion coherent sheaf. This gives a functor Vect(E)y — Cohyyrs(E). The case of rank 1 follows
from Lemma 6.3.3. In larger rank, assume first that there exists a degree 0 line bundle L and a nonzero
map L — F. Then L C F must be saturated: if it was not saturated, its saturation L C F would give a line
subbbundle in F' with (L) = deg(L) > deg(L) = 0, which is not possible by semistability of F. But then
F/L is a semistable vector bundle of degree 0, and hence F/L € Vect(E)q as well. By induction, we know
L and F/L carried to torsion coherent sheaves by ®g[1], and thus the same holds true for E. It remains to
check the claim for those E € Vect(E)y that admit no non-trivial maps from degree 0 bundles. But then
HY(E,F ® L) = 0 for all L € Pic’(E), so all fibers Qp(F)|{zy of ®p(F) are concentrated in cohomological
degree —1. By semicontinuity, it follows that ®g(F[1]) is a vector bundle. But the rank of this vector
bundle is given by x(X, F') = deg(F') by Lemma 7.4.13, and is thus 0 as F has slope 0. But this means that
®p(F) =0, and hence F =0, as Pg was an equivalence. This gives the functor required in (1).

Conversely, as any torsion coherent sheaf on E is an iterated extension of copies of the structure sheaves
of closed points, it is easy to see that if ®g(F[1]) is a torsion coherent sheaf, then F' must be an iterated
extension of degree 0 line bundles on E, and hence E € Vect(E)o by Lemma 7.4.6. This finishes the proof

of (1).
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It remains to check that ¢(®g(F[1])) = rank(F). As ®g(Pgr(F[1])) = [-1]*F, it follows that
rank(F) = rank([—1]"F) = x(E, @ (F[1])) = £(®e(F[1])),

where the first equality is obvious, the second uses Lemma 6.3.7, and third uses that ®z(F[1]) is a coherent
sheaf with finite support. O

Corollary 7.4.16. Assume k = k. Let F be an indecomposable vector bundle of rank r and degree d on E.
Set p = g to be the slope. The following are equivalent:

1. F is stable.
2. ged(d,r) = 1.
3. F is simple as an object of Vect(E),, (i.e., has no nonzero nontrivial subobjects).
4. F is simple as a sheaf (i.e., Hom(E, E) = k).
In particular, there exist stable bundles of every slope .

Proof. Lemma 7.4.5 gives (1) = (2).

The equivalence of (2) and (3) follows from Theorem 7.4.12 as a torsion coherent sheaf on E is simple
exactly when it has length 1; this requires k = k.

The equivalence of (2) and (4) also follows from Theorem 7.4.12 as a torsion coherent sheaf on F has no
non-scalar endomorphisms exactly when it is the skyscraper sheaf for a closed point.

For (3) = (1), assume F is simple as an object of Vect(E),. As F' is indecomposable, we know that F’
is semistable by Corollary 7.4.10. We wish to show that F' is stable. Say G C F is a nonzero nontrivial
subsheaf. By semistability, u(G) < p(F) = p. If p(G) = p(F) = p, then the semistability of F' would
pass down to G, so G C F would be a nonzero nontrivial subobject of F' in Vect(E),, which violates the
simplicity of F. Thus, u(G) < pu(F'), which proves stability.

To see the existence of stable bundles, it is enough to produce a simple indecomposable object of Vect(E),,.
But any F with T'(F) being a skyscraper sheaf of length 1 provides such a sheaf.
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Chapter 8

Generic vanishing theorems

In this chapter, we work exclusively over C. For any smooth proper variety X with a base point z € X(C),
write a : X — Alb(X) for the Albanese morphism: this is the universal map from X into an abelian variety
that carries the base point to the identity; other properties shall be explained later. The goal is to prove the
following theorem:

Theorem 8.0.1 (Green-Lazarsfeld). Let X be a smooth projective variety. For a general L € Pic’(X) and
i < dim(a(X)), we have H*(X, L) = 0. In particular, if a is generically finite, then (—1)3™X) (X, 0x) > 0.

This theorem is a prototype of a “generic vanishing theorem” as it asserts that some cohomology group
is 0 is a generic value of the parameter. We shall give an exposition of this theorem following a paper of
Hacon that heavily uses the Fourier-Mukai transform; the non-algebraic input comes from a deep vanishing
theorem of Kollar in Hodge theory, that we use as a blackbox.

Example 8.0.2. When X is a smooth projective curve of genus g > 1, the Albanese Alb(X) coincides with
the Jacobian of C. The map a : X — Alb(X) is non-constant, and thus generically finite. Thus, in this
case, Theorem 8.0.1 states that H(C, L) = 0 for a general degree 0 line bundle L on C, which is easy to see
directly: any non-constant map O¢c — L must be an isomorphism for degree reasons. Note that if g > 2,
then x(C,L) =1—g <0, s0o H(C, L) is typically nonzero. In particular, the bound on i in Theorem 8.0.1
is sharp.

8.1 The Picard scheme and the Albanese variety

Let X be a smooth proper geometrically connected variety over a field k of characteristic 0. Fix a base point
x € X (k). We shall use the following facts about Picard and Albanese varieties attached to X.

1. Consider the functor Pic(X) on k-schemes defined by attaching to each k-scheme T the set of iso-
morphism classes of pairs (L € Pic(T x X),¢ : Llpx{zy =~ Or). This functor is naturally valued in
abelian groups via tensor products of line bundles. Moreover, it is representable by a locally finitely
presented group scheme also denoted Pic(X) and called the Picard scheme; write Px for the universal
or Poincare line bundle on Pic(X)) x X and ¢“"* for the universal trivialization over z. The association
X — Pic(X) is contravariantly functorial in X (for base point preserving maps).

Proof. The existence of the Picard scheme is a non-trivial theorem, and we do not prove it here. [

2. The identity component Pic’(X) of Pic(X) is an abelian variety. We shall write Pic’(X) = Pic’(X)(k)
for the “degree 0” line bundles on X; the notion of “degree 0” can also be defined in other more direct
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ways. The tangent space T,Pic’(X) is canonically identified with H'(X,Ox). In particular, Pic’(X)
has dimension
Ar(X)
2 )
where the second equality makes sense when £ = C and uses Hodge theory.

1
dim H} (X, 0x) = 5 dimg HY (X", C) =:

Proof. To calculate the tangent space, we must identify the kernel of Pic(X)(k[e])
with H1(X,0x). Unwinding definitions, we must identify the kernel of Pic(X[e]) —
H'(X,0x), where X[e] := X ®, k[e]. Consider the exact sequence of sheaves

— Pic(X)(k)
Pic(X) with

0—-14+e0x — Oxle]" = 0% —0

of Zariski sheaves on X. The term on the left is identified with Ox via the map 1 + a — « on local
sections. Passing to the long exact sequence, we get an exact sequence

0— HY(X,0x) = H'(X,0x[]*) — H'(X,0%),

where injectivity on the left comes from the surjectivity of H%(X,Ox[e]*) — HY(X,0%) ~ k*. As the
ringed space (X, Ox|e]) identifies with the scheme X|[e] := X ®y, k[e], the above sequence can be viewed
as a short exact sequence

0 — H'(X,0x) — Pic(X|e]) — Pic(X),

which gives the promised identification. O

3. The pair (Px,“"") defines, by the universal property of the dual abelian variety, a morphism
a: X — Pic’ (X)L

that carries * € X (k) to the origin via our trivialization (™. Informally, this map sends y € X (k)
to the line bundle Py |pico(x)x {y}- This is the universal map from X to an abelian variety that carries
x € X (k) to the origin. We often write this map as a : X — Alb(X) and call it the Albanese map for
X. This map is proper, and the dim(a(X)) is often called the Albanese dimension of X.

Proof of universality of Alb(X). Fix a map b: X — B into an abelian variety B that carries € X (k)
to the origin. Viewing B = A? for A = B!, this corresponds to a line bundle M € Pic(X x A) that is
trivialized along X x {e}. By the geometric connectedness of X, there is a unique trivialization ¢ of
M|z} x 4 compatible with the given trivialization over M|;}x(c}. The resulting datum (M, ¢) defines
a map A — Pic’(X) which induces a map Alb(X) — B on passage to duals. One can check using
universal properties that the map X — Alb(X) — B obtained this way agrees with b. O

4. The Albanese map a : X — Alb(X) induces a map Pic(Alb(X)) — Pic(X) by the functoriality of
the Picard scheme. This map induces an isomorphism on identity components, i.e., Pic’(Alb(X)) =~

Pic’(X). In particular, any L € Pic’(X) is obtained via pullback along a.

Proof. This is simply a manifestation of biduality for abelian varieties. O

8.2 Hacon’s theorem: abstract version
Let A be an abelian variety over a field k of dimension g. We adopt the following notation:

1. Write ®4 : D(A) — D(A") for the Fourier transform attached to the Poincare bundle P4 on A x A’
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2. For any smooth proper k-scheme X of dimension n, write Dx(—) = RHom(—, wx[n]) for the Verdier
duality functor. This functor satisfies Dx(F ® EY) = Dx(F) ® E for any vector bundle E. The
crucial property we need is the following: if f : X — Y be a map between two such schemes, then
Rf. oDy ~ Dy o Rf,.

3. For any ample line bundle L on A?, write E(L) = ® 4¢(L). By §7.3, we know the following:

e FE(L) is a nonzero vector bundle placed in degree 0.
e The pullback ¢% F(L) identifies with L~ @ H°(A, L) on A’.

Hacon’s basic theorem is the following:

Theorem 8.2.1. Let F € D? , (A) . The following are equivalent:

coh
1. For L sufficiently ample, we have H'(A,F @ E(L)V) =0 for i # 0.
2. For L sufficiently ample, we have H (A, ® 4(Da(F)) ® L) =0 for i # 0.
3. The complex ® 4(D(F)) is concentrated in degree 0.

Proof. (1) is equivalent to Dy (RT(A, F ® E(L)Y)) is concentrated in degree 0. By Grothendieck duality, we
have
DLRT(A, F @ E(L)") = RU(A,D4(F @ E(L)")) = RU(A4,DA(F) @ E(L)),

where the last isomorphism uses that E(L) is a vector bundle. Now if pry : Ax A* — A and pry : Ax A* — A?
are the two projection maps, then we have

RU(A,D4(F)®E(L)) = RT(A, D (F)@pri«(Pa@priL)) ~ RT(Ax A", priDa(F)@Pa®pr; L) = RT(A", ®4(Da(F))&L),

where the second and third isomorphisms use the projection formulas for pri; and pro respectively. This
shows (1) and (2) are equivalent.
The equivalence of (2) and (3) is a general fact:

Lemma 8.2.2. Fiz a projective k-scheme X and M € D° , (X). Then M is concentrated in degree 0 if and

coh

only if RT(AY, M ® L) is concentrated in degree 0 for L sufficiently ample.

Proof. The “only if” direction is clear from Serre vanishing. Conversely, given M € D’ , (X), we have a

coh
spectral sequence
EDY: HP(X, HY(M) ® L) = HP (X, M ® L).

Assume that RT'(A', M ® L) is concentrated in degree 0 for all sufficiently ample L. For sufficiently ample
L, the spectral sequence above then degenerates to give

HY(X, % (M)® L) = H(X,M ® L)

for all j. Our hypothesis then ensures that HO(X,H/ (M) ® L) = 0 for all j # 0 and sufficiently ample
L. But this cannot be true if 37(M) # 0 as a sufficiently positive twist of any nonzero coherent sheaf has
non-trivial global sections on a projective scheme. It follows that 37 (M) = 0 for j # 0. O

O

Next, we analyze some basic structural features of sheaves satisfying the conclusion of the theorem above.
For convenicen, let us make the following ad hoc definition.

Definition 8.2.3. Any F € D’ , (A) satisfying the conclusion of Theorem 8.2.1 is called a Hacon complex
on A; if F' € Coh(A) is a coherent sheaf, then we say that F' is a Hacon sheaf.

Our main goal is to prove the following property of Hacon sheaves:
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Theorem 8.2.4. Let F' be a Hacon complex on A.

1. The locus S'(A', F) = {z € A'(k) | H/(A,F® L,) # 0} is a closed subset of A*. More each irreducible
component of this set has codimension > i.

2. We have S*(AY, F) C S*=Y(A!, F) fori> 0.
3. If F is additionally a coherent sheaf, then have x(A, F) > 0.
To prove this, we shall need the following compatibility of the Fourier transform with duality.
Lemma 8.2.5. For any F € Db, (A), there is an isomorphism
Dar(®a(F)) = [-1]"Pa(Da(F))[g]-
Proof. By Grothendieck duality for pro : A x A* — A!) we have
Dpe®a(F) >~ proDasac(priF @ Pa).

Note that Day 4« = RHom(—, O axa¢t[2g]). Using the modular interpretation of the Poincare bundle, one
shows that ([1] x [~1])*P4 =~ P,'. Using these, the above becomes

Pr2aDasac (priF @ Pa) = pra (priDa(F)lg) @ (1] x [<1])*Pa) = pra.o([1] x [-1))" (priDa(F)lg] © P4 ),
where we use ([1] x [~1]) opry = pr; for the second isomorphism. Using the projection formula for the square

Ax At P2 gt
lum—u J{[u

pr2 ¢

Ax At —= A

)

the above formula simplifies to
pro([1] % 1) (priDa(F)a] @ Pa) = [-1]prs o (priDa(F) @ Pa)g] = [~1]* @ 4Da(F)[a],

as wanted. O
Using this property, we obtain an alternative and more useful characterization of a Hacon complex:

Proposition 8.2.6 (Characterization of Hacon complexes). Let F € D, (A). The following are equiva-
lent:

1. F is a Hacon complex.
2. RHom(® 4 (F), 0 4¢) is concentrated in degree 0.
3. ®4(F) =RHom(FE,O4¢) for a coherent sheaf E on At.

Proof. For (1) < (2): note that F'is a Hacon complex exactly when ®4(ID4(F")) is concentrated in degree 0.
By Lemma 8.2.5, this happens exactly when D 4:® 4 (F) is concentrated in homological degree g. But D¢ =
RHom(—, O 4t[g]) as wa¢ is the trivial bundle. Thus, F' is a Hacon complex exactly when RHom (P 4 (F), O 4¢)
is concentrated in degree 0.

For (2) & (3): Write (—)Y = RHom(—,O4¢) =~ Da:[—g]. Then ()Y is a duality: it is a contravariant
equivalence, and there is a canonical identification (GY)Y ~ G for any G € D% , (A). The equivalence of (2)

coh
and (3) is now immediate. O
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Thus, to understand the supports of the Fourier transform of a Hacon complex, we must understand
locally the structure of Ext*(M, R). The following general commutative algebra lemma will be quite useful
in this regard:

Lemma 8.2.7. Let R be a regular ring, and let M be a finitely generated R-module. Then EXt%{(M, R) is
supported in codimension > i, i.e., it vanishes when localized at any prime of R with height < i.

Proof. Let p be a height j prime of R. We must show that Ext’ (M, R) ®g r(p) = 0 for i > j. But we have
Ext(M, R) ®g Ry ~ Extly (M, Ry)

as the formation of Ext-groups commutes with localization for finitely generated R-modules. It is enough
to show the groups displayed above vanish for ¢ > j. Now R, is a regular local ring of dimension j, so the
category of Ry-modules has global dimension j, and hence the above Ext-groups must vanish for 7 > j, as
wanted. O

Next, we explain why the Fourier transform of a Hacon complex is constrained:

Corollary 8.2.8 (Supports of the Fourier transform). Let F' be a Hacon complex. Then Supp(Hi®4(F)) C
At has codimension > i for all i.

If F is additionally assumed to be a coherent sheaf (or merely that F € D=°), then ® o(F)|y is concen-
trated in degree O for a sufficiently small non-empty open subset U C At.

Proof. As F is a Hacon complex, we know from Proposition 8.2.6 that ® 4(F') has the form RHom(FE, O 4¢)
for a coherent sheaf E on A'. The first part of the claim then follows from Lemma 8.2.7.

For the second part, note that M := ®4(F)|y € D=C by the first part for U C A? sufficiently small and
non-empty. On the other hand, if F € DZ% then ®4(F) € D2 as well, as one immediately checks from
that flatness of pr; and P4. Combining these assertions shows that ®4(F')|y is concentrated in degree 0 for
such F', as wanted. O]

We can now prove Theorem 8.2.4.

Proof of Theorem 8.2.4. Let F be a Hacon complex on A. For (1), we must show that
SYAY F)={x e A'(k) | H(A,F ® L,) # 0}

is a closed subset of A? of codimension > i. This follows Corollary 8.2.8 and the following general lemma
applied to M = ® 4 (F):

Lemma 8.2.9. Let R be a commutative ring, and let M be a perfect complex. Then, for each integer i, we
have
SR, M) := {z € Spec(R) | H(M ®r k(x)) # 0} C U;>;Supp(H’(M)).

Moreover, each S'(R, M) is a closed subset of Spec(R).

Proof. Assume that containment in the statement of the lemma is false. Then there exists some prime
x € Spec(R) such that HY (M ®p k(x)) # 0 but H/ (M) ®r R, = 0 for j > i. The second condition
implies that M, := M ®g R, € D<'. But then M, ®g, k(z) € D<' which is a contradiction because
M ®p k(z) ~ M, ®p, k() is assumed to have a non-trivial H*.

The closedness is a general fact, proven as in Corollary 2.2.6. O

For (2), we must show that S*(A,F) C S*"!(A,F) for i > 0. As F is a Hacon complex, we have
F ~ RHom(E, Q4:) for a coherent sheaf E on A! from Proposition 8.2.6. For any z € A'(k), we have the
base change isomorphism
RHom(F, 0 4:) ® k(z) ~ RHom(FE, k(x)).

The claim then follows from the following general commutative algebra lemma:
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Lemma 8.2.10. Let R be a noetherian local ring, and let M be a finitely generated R-module. IfExtE(M, k) #
0 and some i > 0, then Ext’y ' (M, k) # 0.

Proof. Let K*® be a minimal free resolution of M; this means that each K is finite free, and the differential
is 0 modulo the maximal ideal of R. Any such complex is unique up to non-unique isomorphism. Then
dimy, Ext' (M, k) = rank(K?). We must thus show that if K* # 0 for some i > 0, then K~ # 0 as well.
But this is just a general fact about minimal free resolutions: if some K7 = 0 for j > 0, then the complex
0 — K'7! - .. — K% would give a necessarily minimal resolution for M, and hence minimality ensures that
K?=0 for all i > j. O

For (3): we must show that if F' is a Hacon sheaf, then x(A,F) > 0. Note that (1) implies that
H{(A,F®L) =0 fori> 0 and L lying in the complement of the proper closed subset U;~oS%(A, F') C A’
As F is a sheaf, this implies x(A4, F ® L) = h°(A, F ® L) > 0 for any such L. On the other hand, As A’ is
connected, we also have x(A4,F ® L) = x(A, F) for any L € A*, so we obtain the claim. O

8.3 Hacon’s theorem: geometric version

Let X be a smooth projective variety over an algebraically closed field k of characteristic 0. Let a : X —
A := Alb(X) be the Albanese map.

Theorem 8.3.1. For each k > 0, the sheaf F := RFa,wx is a Hacon sheaf.

Proof. Let L be an ample line bundle on A, and let E(L) = ® 4¢(L) be the attached vector bundle on A%; we
know that ¢ E(L) ~ H°(A' L) ® L=, where ¢, : A® — A is the isogeny attached to L. By Theorem 8.2.1,
we must show that Hi(A, F @ E(L)Y) ~ 0 for i # 0.

First, we check that it suffices to show that H (A, F ® E(L)Y ® ¢, .0a¢) = 0 for i # 0. Indeed, the map
04 — ¢1,x04 is a direct summand of sheaves: a retraction is provided by the trace map divided by the
degree of ¢y,.

By the projection formula and the preceding formula for ¢} E(L), we are reduced to showing that
H{(AL ¢t F@V @ L) = 0 for i # 0, where V. = H°(A,L)V is a finite dimensional k-vector space. This
is equivalent to checking that H*(A?, ¢% F @ L) = 0 for i # 0. Applying base change to the cartesian square

X —=X
ib la
At % A
and using that ¢y, is étale, we learn that ¢ Rla.wx ~ R'b.wx/. We are thus reduced to showing that

Hi(A!, Rb,wx' @ L) = 0 for i # 0. This is precisely the statement of Kollar vanishing Theorem 8.3.2 applied
to the map X’ — b(X"). O

The following theorem of Kollar was used above.

Theorem 8.3.2 (Kollar). Let f: X — Y be a proper surjective morphism of projective algebraic varieties
over k. Assume X is smooth.

1. For any ample line bundle L on'Y, we have H (Y, R? fuwx @ L) =0 for i > 0 and any j.
2. Each R f.wx is torsionfree. In particular, we have R’ fywx = 0 of j > dim(X) — dim(Y).
We now obtain consequences.

Corollary 8.3.3 (Green-Lazarsfeld). Let S%(wx) := {L € Pic’(X) | H (X,wx ® a*L) # 0} C A*. Then
each S*(X) C At is closed, and each component has codimension > i — (dim(X) — dim(a(X))).

In particular, if the Albanese map is generically finite, then each component of S'(wx) has codimension
> i. Consequently, x(X,wx) > 0.
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Proof. As the Poincare bundle on X x Pic’(X) is pulled back from the Poincare bundle on Alb(X) x Pic’(X)
under the Albanese map, one checks by the projection formula that S*(wx) = S*(A, Ra,wx). An elementary
spectral sequence argument shows that

SH(A', Ra,wx) C U;SY (A", Rlawx[—j]) = UiST7 (A", Rla.wx).

For the first part, it is thus enough to show that the maximal j that can occur on the right above is
dim(X) — dim(a(X)). It is thus enough to show that R/a.,wx = 0 for j > dim(X) — dim(a(X)). But this
follows from Theorem 8.3.2 (2).

For the last part, we simply observe that if dim(X) = dim(a(X)), then U;~0S*(wx) C A' is a proper closed
subset by the first part. Thus, there exists some L € A’(k) outside this locus. But then RT'(X,wx ® a*L) =
H(X,wx ®a*L), so x(X,wx) = x(X,wx ® L) > 0, where the equality follows from the invariance of Euler
characteristics in flat families. O
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Chapter 9

Jacobians and the Torelli theorem

We fix an algebraically closed field k of characteristic 0'. Let C' be a smooth projective connected curve over
k of genus g > 1. Write Jac(C) := Pic?(C) for the identity component of the Picard scheme. Our goal is to
prove the following:

Theorem 9.0.1 (Torelli). The Jacobian Jac(C) comes equipped with a canonical principal polarization ©.
The pair (Jac(C),O) determines C' uniquely up to isomorphism.

9.1 Constructing the principal polarization

9.1.1 Symmetric powers of C

For any integer r > 0, there is an obvious action of the symmetric group S, on C”. We shall use the following
theorem:

Theorem 9.1.1. The quotient Sym" (C) = C"/S, exists in the category of schemes. Moreover, it is smooth,
and Sym" (C)(k) identifies with the set Divey;(C), of effective divisors of degree r on C.

Proof. The existence of a quotient of a quasi-projective variety by a finite group action is a standard con-
struction, and we do not give it here. Instead, we simply sketch how it works: one chooses an S,.-equivariant
cover of C" by affine open subsets U;, forms the affine schemes V; = Spec(O(Ui)S*) so that V; = U;/S,, and
glues the V;’s together using the compatibility of forming invariants with localization.

Granting the existence of the quotient, let us explain smoothness at the point most likely to cause trouble,
i.e., a point where all co-ordinates coinice. Fix a point € C(k), which gives a point y := («,...,z) € C"(k)
and its image z € Sym"(C)(k). By smoothness of C, we have O/c\a: ~ k[t] and thus O/c: = klt1, ..., ],
where each ¢; comes via a projection map to C'. As y is a fixed point for the S,.-action, there is an induced
S,-action on O/C\y which, under our choice of co-ordinates, is the standard S,-action on k[ti,..,t.]. Asy is

a fixed point, we have OSy/m-T(\C),z ~ k[t1,...,t,]°, which is a formal power series ring by the fundamental
theorem on symmetric functions. Thus, Sym"(C) is smooth at z.

To identify the points of Sym"(C)(k), we first note that Sym"(C)(k) = C"(k)/S, by a general property
of finite quotients. Now the map that carries (z1,...,2,) € C"(k) to the divisor ), z; € Div(C), is S,-
equivariant, and thus gives a map 7 : C"(k)/S, — Div.s;(C),. The injectivity of 7 is the assertion that
(x1,...,x,) € C"(k) is determined by subscheme attached to the divisor ), x;, which is clear. The surjectivity
of 7 is precisely what the effectivity of a divisor guarantees. O

Remark 9.1.2. More generally, one can identify the functor of points of Sym"(C) in a similar way: for any
k-scheme T, specifying a map 7" — Sym" (C') is the same as specifying an effective Cartier divisor Z C C'x T
that is finite and flat over T of degree r. We do not prove this assertion here.

1This assumption is strictly for simplicity of some arguments, and is not necessary for essentially any theorem.
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9.1.2 Relating Sym"(C) to the Picard scheme

To proceed further, we use the following two maps:

1.

For any r > 0, there is natural map C” — Pic(C) given by (z1,...,z,) = Oc(d>_;[x;]). This map
is S,y-equivariant, and thus factors as a map o, : Sym"(C) — Pic(C). Under the interpretation of
Sym"(C) (k) with effective divisors of degree r, this map simply sends an effective divisor D to the
corresponding line bundle O¢ (D).

There is a degree map deg : Pic(C') — Z. Write Pic(C), = deg™ " (r) for the clopen subset parametrizing
line bundles of degree r. The map o, factors as C" — Pic(C), — Pic(C), we often refer to the first
map as o, as well.

SymPicFibers| Theorem 9.1.3. The maps o, : Sym" (C') — Pic(C), satisfy the following properties.

1.

e e

Every fiber of o, is set-theoretically a projective space (but possibly empty).
Forr > g—1, the map o, is surjective with geometrically connected fibers.
Forr > 2g — 2, the map o, is smooth. In fact, it is a projective bundle.

For r < g, the map o, is birational onto its image W" C Pic(C),. In particular, W9 = Pic(C), and
w1 ¢ Pic(C)y-1 is an irreducible divisor.

The Jacobian Jac(C) coincides with Pic(C)o. Thus, each Pic(C), is a transate of Jac(C), and we write
Pic"(C) = Pic(C), from henceforth.

Proof. Tt is enough to check all assertions on k-points.

1.

The fiber of o, over a degree r line bundle L is the set of effective divisors linearly equivalent to L,
i.e., it identifies with P(H°(C, L)). In particular, it is a projective space.

If a line bundle L has degree r > g — 1, then h°(L) > x(L) =r+1—g > 0, so the fibre of o, over L is
non-empty by (1).

If a line bundle L has degree r > 2g — 2, then h!(L) = h%(Kc ® L™1) = 0 as K¢ ® L~ has negative
degree, and thus h°(L) = x(L) = r + 1 — g. In particular, it follows that if » > 2g — 2, then all fibers
of o, are at least set-theoretically projectivizations of vector spaces of the same dimension r + 1 — g.
To actually identify the fibers scheme-theoretically, we use a trick. Let £ € Pic(C x Pic(C),) be the
universal degree r line bundle trivialized along {z} x Pic(C), for a fixed base point « € C(k). For each
¢ € Pic(C), corresponding to a degree r line bundle L on C, we have L|cy s =~ L by the universal
property of £. By cohomology and base change (and our assumption r > 2g — 2), it follows that
€ = pry L is a vector bundle of rank r + 1 — g. Using the easy direction of the characterization
of Remark 9.1.2, one can produce a map h : P(€) — Sym"(C) over Pic(C), that is a bijection on
all the fibers over Pic(C),, and thus a bijection. As both P(€) and Sym"(C) are normal and k has
characteristic 0, it follows that h is an isomorphism, which proves everything.

Now assume r < g. To show birationality of Sym”(C) — W,., it is enough to exhibit a single point
of Pic(C'), over which the fiber of o, is set-theoretically a singleton. Indeed, by the irreducibility of
W,., this would ensure that Sym” (C) — W,. is generically finite; one uses that W, stratified according
to the fiber dimension of this map. But since the geometric generic fibres are projective spaces (at
first set-theoretically, but then also scheme-theoretically by generic smoothness), the generic finiteness
would then also ensure that Sym"(C') — W, is birational. To find this point, we claim the following:

Lemma 9.1.4. For r < g, there is a non-empty open U C C" such that h°(Oc(};[z:])) = 1 for
(1, ..,z.) € U(K).
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SymUnivProp

PicUnivProp

Proof. Consider the following assertion:

(%): If D is an effective divisor on C' with h'(D) > 0, then there exists a non-empty open set V C C
such that h'(D + P) = h'(D) — 1 for P € U(k).

Granting (x), we may prove the lemma as follows. Consider the trivial effective divisor Dy corresponding
to the line bundle Ox. Then h'(Dgy) = g > 0. Applying (*) inductively r times, we obtain an open
subset U C C" such that h' (Y}, P;) = k(Do + PL + ... + P,) = g — r for (Pi,...,P,) € C"(k). By
Riemann-Roch, this implies that h°(3>, P;) =r+ (1 —g) + (g — r) = 1, as wanted.

It remains to prove (x). By Riemann-Roch and Serre duality, this is equivalent to finding an open
set V C C such that h®(Kc(—D — P)) = h®(Kc(—D)) — 1. Now, by assumption, h®(Kc(—D)) > 0,
so there exists a dense open V C C such that the canonical map H°(Kc(—D)) ® Oc — Kc(—D)
is surjective over V. Taking any point P € V(k), it follows that applying H°(C, —) to the standard
sequence

0— Ko(—D — P) = Ko(—D) — Ko(—D)|p — 0

gives an exact sequence. In particular,
H°(C,Kc(=D)) = Ko(=D)lp
is surjective, and hence h°(K¢(—D — P)) = h°(Ko(—D)) — 1. O

5. Recall that Jac(C) was defined as the identity component of Pic(C') and is thus clearly contained in
Pic(C). It is therefore enough to show that Pic(C')g is connected. But if we choose some z € C(k),
then the map L — L(r[z]) gives an isomorphism Pic(C)g >~ Pic(C),, so it is enough to prove Pic(C),
is connected for some 7. Thus follows from (2) and the connectedness of Sym"(C).

O

Construction 9.1.5 (The infinite symmetric product). For r,s > 0, we have an obvious isomorphism
C" x C% ~ C"™%. There is an evident S, x S,-action on C" x C*%, and an S, s-action on C"*5. The
preceding isomorphism is equivariant for these actions with respect to the obvious inclusion S, x S5 C Sy 4.
Passing to the quotients, this gives a map Sym”(C) x Sym®(C) — Sym”**(C). Set Sym’(C) = Spec(k)
and Sym(C) = U,>oSym"(C). We call Sym(C) the infinite symmetric product of C. The maps defined
above fit together to give Sym(C) the structure of a commutative monoid scheme. There is an obvious
map C — Sym(C) given by C ~ Sym'(C). The maps o, : Sym"(C) — Pic(C), fit together to give a map
Sym(C') — Pic(C') of commutative monoids. Thus, we have constructed maps

C — Sym(C) — Pic(C)

where the second term is a commutative monoid scheme, and the third term is a commutative group scheme.
We shall show that these maps are universal with these properties. For now, simply note that the composite
map C ~ Sym'(C) — Pic!(C) is given by z — O¢([z]).

Corollary 9.1.6. The natural map C — Sym(C) is the universal map from C into a commutative monoid
scheme.

Proof. Say G is any commutative monoid scheme equipped with a map f : C — G. Then f defines maps

C" 15 G % @, where m is the multiplication on G. As G is commutative, this map is S,-equivariant, and
thus factors to give a map Sym"(C') — C. Putting these together gives a map Sym(C) — G which agrees
with f on the component C' ~ Sym* (C) C Sym(C). This gives the extension, and the uniqueness is proven
similarly. O

Corollary 9.1.7. The natural map C — Pic(C) is the universal map from C into a locally finitely presented
commutative group scheme whose identity component is an abelian variety.
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We shall implicitly use that any locally finitely presented k-scheme X has a discrete set of connected
components, and that each connected component is clopen.

Proof. Let a : C — G be a map from C' to a commutative group scheme G. By Corollary 9.1.6, a extends
unique to a map b : Sym(C) — G of commutative monoid schemes. As abelian varieties admit no non-trivial
maps from rational curves by Corollary 1.3.15, it follows from Theorem 9.1.3 that the restriction of b to
Ur>24—25ym" (C) C Sym(C) factors over

Sym=?9"2(C) := U,>g4-—2Sym’ (C) — Pic=?972(C) := U, »94-2Pic" (O).

to give a map
c:Pic2*7%(C) = G.

The map c intertwines the composition law on the LHS (inherited from the group law on Pic(C)) with the
group law on the RHS. Using the fact that C is a group (and not just a monoid), it is easy to see that ¢
extends uniquely to a homomorphism ¢ : Pic(C') — G of group schemes; explicitly, if « € Pic*(C)(T'), then
the extension is determined by the requirement

Ax) = c(z +y) - cy)
for any y € Pic’(C)(T) with b > (29 — 2) — a. O

Remark 9.1.8. The assumption that the identity component is an abelian variety in Corollary 9.1.7 is not
necessary; one argues as in Remark 1.3.16.

Corollary 9.1.9 (Jacobian as an Albanese). Fiz a base point P € C(k), and let f : C — Jac(C) C Pic(C)
be the map defined by Q — Oc([Q] — [P]). This map carries P to e, and identifies Jac(C) with the Albanese
variety of C, i.e., the natural map Alb(C) — Jac(C) is an isomorphism. This map is also identified with
f* 1 Jac(C)t — Pic®(C) under the identification Alb(C) := Jac(C)! and Pic®(C) =: Jac(C).

Proof. Let A be an abelian variety, and let g : C' — A be a map with g(P) = e. By Corollary 9.1.7, we get
a unique extension of g to a homomorphism b : Pic(C) — A of group schemes. Restricting this map gives a
map H : Jac(C) = Pic’(C') — A. Note that h(f(P)) = e and that translating by f(P) gives an isomorphism
Pic’(C) ~ Pic’(C). As h is a group homomorphism, it immediately follows that g = H o f, and that H is
unique with this property.

The identification Alb(C) ~ Jac(C') coming from the previous paragraph is the unique one that carries
Q € C(k) to Oc([Q]—[P]) € Jac(C)(k) via the canonical map C' — Alb(C). We wish to identify this map with
f*. The map f: C — Jac(C) = Pic’(C) corresponds, under the moduli description of Jac(C) as the space
of degree 0 line bundles on C trivialized at P, to the line bundle P¢ := Ocxc(A) @ pi0c(—P) @ p50c(—P),

i.e, P is the pullback of the Poincare bundle on Jac(C) x C along C x C EELN Jac(C) x C. The pullback
J* sends x € Jac(C)" corresponding to P|jac(c)x {2} € Pic’(Jac(C)) to the line bundle ¥ (Plyac(cyxfazy)- In
particular, if z € Jac(C)* comes from @ € C(k) via the Albanese, then it follows that f*(P|jac(c)x{z}) =~
Polexqor = 0c([Q) — [P]). -

As a consequence of the previous discussion, we have constructed an isomorphism Jac(C) ~ Jac(C)?
depending on the choice of a base point P € C(k). One can show directly that this is principal polarization,
and that the corresponding ©-divisor is given by the image W9~ C Pic? _I(C) of 041 under some standard
isomorphism Pic?'(C') ~ Pic’(C). This is essentially done in the next section, using the language of
determinants of cohomology and the Fourier transform.
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9.1.3 The principal polarization

We shall use without proof that the notion of determinants extends to the derived category:

Proposition 9.1.10 (Mumford-Knudsen). Fiz a smooth k-scheme X. The functor det(—) on the category of
vector bundles on X extends to a symmetric monoidal functor D® , (X) — Pic(X) by passage to resolutions.

coh
For any exact triangle
K—-L—-M

in Db, (X), there is a canonical isomorphism det(L) ~ det(K) @ det(M).

More generally, the same assertions hold true for any scheme X provided we replace D%, (X) with the
derived category Dperf(X) of perfect complexzes on X, i.e., those complexes that locally can be represented
by a finite complex of finite free Ox-modules.

Using the determinant of cohomology, one can often construct sections:

Proposition 9.1.11. Let S be a connected k-scheme, and let f: X — S be a proper smooth relative curve.
Let M be a vector bundle on X such that Rf.M is generically acyclic. Then the line bundle L := det(Rf. M)
comes equipped with a canonical nonzero section § € H°(S, L) such that Z(0) coincides set-theoretically with

S'(S,Rf.M) = {s € S| H'(X;,M|x,) # 0}
fori=0,1.

Proof. We first note that S°(S, Rf.M) = S*(S, Rf.M). Indeed, by assumption on generic acyclicity, we
know that x(Xs, M|x,) = 0 for s € S generic; by connectedness of .S, the same holds for any s € S. Thus,
for any s € S, we have H°(X,, M|x,) # 0 exactly when H'(X,, M|x,) # 0, which gives the claim.

To construct 6, we make choices; the section is independent of these choices, but we do not explain that
here. Choose an effective divisor D C X that is finite flat over S with sufficiently large degree on the fibers.
We have an exact sequence

0—-M—M(D)— M|p—0

on X. For D sufficiently positive, by semicontinuity, we may assume that R' f, M (D) = 0 and that f,M (D)
is a vector bundle on S. As D — S is finite flat, we also know that R'f.(M|p) = 0 and f.(M|p) is a vector
bundle. It follows that Rf.M is computed by the two-term complex

fM(D) % fu(M|p)

of vector bundles on S. The generic acyclicity of Rf.M ensures that 7 is an isomorphism generically; in
particular, both vector bundles appearing above have the same rank. Taking determinants, it follows that

L := det(Rf, M) ~ det(f. M(D)) ® det(f.(M|p)).

The determinant of n gives a section § € H°(S,L). It is clear from the definition that for any s € S, the
section 0 ® k(s) € L ® k(s) is nonzero exactly when n® k(s) is an isomorphism, which happens exactly when
RI(Xs, Ms) ~ 0. This implies that Z(6) coincides with S*(S, Rf.M) for i = 0,1, as wanted. O

Proposition 9.1.12. Let a : C — A be a finite map to an abelian variety; we view coherent sheaves on C
as coherent sheaves on A via pushforward along a. For a line bundle L on C, write d(L) := det(®4(L)) €
Pic(A?). The map bar) At — A is independent of L, and coincides with the map

At = Pic®(A) 5 Pic®(C) ~ Jac(C) 2 A,

where a, is the map induced by the universal property of Pic(C) from Corollary 9.1.7.
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Proof. As all objects in sight are smooth k-varieties, it is enough to show the claim on k-points. Fix a point
x € A", If P be the Poincare bundle on A x A?, then P, = P4, ;) is the corresponding line bundle on A

under the identification A*(k) ~ Pic’(A). We then compute
Ga(ry (@) = trd(L)@d(L) ™" = t; det(pa(L))@det(da (L))" = det(¢a(LoPy))@det(da(L)) " = d(Lea™Py)@d(L) ™.

where the third equality uses that det commutes with pullback and that ¢4 intertwines translations on A‘
with tensor products on A by Lemma 6.3.3. We must show that this line bundle, viewed as an element of
Pic?(A?) ~ (A")!(k), agrees with a.a*P, € A(k) via the canonical isomorphism A ~ (A*)*. Recall that the
latter is characterized by the requirement that p € A(k) corresponds to P|(,}xat € (A")!(k). The claim now
follows from the following more general assertion applied to a divisor D representing a*P, € Pic’(C).

Lemma 9.1.13. For any divisor D on C, we have d(L(D)) ~ d(L) ® P4, p}xat, where a, : Pic(C) — A
is the map induced by the universal property of Corollary 9.1.7.

Proof. By linearity, it is enough to show the claim when D = [p] for a single point p € C(k). In this case,
we have the exact sequence
0— L — L(p) — L(p)|p ~ k(p) — 0.

Applying &4 gives
$a(L) = ¢a(L(p)) = Plproar:

Taking determinants then shows
d(L(p)) = d(L) @ Plipygar-
O

O

To explain the principal polarization on Jac(C'), we recall some definitions. Recall that a polarization on
an abelian variety A is defined to a map ¢ : A — A of the form ¢y, for some (unspecified) ample line bundle
L; such a map is necessarily finite. If ¢ is an isomorphism, then we say that ¢ is a principal polarization. In
this case, we have dim H°(A, L) = 1 by Corollary 7.3.8. We shall write O C A for the zero locus of any
nonzero section of L, and call it the #-divisor attached to L. Given a principal polarization ¢, the following
facts can checked:

1. The collection of L with ¢, = ¢ forms naturally a torsor X, for A*(k). This amounts to the assertion

that Pic(A) Medu, Hom(A, AY) has kernel A*(k) (as well as the fact that ampleness is invariant under

tensoring with a degree 0 line bundle).

2. For each choice of L € Xy, we get a 0-divisor O C A. Given z € A(k), we have 2 + O = Opggp(—a):
both sides are effective Cartier divisors attached to the line bundle XL, which has a unique nonzero
global section up to scaling. Now given L,M € X,, we can write L ~ M ® ¢(—z) for a unique
x € A(k) as ¢ is an isomorphism. It follows that @, = = + ©); for a unique z € A(k). Note that
x4+ ©p = Oy exactly when © = e (as ¢ is an isomorphism). In other words, we may regard © as an
abstract defined variety equipped with an A-torsor Yy of “standard” embeddings © < A. There is a
natural identification Yy = X of A-torsors given by sending L € X4 to © = O — A.

We now explain how to construct the principal polarization on Jac(C).

Corollary 9.1.14. Let a : C — Jac(C) be the Albanese map defined using a base point P € C(k) as in
Corollary 9.1.9.

1. The map ¢ considered in Proposition 9.1.12 (for some choice of L, which is irrelevant by the lemma)
is an isomorphism.
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2. The map ¢ gives a principal polarization on Jac(C). More precisely, d(L) is ample for any degree g —1
line bundle L.

3. Choose L to be a degree g — 1 line bundle on C. The 6-divisor © C Jac(C) attached to ¢y, coincides
with the image W9~ C Pic? 1 (C) of Sym9~*(C) under the isomorphism Jac(C) Mo LM, Pic/ 1 (C).

In particular, ©(k) C Pic’(C) consists of those degree 0 line bundles M such that HO(C, L @ M) # 0

Proof. For (1), by Proposition 9.1.12, it is enough to show that the map
Jac(C)! = Pic”(Jac(C)) <5 Pic®(C) 2 Jac(C)

is an isomorphism. The map a. is exactly the map realizing the isomorphism between Alb(C) := Jac(C)? and
Jac(C) coming from Corollary 9.1.9, while a* is also an isomorphism by the second part of Corollary 9.1.9.

Having checked that ¢ is an isomorphism, to show (2), it is now enough to show that d(L) is effective
(by Corollary 3.2.14) for some choice of L. We shall check this in a manner that also establishes parts of
(3). Choose L to be a line bundle of degree g — 1. Then we claim that d(L) = det(®4(L)) is effective. If we
write P for the Poincare bundle on C' x Jac(C), the ®4(L) is given by Rpra .(priL ® P). In particular, for
any point z € Jac(C)(k), the fibre ® (L) ® x(z) identifies with RI'(C, L ® P|c«(4}); as = varies through all
points of Jac(C)(k), the line bundle L ® P|c x4} varies through all points of Pic?"*(C) (k). In particular,
for generic z, we have RI'(C, L ® P|cx () = 0 by Theorem 9.1.3. Applying Proposition 9.1.11 to the map
prg : C x Jac(C) — Jac(C) with M = priL ® P then shows that d(L) = det(Rpra «(priL ® P)) admits a
canonical section 6 such that Z(6) coincides with the set of all degree 0 line bundles M € Pic”(C)(k) such
that HY(C,L ® M) # 0. This establishes (2), as well the set-theoretic variant of (3).

To finishing proving (3), we must check that Z(f) as defined above coincides with W9~! as schemes. As
both sides are irreducible Cartier divisor and W9~ is reduced, it is enough to check that Z(6) is reduced.
But this follows from the following general fact:

Lemma 9.1.15. Let A be an abelian variety, and let L be an ample line bundle giving a principal polarization.
If the 0-divisor © C A is irreducible, it is reduced.

Proof. If ©® was not reduced, then we could write © = k x D for some k£ > 1 and divisor D. It then
follows that L = MP* for some ample line bundle M and k > 1. But it is easy to see that K(MP¥) contains
A[k]: the theorem of the square implies that the map M — ¢, gives a group homomorphism Pic(A4) —
Hom(A, Pic’(A)), and hence ¢y« is divisible by k as a map, and thus kills A[k]. Since ¢, is an isomorphism

by assumption, we get a contradiction.
O

O

9.1.4 The Torelli theorem

The statement

Let A be an abelian variety over k equipped with a principal polarization ¢ : A — A?, and let © C A be
some effective divisor inducing ¢. Set

Z(A, ¢) = coker(Pic(A4) — Pic(0"%)).

As different choices of O differ by translations, one checks that Z(A4, ¢) depends only on ¢ and not on O.
Assume now that © is symmetric, i.e., [-1]*© = ©; such divisors always exist?, and two choices differ by

2Indeed, if ¢ = ¢, for some L (so L = 04(0)), then © is symmetric exactly when [~1]*L = L. Now given any L with
¢ = ¢r, the difference L™! ® [—1]*L is a degree 0 line bundle, and thus of the form M? for some degree 0 line bundle M. As
[-1]*M = M~1 it follows that L ® M is symmetric; moreover, we have ¢, = ¢roMm- Thus, we have constructed a symmetric
line bundle L inducing the principal polarization. It is clear from this construction that the set of all such L’s forms a torsor
for A[2](k). This reasoning also shows that the set of symmetric ©-divisors for ¢ forms a torsor for A[2](k).
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translations by a unique z € A[2](k). In particular, we may regard © as a symmetric subscheme of A that
is well-defined (i.e., depends only on ¢) up to translations by A[2](k). Consider set P(A, $) C Pic(©™*) of
all line bundles M with the following two properties:

1. M@ [-1]"M ~ wegns.
2. M generates Z (A, ¢).
We can now formulate the Torelli theorem:

Theorem 9.1.16. Consider the principally polarized abelian variety (Jac(C), @) constructed in Corollary 9.1.14.
Pick a symmetric ©-divisor © C Jac(C), and let j : @™ — © be the inclusion. Then:

1. The set P(Jac(C), ¢) is non-empty.

2. For any M € P(Jac(C), @), the complex ® .00y (ji°M) has form F[1 — g] for a coherent sheaf I on

Jac(C)? L Jac(C). The scheme-theoretic support of F is isomorphic to the curve C, and F is a line
bundle of degree g — 1 on C.

A sketch of the proof

We sketch roughly the main steps of the proof. As the Torelli theorem is clear in genus 2 (though one must
also check the above formulation), we restrict to g > 3.

1. By carefully studying the geometry of the -divisor W9=1 < Pic? ! (C) via the map Sym? '(C) —
W91 one shows the following:

Proposition 9.1.17. If C is not hyperelliptic, then Z(Jac(C),¢) ~ Z. If C is hyperelliptic of genus
> 3, then Z(Jac(C),¢) ~ Z/2. In both cases, the restriction map Pic(Pic? *(C)) — Pic(©™) is
injective.

The proof uses many classical facts about curves (such as Clifford’s theorem and Maarten’s theorem).

2. Consider the semidirect product G := Jac(C)* x Z/2, where the Z/2 acts via [—1] on Jac(C)*!. There
is a natural G-action on the set P(Jac(C), ¢): the Z/2 acts via [—1]* (which makes sense because © is
symmetric), while a point £ € Jac(C)*(k) corresponding to a degree 0 line bundle M on Jac(C) acts
via tensor product with M|gns. One then proves the following:

Lemma 9.1.18. The G-action on P(Jac(C), @) is transitive. More precisely, this holds true for any
ppav (A, @) with symmetric 0-divisor © as long as Pic(A) — Pic(©™*) is injective.

As a consequence, if one understands the Fourier transform of one particular M € P(Jac(C), ¢), one
understands the Fourier transform of every such M: tensor products with degree 0 line bundles as well
as [—1]* behave predictably under the Fourier transform.

3. We must show that the set P(Jac(C), ) is non-empty, and that that ®y.cc)(M) verifies (2) in the
theorem for any M € P(Jac(C),¢). By the previous reduction, it suffices to prove non-emptyness,
and verify (2) for a single M € P(Jac(C), ¢). Both of these follow from the involutivity of the Fourier
transform, and the following;:

Proposition 9.1.19. Let ¥ : D(C) — D(Pic? *(C)) be the transform defined by the Poincare bundle
on C x Picd 1(C). Then ¥(Oc)[1] =~ j?»*M for some M € P(Pic? ' (C), ¢).

Beyond standard cohomological machinery, the main non-trivial ingredient that goes into this proof is
the following: the singular locus of © has codimension > 3. This assertion ensures that j*(F|gns) ~ F
for any sheaf F' that admits a two term resolution by vector bundles.
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