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State of Charge Imbalance Estimation for Battery
Strings Under Reduced Voltage Sensing

Xinfan Lin, Anna G. Stefanopoulou, Fellow, IEEE, Yonghua Li, and R. Dyche Anderson

Abstract—Reducing voltage sensing in a battery pack is
beneficial for cutting the cost of the battery management system.
In this paper, a methodology is designed to estimate the states of
charge (SOC) of two cells connected in series when only their total
voltage is measured. First, the feasibility is analyzed based on
the nonlinear observability of the two-cell string under reduced
voltage sensing. Furthermore, observability analysis is performed
to different battery chemistries to determine their respective
observable SOC ranges based on the voltage-SOC relationship.
A trajectory-based nonlinear observer, the Newton observer, is
then designed for SOC estimation and has been validated by
experiments. The limitation of extending the method to strings
with more than two cells is also discussed. The methodology
is initially designed under the assumption of equal and known
capacity and resistance among cells. The robustness of estimation
is finally investigated when the above assumptions do not hold.

Index Terms— Battery control, observability, reduced voltage
sensing, state estimation.

I. INTRODUCTION

ATTERY pack, as a common energy storage system,
are a major component of most electric vehicles (EV).
Among all types of batteries, lithium-ion batteries are nowa-
days widely used for automotive applications. Compared with
other battery chemistries, such as lead-acid and nickel-metal
hydride (NiMH), lithium-ion batteries have advantages in the
following aspects [1]-[5]:
1) high energy density (>150 Wh/kg);
2) high open circuit voltage (OCV) (>3.2 V, high power);
3) long cycle life;
4) high charge efficiency (97%-99%);
5) no memory effect.

Lithium-ion batteries do have weaknesses, especially a vul-
nerability to overcharge and overdischarge. Overcharge might
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lead to lithium deposition and electrolyte solvent decom-
position, resulting in fire or even explosion [5]-[7]. This
issue is especially critical for battery packs in plug-in hybrid
EV (PHEV) and battery EV (BEV), since those batteries are
usually charged to high states of charge (SOC). Overdischarge
will potentially damage the cell by causing copper disso-
lution and dendrite formation [6], [7]. Primarily to prevent
overcharge, for lithium-ion batteries connected in series, the
voltage of every cell is monitored. This single cell voltage
monitoring scheme is referred to as the full voltage sensing.
Current practice for lead-acid and NiMH batteries is to mea-
sure the voltage at 5-12 cell intervals, due to their higher
tolerance to overcharge. Such voltage monitoring scheme is
referred to as the reduced voltage sensing.

Full voltage sensing adds to the cost and complexity of
the battery management system. The EV battery packs often
contain hundreds or even thousands of cells. To implement
full voltage sensing, each cell or combination of parallel cells
must be monitored. This requires a substantial number of
sensing leads, sensors, wiring, and labor. System reliability
is negatively impacted due to the high number of parts.
Furthermore, it also requires significant computation and data
storage capacity for the BMS to process the single-cell voltage
measurement for monitoring or SOC estimation. All these
complexities create significant incentives to replace full
voltage sensing with reduced voltage sensing.

The reduced voltage sensing must retain the ability to
prevent overcharge and overdischarge of all cells. Prior art for
preventing or detecting overcharge and/or overdischarge in a
reduced voltage sensing environment (such as those used with
lead-acid or NiMH batteries) involves treating the cells in a
given module as identical, and the voltage of a single cell can
be obtained by dividing the total voltage by the number of cells
in series. When the cell SOCs and voltages are unbalanced,
however, the voltage of a single cell cannot be inferred from
the total voltage.

The SOC imbalance is present in all large battery packs,
and it can be caused by a number of factors, including manu-
facturing variability, differing self-discharge rates, and varying
rates of capacity change over life [8]-[10]. Furthermore, two
cells that are at the same SOC can be at different voltages
(under load) if their internal resistances are different. The SOC
imbalance reduces the available energy in a pack, decreasing
electric range to PHEV and BEV customers. A small amount
of SOC imbalance is of less concern in HEV batteries, since
less of the full SOC operating range is typically used, but even
in HEVs if imbalance grows too high the available charge
and/or discharge power to the vehicle is reduced.
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Due to the common presence of SOC imbalance among
cells, to avoid cell overcharge/overdischarge under reduced
voltage sensing, the individual cell SOCs and voltages need
to be estimated based on the total voltage. The SOC esti-
mation has been well studied under full voltage sensing,
but barely under reduced sensing. The proposed methods
in literature include Coulomb counting [11], Luenberger
observer [12], [13], extended Kalman filter (EKF) [14], [15],
unscented Kalman filter [13], [16], sliding mode observer [17]
among others. The algorithms are usually applied to estimate
the SOC of single cells using their own voltage measurement.
Recently, there have been attempts to improve the SOC
estimation by analyzing the difference between individual cell
voltages (or between individual and average) in a series battery
string, such as [18] and [19]. These methods, however, still
rely on measurement of single cell voltage. Estimation under
reduced voltage sensing has been attempted in [20], where
the single cell voltage is estimated based on the instantaneous
change in total voltage before and after the balancing circuit
is switched. The accuracy of the estimation, however, is
compromised by the high ratio of the bypass resistance to
the cell internal resistance. The method in [20] also requires
manipulation of the balancing circuit.

In this paper, the estimation of individual cell SOCs and
voltages will be addressed solely based on the total voltage of
cells connected in series. The basic idea is first introduced in
Section II, where it is shown that the cell SOCs are observable
from the trajectory of the total voltage over time given a known
nonlinear voltage versus SOC relationship. The observability
depends on the cell chemistry and other factors. The estimation
problem is then formulated mathematically in Section III
based on defined assumptions and conditions. In Section IV,
observability analysis is conducted to derive the necessary
conditions for solving the estimation problem. In Section V,
a trajectory-based nonlinear observer, the Newton observer,
is designed and validated by experiments. Finally, the robust-
ness of the estimation under model uncertainty is analyzed
in Section VI.

II. BAsSIC IDEA

In this section, it will be shown intuitively that the individual
cell SOCs are observable from the trajectory of the total volt-
age over time if the battery voltage versus SOC relationship
is nonlinear.

As an example for illustration, the voltage versus SOC
relationship of a lithium iron phosphate (LiFePO4) battery
under a constant charging current is shown in Fig. 1. Assume
at time r = 0 s, a total voltage of 6.88 V is measured across
a two-cell string, there would be infinite combinations of
individual cell SOCs giving this total voltage. Three of such
combinations are given in Table I, and shown in the inset
of Fig. 1. It is not possible to distinguish these combinations
based on the total voltage measurement at a single time instant.
The SOC combinations are, however, distinguishable based on
the trajectory of the total voltage over time. Under the constant
charging current, trajectories of the total voltage over time in
the three cases are shown in Fig. 2.
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Fig. 1.  Voltage versus SOC relationship of a LiFePO4 battery under a
constant charging current. Inset: three SOC combinations giving the same
total voltage as listed in Table I.

TABLE I
SOC COMBINATIONS GIVING THE SAME TOTAL
VOLTAGE INSTANTANEOUSLY

SOC, SOC, Total Voltage (V)
Balanced Pair 0.94 0.94 6.88
Slightly Unbalanced Pair 0.95 0.92 6.88
Unbalanced Pair 0.96 0.90 6.88

It can be seen that due to the nonlinearity of the voltage
versus SOC relationship, the three trajectories are different.
The main idea of this paper is to estimate the single cell SOCs
and voltages based on the trajectory of the total voltage over
time.

II1. PROBLEM FORMULATION

In this paper, the SOC estimation problem under reduced
voltage sensing is analyzed under the following assumptions
and conditions.

1) Most of the analysis is conducted for reduced voltage
sensing, which measures two cell intervals, targeting
50% reduction in voltage sensing in a battery pack.
The methodology can be extended to longer intervals
but is subject to practical limitation to be discussed in
Section IV.

2) The method is first designed to estimate SOCs under
the assumption that capacity and resistance are known
and equal among cells. Possible cause of SOC imbal-
ance under such circumstance is the difference among
cells in self-discharge rate.

3) In reality, SOC imbalance can also be induced by
varying capacity (or capacity fading rate) among cells.
The developed method will be applied for SOC esti-
mation under such circumstance in Section VI. In this
case, SOC estimation will likely be affected by model
uncertainty, which is the mismatch between the rated
and the (unknown) actual capacity and resistance. The
SOC estimation error under such circumstance will be
quantified.
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Fig. 2. Voltage trajectory over time under a constant charging current of the
three SOC combinations in Table I. Three subplots on the top: trajectory of
the individual cell voltages of each combination. Bottom subplot: trajectories
of the three total voltages.

4) The operating condition is constant current (CC) charg-
ing, where a coulomb counting model is sufficient
to capture the voltage dynamics. The capability of
imbalance estimation under CC charging is important
for the following two reasons. First, knowledge of the
SOC imbalance during charging is critical to avoid
overcharging the cell with higher SOC, especially when
the cell SOCs are high at the end of charging. Second,
charging is also usually the (best) timing to perform
cell balancing, and knowledge of the SOC imbalance
needs to be used for guidance. It is possible to apply
the designed algorithm to real-world driving conditions
with more complicated and accurate dynamic battery
models.

The Coulomb counting model for the battery voltage
response used in this paper takes the form

I At
X+ ——

0
Vi = g(xk) + IR

Xk+1
(1

where x is the SOC, V is the voltage, At is the sampling
period, I is the current (positive for charging), Q is the battery
capacity, and R is the ohmic resistance.

The term g(x) is a nonlinear relationship between bat-
tery voltage and SOC under the constant charging current,
which may include the OCYV, hysteresis voltage, and polar-
ization over-potential among others. If the estimation is to

IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 23, NO. 3, MAY 2015

be extended to dynamic drive cycles in future, more compli-
cated models such as the equivalent circuit model including
parallel R—C pairs or single particle model capturing lithium
intercalation [21]-[23] need to be considered. Consider a
battery string with two cells connected in series, the string
model can be written as

Xstr,k = [xl,k x2,k]T

Xk |
Xstr,k+1 = X2 k41 =

x1k+ IAt

x2k+ IAt

Virk = Vig + Voo = g(x14) + gl k) +2IR (2

where subscripts 1 and 2 are used to denote the variables
associated with cell 1 and 2. The goal of estimation is to
determine xi x and x x when [ is known and Vy, is measured
over a period of time.

IV. OBSERVABILITY ANALYSIS

In this section, the observability of the individual cell SOCs
under reduced voltage sensing is investigated. The derived
observability condition is shown to be dependent on the
nonlinearity of the voltage-SOC relationship. Extension to
general cases (n cell intervals) is also discussed.

A. Observability Matrix of a Two-Cell Battery String

Starting from time step k, the trajectory of the total voltage
Vsie over N + 1 consecutive time steps k,k+ 1,...,k+ N,
Vstr, [k,k+N]» can be denoted as

Vstr,k
V.
Vistr, lk,k+N] = strk+1
_Vstr,k+N

g(x1 k) + glx2x) +2IR

_ | 8&ixt1) + g2 k41) +2IR 3)
| (X1 k) + 8(x2,k4+n) + 2IR
Based on the battery string model under CC charging in (2),
Vistr,[k.k+N] can be further written as a function of the initial
states, Xsir k, a8

Vstr, [k,k+N] = H(Xstr,k)
g(xl ) +gx2x) +2IR
g(x1,k+ )+g(xzk+ [At)+2IR

glxia+ N’QAf)+g(xz,k + M) +21R
“4)
By taking the partial derivative of H to xgy, deviation of

the trajectory caused by variation in the initial states can be
obtained as

o0H
OVistr, [k, k+N] = " k5xstr,k
str,
g (x1.k) &' (x2.k)
| gt (e k+1A’) Srus
- str,
(Xlk‘f‘NIQAI) (x2k+NIQAt)
©)
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where g’(x) denotes the gradient of g(x) to x. In (5), dxsirk
represents the deviation of initial SOCs from the nominal
point, xsotr’k, that is, OXsyr k = Xstrk — xsotr’k. For example, for
the three cases in Table I, if the nominal guess is defined at
the balanced combination, xsotrj « = [0.94, 0.94]7, Oxsr i Of the

three cases would be

ox1k = oxa, =0, for balanced pair

ox1k = —0.02, Jxpx =0.01 for slightly unbalanced pair
(6)

Estimating x x is equivalent to estimating dxgr k. In order for
OXsirk to be observable from O Vi [k k+nN], OH /OXsirx needs
to be a one-to-one mapping and hence of full rank (rank = 2).
In fact, H /Oxs k is by definition the observability matrix of
the nonlinear discrete-time system in [24, eq. (2)]

ox1 = —0.04, ox2, =0.02 for unbalanced pair.

)

oH
Op (xstr,k) = m (xstr,k)-
str,

The reason that xg,x cannot be observed from the mea-
surement of Vg « at a single time instant can be found in the
observability matrix. With only Vi, (5) is reduced to

@)

The observability matrix only has one row, and thus its rank is
one. Rank deficiency indicates that there are infinite numbers
of Jxgy that could match the single JViy k. Only when
multiple Vg data are processed at the same time, would the
Op(xstr,0) matrix have more than one rows and hence be
possible to have full rank. Still, more rows do not necessarily
guarantee observability. For example, when g(x) is linear
and g’(x) is constant, additional rows do not make Op full
rank, since the two columns of Op are identical. Necessary
conditions on g(x) for observability will be discussed.

O6Vsuk = Op (xstr,k)éxstr,k = g/(xl,k)g/(x2,k)5xstr,k-

B. Observability Conditions Based on g(x)

The discrete-time observability matrix in (5) can be trans-
formed to the continuous-time observability matrix, as

g (x1.k) g (x2.%) }

9
dEnh g0y ®

Oc (Xstr k) = [
where g”(x) denotes the second-order gradient of g(x) to x.
This O¢ matrix can also be obtained based on the Lie
derivatives of the continuous battery string model [25], [26].
The first-order gradient of g(x), g’(x), is usually positive,
since the battery voltage normally increases monotonically
with SOC. Therefore, for O¢(xs) to be of full rank, it is
necessary that either g” (x x) or g”(x2,x) needs to be nonzero,
which means that g(x) should be nonlinear. Two lithium-ion
battery chemistries are taken as examples for illustration.
The g(x) function of a LiFePO4 battery under 1 C constant
charging current is plotted in Fig. 3, along with its first- and
second-order gradients. It can be seen that in the middle SOC
range, 15%-90%, g(x) is almost linear, with small first- and
second-order gradients. As a result, the observability matrix
Oc will be practically rank deficient. At the high and low
SOC ends, namely, 0%—15% and 90%-100%, g(x) is highly
nonlinear with significant g’(x) and g”(x). These regions are
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Fig. 3. Voltage function g(x) of a LiFePOy4 battery under a constant charging
current and its gradients. Top: g(x). Middle: first-order gradient g’(x).
Bottom: second-order gradient g”(x).

4F gl

—~ 35} i
X
o
3 L, 4
0 0.2 0.4 0.6 0.8 1
SOoC
20 14
15 1 .
X 10t i
o 0.5
st |
0.2 0.4 0.6 0.8 1
0 .
0 0.2 0.4 0.6 0.8 1

04 ,06 08 ,
0.6 0.8 1
SOC

Fig. 4. Voltage function g(x) of a LINMC battery under a constant charging
current and its gradients. Top: g(x). Middle: first-order gradient g’(x).
Bottom: second-order gradient g”(x).

where the precaution against overcharge and overdischarge is
critically needed. Fortunately, the highly nonlinear g(x) in
these ranges renders significant observability to the individual
cell SOCs and voltages. It is noted that for the LiFePO4
chemistry, SOC is barely observable in the middle SOC range
even under full voltage sensing, due to the flatness of g(x).
As another example, g(x) of a LiNiMnCo (LiNMC) battery
and its first- and second-order gradients are shown in Fig. 4.
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g (x10) g (x2,6) g (xn k)
g'(x100% 8" (205 8" (n )G
(0] = i i—1 i i—1 i i—1 10
C(xstr,k) g(l)(xl,k)(é)l g(l)(xz,k)(é)l g(l)(xn,k)(é)l (10)
—1 —1 -1
e @ (5)"T &M (5)" g (5)"

For this battery chemistry, the strongly observable SOC
range is below 10%, where both g’(x) and g”(x) are large
enough. When the SOC is above 10%, linear g(x) [nearly zero
g”(x)] inhibits the observability under reduced voltage sens-
ing. Slight nonlinearity is noted around 80% SOC, rendering
that range weakly observable.

C. Extension to General Cases

When the total voltage is measured for every n cells, n > 2,
observability analysis can be conducted in a similar way. Using
the Lie-derivative analysis, the continuous-time observability
matrix is obtained as (10) which is shown at the top of the
page, where the superscript (i) denotes the ith-order gradient
of g(x) to x. More details on the derivation can be found
in [26].

As seen from (10), when only the total voltage of every n
cells is measured, up to nth order gradients of g(x) need to be
checked. In order for the observability matrix to be of full rank
(rank = n), at least one of each g‘Y(x) should be nonzero.
Ultimately, the eigenvalues of O¢ (xsr,x) need to be calculated,
and full rank requires all the eigenvalues to be nonzero. This
part of work is to be addressed in detail in future, and it
is foreseeable that reducing voltage sensors further requires
stronger nonlinearity on g(x), which could be challenging in
practice.

It is noted that the observability will not exist if g(x) is
linearized. This is because after linearization, all the higher
than second-order gradients become zero, making the rank
of Oc(xsrk) equal to one. Therefore, it is speculated that
the linearization-based estimation approaches cannot be used
for SOC estimation under reduced voltage sensing. One
of the linearization-based methods is the EKF [14], whose
convergence is guaranteed if the linearized plant model is
observable [27]. In [26], it is shown by simulation that
the estimates of EKF can only track the average SOC of
the two-cell string. Furthermore, the observability of cell
SOCs cannot be simply concluded based on the rank of
the observability. In some cases, for example, when the
second-order gradient of g(x) is very small but not strictly
zero, the SOCs are not effectively observable although the
observability matrix is still of full rank. The singular val-
ues and/or the condition number of the observability matrix
need to be checked to determine the effective observability
of the system. This part will be discussed in details in
Section VI-A for different combinations of SOC and capacity
imbalance.

V. NEWTON OBSERVER

Following the observability analysis, a trajectory-based
algorithm, the Newton observer [28], [29], will be designed
to estimate the individual cell SOC under reduced voltage
sensing. The Newton observer is first introduced and then
validated by experiments.

A. Design of the Newton Observer

The main idea of the Newton observer is to estimate the
states by simultaneously solving multiple nonlinear equations
along the output trajectory.

At each estimation step, with the total voltage trajectory
Vistr,[k.k+N] defined in (4), the Newton—Raphson algorithm is
applied to estimate xy  iteratively

N N oH ;i -1 N
Fs =S [m (xs{tr,k)i| (Vetr ik = H (£, 1))

Y

where the superscript j denotes the jth iteration, and Xy is
the estimate of xg x. Essentially, optimal X« is searched to
minimize the least square error in Vs (k,k+~]. The dimension
of 0H /0xsuk is N x 2, where N is the number of data points
along the voltage trajectory. When N > 2, 0H /Oxgr i has
more rows than columns, and thus its left pseudoinverse should
be used

o0H o0H o0H

oH \! T -1 T
— . (12)
axstr,k axstr,k axstr,k axstr,k

It is noted that the Newton observer can only be applied when
Xstr,k 1S observable. The matrix 0H /dxsyx is the discrete-
time observability matrix, and its (pseudo)inverse exists if and
only if the observability matrix is of full rank as discussed
in (7). The convergence of the Newton observer is guaranteed
if the nonlinear observability condition is satisfied and the
initial guess starts within a certain neighborhood of the actual
value [28]. The convergence has been validated by experi-
ments, which will be shown in Section V-B.

After the estimate converges, the individual cell SOCs and
voltages at time steps k+1, k+2, ..., k+N can be determined
based on xg x and the battery string model in (2). At the next
estimation step, the measured voltage trajectory is updated
with newly acquired data, and becomes Vi [x+W ., k+W+N],
where W is the interval between estimation steps. The initial
state at the new estimation step, X, k+w, Will be estimated
based on Vi (k+w, k+w+n]. and its initial guess is determined
based on the final estimate of xg k.
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The advantage of the Newton—Raphson algorithm is fast
convergence, but the drawback is lack of robustness under
certain circumstances. For example, when the SOCs are at
the edge of the observable region, d H /0xsy x is close to rank
deficient with a large condition number, posing difficulty to
the inversion of 0 H /Oxgr k. To improve the robustness, the
Levenberg—Marquardt iteration is used instead [30], [31]

-1
AN oH _.j
xstr,k - xstr,k + [ (xstr,k) +al

a)Cstr,k
X (Vstr, tkok+-N1 — H (84)) (13)

where a is a scalar and I is a 2 x 2 identity matrix. The factor
ol is used to lower the condition number and hence stabilize
the matrix inversion.

The Newton observer can be generalized to the cases
with n > 2 as long as the SOCs are observable. In real-
time application, computation of the matrix inversion in (12)
could be a concern. Dimension of the square matrix
[(aH/GxSmk)T(6H/8xm,k)] is the number of cells, n. The
computational load is not an issue for a two-cell string since
the inversion of a 2 x 2 matrix is efficient, but it will be more
intense as the number of cells increases.

B. Experimental Validation

The validation of the Newton observer is to be shown based
on experiments conducted with two 2.3 Ah LiFePOy4 batteries
connected in series.

The Coulomb counting model in (1) is first parameter-
ized based on experimental data under 2 Amp CC charg-
ing/discharging. This current rate is adjustable according to
the power of the charger.

During the validation experiment, the two cells are first
initialized with SOCs around x1,0 = 5% and x2,0 = 0%. They
are then connected in series and charged with a single current
source under 2 A CC. Single cell voltages are measured to
prevent overcharge and for validation. Actual cell SOCs is
calculated based on current integration to validate the SOC
estimation. Current is cut off when the voltage of any cell
reaches the threshold of 3.6 V. Measured SOCs and voltages
are shown in Fig. 5.

The collected voltage and current data are then used for
estimation and validation. The initial guess of SOCs for
both cells is determined by inverting the average measured
voltage. At each estimation step, Vi, [k,x+n] contains 15 data
points, which are sampled 10-s apart (10 s from k to k + 1).
The time interval W between each estimation step is chosen
as 20 s. In this way, SOC estimation is updated every 20 s,
corresponding to an SOC increment of 0.5% at 2 A. This rate
is sufficient for preventing overcharge in real time.

The estimates of the Newton observer are shown and
compared with the measurements in Figs. 6 and 7. The plotted
values correspond to the last point at each estimation step.
The final estimates are listed in Table II. In Fig. 6, it can
be seen that the cell SOCs are not distinguishable since the
estimation is equal to the average SOC when both SOCs are
below 85%. This observation is in accordance with the observ-
ability analysis in Section IV, which predicts that the SOCs are
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under 5% SOC imbalance.

not observable in the middle SOC range due to the nearly
linear voltage versus SOC relationship g(x). As the SOCs
evolve to the observable range above 90%, the estimates of
the Newton Observer converge to the measurement gradually.
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TABLE II
FINAL ESTIMATES UNDER 5% SOC IMBALANCE

Estimates || Measurement || error (%)
SOC; (%) 99.81 100 0.19
SOCy (%) 95.99 94.36 1.73
Vi (V) 3.59 3.60 0.28
Vo (V) 3.46 3.44 0.58

Furthermore, it is noted that the estimate of SOC; is more
accurate than that of SOC;. This feature is advantageous for
preventing overcharge because cell 1 is closer to being fully
charged and hence the precaution is more critical. The reason
for the better accuracy of SOC| estimation is due to the higher
sensitivity of Vg to SOCy, caused by the larger g’(x) at x;.

VI. SOC ESTIMATION UNDER IMBALANCE
IN CAPACITY AND RESISTANCE

For cells connected in series, besides varying self-discharge
rate, difference in capacity may also cause SOC imbalance.
In this section, the developed methodology will be applied
to estimate the individual cell SOCs under imbalance in
capacity and resistance. First, the observability of SOCs will
be investigated under different combinations of capacity and
SOC imbalance. It will be shown that certain combinations
inhibit the observability in the original strongly observable
high SOC range. The imbalance in resistance is also consid-
ered, which does not affect the observability though. Second,
the SOC estimation errors will be quantified under uncertainty
in capacity and resistance. In the presence of capacity and
resistance imbalance, usually only the rated values are known
but not the true values of the individual cells. Therefore, SOC
estimation based on the Newton observer will be affected by
model uncertainty in capacity and resistance. The estimation
error will be derived as well as shown in simulation, and
its relationship to observability will also be discussed. It is
expected that the accuracy of SOC estimation under reduced
voltage sensing will deteriorate compared with that under
full voltage. The results in this section would demonstrate
the performance of the estimation algorithm for a production
battery (LiFePO4) under practical uncertainty.

A. Observability of SOCs Under Different Combinations
of SOC and Capacity Imbalance

When the capacity and resistance are not equal between the
two cells, the true voltage trajectory V. kKN will be

sTr [k,k+N]
= H(x} 4, O", R")
g(xf ) +8(x3 ) + I(RT+R3)
S(x7 + B0 b (xgy + 20 11 (R} + R3)

g(x] k+N11At)+g(x2k " NIA’)WLI(R* +R3)

«_ |07 « | RY
¢ ‘[Qz] . ‘[R’;} (1
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Singular value o] of the observability matrix Op at the end of

where the superscript * denotes the true value of the variable.
The corresponding discrete observability matrix is derived as

o0H

OD( Xstr, k) = m(x:tr,k’ Q*)
Pt gl
_ g'(xfy + T) g (x5, + Qz) as)
g'(x 1k+N1At) g(x2k+N1At)

The observability is to be discussed for different combi-
nations of x:tr,k and Q* based on the singular values of
Op (x:‘tr, «» ©%), which quantifies the observability. The capac-
ities Q7 and Q3 are considered as varying between 100%
and 95% of the rated capacity Q. In the presence of capacity
imbalance, the SOC imbalance will not be constant during
battery operation. The initial SOCs are defined with xio
and xio changing from 0%-5%, respectively. The resulting
imbalance in initial SOC and capacity
01-05

0
will both vary between —5% and +5%. The singular values
of Op, o1, and o7, are calculated at the last estimation step
(the end of charging) for all the combinations, as shown in
Figs. 8 and 9.

The smaller singular value ¢, is the critical one that
determines the observability. As seen in Fig. 9, the values
of o, for most combinations are above 0.03, except those on
the diagonal of the Axj — AQ* plane. These combinations
have weakly observable SOCs, with condition numbers of Op
x > 99 as compared with ¥ < 50 elsewhere. The existence of
these combinations can be deduced from the structure of Op
in (15). If the SOCs of the two cells, at the end of charging,
are close to each other, the two columns of Op will be nearly
the same, leading to the large condition number of Op. Such
cases can be represented as

Axg =xig— X309, AQG = (16)

[ 1dt [ 1dt
Xot+ o A Xyt o
1 2
Idt Q7 — O3
= xfo— X3~ SEELL . =1_=2 (17)
1 Q2
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Fig. 9. Singular value oo of the observability matrix Op at the end of
charging. Top plot: values of g, for all combinations. Bottom plot: projection
of 63 onto the Axj — AQ* plane.

where [ Idt is the change in stored energy (in amp hour) from
the reference point to the end of charging. When the capacity
imbalance is within £5%, we have Q] ~ Q3 ~ Q, giving

i~ [1dt QO — 0%
’ 0 Qo
Since [ Idt is close to the rated capacity Q from the reference

point (around 0% SOC) to the end of charging (near 100%
SOC), (18) yields

ldt
XTo— = Axj =~ ITAQ;O. (18)

Axi~ AQYL. (19)

Consequently, the weakly observable combinations lie along
the diagonal of the Ax; — A Q™ plane. Nevertheless, it is still
possible to achieve an adequate SOC estimation for the weakly
observable combinations. For example, by using the singular
value decomposition (SVD) method [29], the Newton observer
can accurately estimate the strongly observable part of the
system. For the weakly observable combinations, it is found
in [32] that the strongly observable part is the average SOC
of the two cells. Interestingly, since the SOCs of the two cells
converge at the end in the weakly observable combinations, the
actual SOCs of the two cells are very close to the (strongly
observable) average SOC and could therefore be estimated
adequately. The Levenberg—Marquardt method applied in this
paper could achieve similar performance as the SVD. Details
concerning the implementation of SVD can be found in [32].

B. SOC Estimation Error Under Model Uncertainty
in Capacity and Resistance

In this section, the error analysis under coupled SOC
and capacity/resistance imbalance (and hence uncertainty) is
presented and it will be shown how the observability affects
the estimation error.

The SOC estimation error will be derived first. In the
model-based Newton observer, the capacity and resistance
of both cells are assumed to be the rated values Q and R.
Modeling errors, dQ and JR, and estimation error in SOC,
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ex .k, are defined as the difference between the true values and
the assumed/estimated values

_ 001 _ |07 — 01
00 = [5Q2} - [QE - Q2i|
OR| R* — R;
o =[5m] =k )

xT,k - xAl,k
X5k — X2,k

(20)

% ~
€x,k = Xgirk — Xstr,k = |:

Based on (14), variation of Vi [k k+n] under (small) deviation
of xsr k. O, and R can be obtained as
oH oH
0. —0
Xstr,k + 50

where 0 H /Oxgy k 1S the observability matrix in (15), and

oH
OVstr, [k k+N] = 0+ ﬁéR 1)

a)Cs.tr,k

0 0
TAt\ IAt IAt\ IAt
oH _ =8/ (i et QT)(QT)Z =8/ (x5 + Q’z‘)(sz
20
NIAt\ NIAt NIAt\ NIAt
Tt o) ot 8 (Wt 7o) (g3
I 1
oH I
oR (22)
I 1

By taking Q0 and JR as the modeling uncertainty, dxgirk
represents the resulting SOC estimation error ey, and
OVir,[k,k+N] 1s the mismatch between the measured and the
estimated voltage trajectory. Since the Newton observer esti-
mates Xgrx by minimizing errors in voltage, oV, [k k+N]
is usually small. Based on (21), with ey = OJxsrk, the
SOC estimation error ey x can be quantified as

o0H

-1
)

axstr,k
oH oH
X |:6Vstr,[k,k+N] - @(X:mk» Q*)5Q - 8_R§Ri|' (23)

For the convenience of comparison, (23) needs to be normal-
ized to the form of percentage error, as

_ —1
aH * *
e o =\ 7 X p
k% ( axm,k( srks @ ))
o0H o0H
X 5Vstr,[k,k+N],% - @5Q% - a—R5R% (24)
where
_XT,k*)?l,k
ex k% = x;;ﬁ’}z’k
L Xy
07-01
_ o7
00% = | 95”0,
03
RI—Ry
R*
O0Rg, = R;—IRZ (25)
L R
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TABLE III
ROBUSTNESS OF SOC ESTIMATION UNDER CERTAIN COMBINATIONS OF IMBALANCE AND DEGRADATION
No. Initial SOC || Degradation Q* R* o K Predicted e, o; Simulated e, o,
[©) z1,0 = 5% Celll: 5% Q7 =0.95Q R} =1.05R 1.95 44 €r,1,% = —0.40% €r,1,% = —0.38%
x2,0 = 0% Cell2: 5% Q35 = 0.95Q R; =1.05R 0.045 ez2.9 = 1.10% ez.2.9 = 1.03%
@ z1,0 = 5% Celll: 5% Q7 =0.95Q R} =1.05R 1.94 45 €r,1,% = —-0.3% €r1,% = —0.27%
z2,0 = 0% Cell2: 0% Q5 =Q R; =R 0.043 €s2.% = 1.57% €x.2.% = 1.51%
[©) z1,0 = 5% Celll: 5% Q7 =0.95Q R} =1.05R 1.95 41 €r,1,% = —0.38% €r1,% = —0.40%
x2,0 = 5% Cell2: 0% Q5 =Q R; =R 0.048 e 2.9 = 1.07% €s,2.% = 1.30%
@ z1,0 = 5% Celll: 0% QT =0Q R =R 2.72 99 — €r,1,% = —1.05%
z2,0 = 0% Cell2: 5% Q5 = 0.95Q RY =1.05R 0.028 €r.2.% = 1.11%
[©) z1,0 = 5% Celll: 5% Q7 = 0.95Q R} =1.05R 2.69 %) — €x,1,% = —1.25%
2,0 = 5% Cell2: 5% Q5 = 0.95Q R; = 1.05R 0 €r2.% = 1.91%
1 Combination 1 1t Combination 2 1 Combination 3
0.95 0.95 0.95
0.9
o 09 &) o 09
2 2 085 2
0.85 0.85
o 0.8
X, %0 = 5% L 5= 0%
08 = 0% 0.75 08 Q'-Q = -5%
0 t i) .
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Fig. 10. Simulated SOC estimation under five combinations of SOC imbalance and degradation. The main plots show the estimation results in the high

observable SOC range, and the insets show the evolution of actual SOC from 0% to 100%.

The matrices 6 H /dxsy.x, 9H /0 Q and 0 H /O R are the normal-
ized partial derivatives, and oV [k k+nN],% 1S the normalized
voltage trajectory deviation

o0H [ 0H Xk
axstr,k_jjl - _axStr,k:|j,l Vet j—1
i | _ '%} _ o
2@ |, S Lo0 i Vit
W o)
oR |, S LoR 1 Vissia
[5Vgtr,[k,k+N],%]j = % (26)
str,k-+j—1

where [-];; denotes the matrix entry, (j for row index and
[ for column index). The singular values of Op, o, indicate
the robustness of the estimation problem [33], [34]. In the
presence of model uncertainty, according to (25) where Op is
inverted, the larger the singular values are, the smaller the
estimation error e, x would be.

The SOC estimation under some combinations of SOC and
capacity/resistance imbalance is to be discussed as examples.

Five combinations are considered, which locate at the labeled
spots ®-® on the Ax; — AQ™ plane in Fig. 9. The spec-
ifications of these combinations are listed in Table III. The
imbalance in capacity and resistance is assumed to be caused
by differing degree of battery degradation, and the percentage
of capacity fade is projected to be the same as that of resistance
growth.

The singular values and condition number of the observ-
ability matrix, as well as the predicted estimation based
on (24) are also listed in Table III. All the values are
evaluated at the end of charging (last estimation step when
cell 1 is nearly fully charged). Combinations ®-® are in the
strongly observable region, with singular value o2 > 0.04
and condition number ¥ < 50. Combinations ® and ®,
lying on the diagonal of the Ax; — AQ™ plane, are weakly
observable with o < 0.03 and condition number x > 99.
The SOC estimation of the Newton observer for these com-
binations is simulated using MATLAB/Simulink and shown
in Fig. 10. The main plots show the estimation results in
the high (observable) SOC range, and the insets show the
evolution of actual SOC from 0% to 100%. The initial guess
of SOC is determined by inverting the measured average
voltage.
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It can be seen that the SOC estimation of
combinations @-® is not greatly affected by the model
uncertainty, especially for the critical cell 1, which is fully
charged at the end. The SOC estimation errors seen in simu-
lation are very close to the predicted errors based on (24). For
combinations @ and ®, the SOCs of the two cells are close to
each other at the end of charging, yielding weak observability
and hence larger estimation errors. It is noted that although
the predicted estimation errors are close to infinity due to the
ill-conditioned OD matrix, the actual errors are well bounded
(as seen in Table III). The reason is that the Levenberg—
Marquardt method applied in the Newton observer is capable
of estimating mainly the strongly observable part of the
system, and thus reduces the effect of model uncertainty. Still,
(more) accurate estimation will require eradication of model
uncertainty with better knowledge of capacity and resistance.

VII. CONCLUSION

In this paper, the problem of estimating battery SOCs
under reduced voltage sensing is investigated. It is shown that
nonlinearity in the voltage-SOC relationship g(x) is required
to render observability to individual cell SOCs from the total
voltage. It is also found that the cell SOCs are observable
from the trajectory of the total voltage but not from the
measurement at a single time instant. Hence, a trajectory-based
Newton observer is designed and applied to LiFePO4 batteries,
showing good convergence of SOC estimation in the high
SOC region where g(x) is highly nonlinear. The solution has
been developed and validated under constant current charging
condition.

The methodology is initially designed to estimate SOC
imbalance due to differing cell self-discharge rates by
assuming equal and known capacity and resistance among
cells. In reality, due to manufacturing variability and differing
degradation rates, imbalance in capacity (and resistance) may
exist among cells, which will also lead to SOC imbalance. The
methodology is then extended for SOC estimation under dif-
ferent combinations of imbalance in initial SOC and capacity.
It is found that for LiFePO, batteries, the observability in the
high SOC range is preserved for most combinations, except
for cases where the actual SOC imbalance is very small at the
end of charge. For such weakly observable cases, the accuracy
of SOC estimation will be affected by model uncertainty in
capacity and resistance. To improve the robustness of SOC
estimation in these cases, adaptation of capacity and resistance
will be addressed in future work. Also as part of the future
work, it is desirable to extend the methodology from constant
current charging condition to dynamic current input scenario,
such as real-world driving. When extended to the complicated
driving conditions, the Coulomb counting model is no longer
adequate for capturing the battery voltage dynamics. More
complicated models need to be used, such as the equivalent
circuit model parameterized in [35] and [36]. Ideally, the
Newton observer can be built directly upon the new model.
Model uncertainty, however, will become a major concern.
It is impossible to predict the battery voltage perfectly under
dynamic current input with a model, and the mismatch in
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voltage could be much larger than that under constant cur-
rent charging. The voltage mismatch will translate into SOC
estimation error and thus affect the accuracy of estimation.
The robustness of the algorithm is expected to be a major
challenge for SOC estimation under dynamic current. The
benefit is that it is possible to enhance the observability of the
individual cell SOCs through dynamic current input. As shown
in (9) and (15), the nonlinear observability matrix depends
on the current input. Therefore, the current can be designed
to increase the singular values of the observability matrix
(or reduce its condition number) to improve the observability
by taking advantage of the stationary vehicle charging period
of the PHEV or BEV.
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