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The theory of the configuration space of a manifold provides illustrative examples of a number of topological
phenomena. We begin with a discussion of the configuration space of the complex plane, and give a classical
description of the braid and pure braid groups. We next give an alternative interpretation of the braid groups as
mapping classes of punctured disks, an interpretation which provides a tool in the study of the mapping class
groups of higher genus surfaces. Using the Leray-Serre spectral sequence described by Arnol’d, we then give
a presentation for the rational cohomology of the pure braid group, which we use to motivate a discussion of
the new theory of representation stability developed by Church and Farb — a notion of stability for a sequence of
groups with S,,-actions, in terms of their decomposition into irreducible Q.S,,-modules. We prove this property for
the rational cohomology of the pure braid group. Finally, we outline Totaro’s work on the configuration space of a
real oriented m-manifold X, which demonstrates that the cohomology of a manifold determines the cohomology
of its configuration space. Totaro exhibits a Leray spectral sequence converging to these cohomology groups, and,
in the case that X is a complex projective variety, he gives an explicit computation of the cohomology ring of the
configuration space.

1 The Braid Group and the Pure Braid Group

1.1 Some Characterizations of the Braid Group

Definition 1.1. For a topological space X, define 7(X,n) = {(z1, z2,...,2,) € X" | 2; # z; for i # j}, the space of
ordered n-tuples of distinct points in X. The symmetric group S, acts on by F (X, n) by permuting the points; the
orbit space C(X,n) = F(X,n)/S, is called the configuration space of n (unordered) points in X. Its cover F(X,n)
is sometimes called the ordered or coloured configuration space of n points.

Definition 1.2. The braid group B,, is the fundamental group of C(C,n), the configuration space of n complex
points. The braid group is also known by its pictorial description as braids in n disjoint strands, rooted in the
plane, under concatenation. The pure braid group P,, also called the coloured braid group, is the subgroup of B,
preserving the order of the n strands. The pure braid group may be defined as the fundamental group of F(C, n);
equivalently, it is the kernel of the natural map B,, —+ S,,.

An alternate definition for the braid group is the mapping class group of the n-puncture closed 2-disk D,,;
B,, = Mod(D,,) := mo(Homeo™ (D,,,0D,,))

and the pure braid group P, = PMod(D,,) is the group of mapping classes that fix the punctures pointwise.

This description of B,, can be derived using a generalized form of the Birman exact sequence,

1 —m (C(D,n)) 2% Mod(D,,) "2 Mod(D) — 1.

Here D denotes the closed 2-disk, which (by the Alexander Lemma) has trivial mapping class group.
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We now give presentations for the braid pure braid group, and highlight some algebraic properties.

The braid group B, is generated by the braids ¢;, given by passing strand ¢ + 1 over top of strand ¢. The group
is finitely presented:

B, = <0’17 e, Opn—1 | 0;0i+10; = 0;4+10;0;+1 fori < (’I’L — 1), 0,05 = 004 for |Z — j‘ > 1>
where the relationship o;0;+10; = 0,410,041 is called the braid relation.

From this presentation, we see that abelianization of B, is isomorphic to Z; the braid relation implies that all
generators ¢; must be identified as a single cyclic generator. The centre Z(B,,) = Z is cyclically generated by
z = (01---0p—1)" As a braid, this is a counterclockwise 27 twist of the n strands — as a mapping class, this is
the Dehn twist around the disk’s boundary. The quotient B,,/Z(B,,) is the mapping class group of the n-puncture
plane, as we may see by “capping” the boundary of D,, by a 1-puncture disk.

It is a difficult result that the braid group is torsion-free. Considering B,, as the mapping class group of a sur-
face with boundary, this result may be viewed as a consequence of the Nielsen realization theorem. Any torsion
subgroup of Mod(D,,) would be the isomorphic image of an isometry group of some hyperbolic metric on D,,
fixing the boundary, and so must be trivial.

From the short exact sequence 1 —+ P, — B,, — S,, = 1 and the presentation for the symmetric group S,
Sn = <81, ceeySpn—1 ‘ iS5 = 5554 for |Z —j| > 1, SiSi+18i = Si+1S5iSi+1, Sg =1 forall Z>

we deduce that the pure braid group is generated by preimages of conjugates of the relation s?, that is, elements
T;; = T;,; wrapping the i'" strand counterclockwise around the j'" strand.

Explicitly, P, has presentation:

P, = <Ti7j fori#j,1<i,j<n ‘ TpqTrs =TrsTpq,  TpsTgr =TqrTps,
Ty TorTpq = TarTpqLpr = TpqTp Ty,
Tos(Trs Ty T) = (T Ty T ) Tys forp<q<r<s)

All relations belong to the commutator subgroup of P,, so the abelianization of P, is the free abelian group
generated by the T; ; — a signed count of the number of times the i‘" strand wraps around the ;. The generator
z of the centre of B,, is an element of P,,, and Z(P,) = Z(B,,). The quotient P, /Z(P,) can be identified with the
PMod(So,n+1), the mapping classes of the n-puncture plane fixing the punctures pointwise, and P, splits over the
quotient P, =2 P,,/Z(P,) x Z.

An alternate construction for P, comes from the short exact sequence 1 — F,, — P,41 — P, — 1 given by
“forgetting” strand n + 1. The kernel F;, is the free group generated by the elements 7} ,,11. Since the addition of
a strand to P, gives a splitting map P,, — P,,11, we can write P, inductively as an extension of free groups.

2 Braid Groups in the Study of Mapping Classes

The identification of the braid group with Mod(D,,) gives us a tool to study the mapping class groups of higher
genus surfaces: by defining a double cover of D,, by surfaces with 1 or 2 boundary components, we can deduce
relations between the generators of the mapping class groups of those surfaces.
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Definition 2.1. Denote by S} the genus g surface with b boundary components, and let S, denote S. Given
an order-2 element i € Homeo™ (S}) with 2g + 1 fixed points (analogous to the hyperelliptic involution of S,)

we define the symmetric homeomorphisms SHomeo+(S;) to be the i-invariant subgroup of Homeo+(S;). This
subgroup descends to the quotient of S by 4, a disk with boundary, and stabilizes the set of (2g + 1) cone points.

Definition 2.2. The symmetric mapping class group SMod(S)) is the subgroup of Mod(S}) corresponding to the

symmetric homeomorphisms, that is, SHomeo+(Sgl) up to isotopy. It is a difficult result of Birman and Hilden
that any two isotopic symmetric homeomorphisms are in fact isotopic through symmetric homeomorphisms, so

SMod(S}) = mo (SHomeo™ (S})),
and, consequently, that SMod(S;) = Bogt1.

By choosing an involution 7 of the genus g surface S} with 2 boundary components, such that i has 2g + 2 fixed
points that interchanges the two boundary components, we can similarly define SMod(S?), and again the work
of Birman and Hilden shows SMod(S?) = By ».

There are known presentations for the mapping class groups of S, and S}, finitely generated by Dehn twists.
A number of relations can be deduced from relations in the braid group, including the braid relation and the
so-called k-chain relations. The better-understand structure of the braid groups then gives a means of deriving,
and geometric interpretations for, these algebraic properties of the mapping class groups.

3 The Cohomology of the Pure Braid Group

We will now sketch a proof of an explicit presentation for the cohomology ring H*(P,,; Q), due to Arnol’d.
Theorem 3.1. The rational cohomology ring H*(P,; Q) is a quotient of the exterior algebra

H*(P,; Q) = A[w; ;]/(Ri k) fordistinct i, j, k with1 <i,j,k <n
where R; j , = w; jwj k + wj kWk,s + Wi iw; j, and the cocycles w; j are dual to the generators T ; of P,.

The map F(C,n) — F(C,n — 1) obtained by “forgetting” the last point gives a fibre bundle with fibres
F = C\{z,...,2p—1} (for some (n — 1) points z1,...,2,—1 € C). An induction argument on the associated
long exact sequence on homotopy groups shows that 7(C,n) is a K(P,, 1) spaces, so we can identify the coho-
mology of P, with H*(F(C,n)).

Arnol’d proved the decomposition of groups
n—1

H*(P,) =H*(S") @ H*(S'vS ) @---aH(\/ ")

using an induction argument on the Leray-Serre spectral sequence for the fibration 7(C,n) — F(C,n—1). Because
the fibration has a section, the sequence degenerates at the E; page, giving

n—1 n—1
H (P) = @ B (Pnl; e\ 51)> - P wP)en(\s)
p+q=k pHq=k
where we may identify the generators of H4(\/" "' §1) with the classes wy p, . . ., wn_1.n. It follows inductively that
Hk(Pn) = {wi, iy AWiy o Ao Awiy gy | J1 < J2 <-++ < ji, and iy, < jm, forall 1 < m < k} as a group.

It remains to verify the ring structure. The relation R; ;; can be checked directly, for example, by viewing

F(C,n) as a submanifold of C", and identifying the elements w; ; as the de Rham cocycles w; ; = dzi ng . This

Zi—Z

gives a map (A*[w; ;]/(R;i k) — H*(P,), which surjects by a dimension count, and so concludes the proof.
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4.1 Representation Stability

Though the cohomology of the pure braid group H*(P,;Q) is not stable in the classical sense, we can consider
its structure as a QS,-module, and give a notion of 'stability’ in terms of its decomposition into irreducible S,,-
representations. To formalize this idea, we present the theory of ‘representation stability’, developed by Church
and Farb, as it applies to the symmetric group.

The representation theory of the symmetric group S, over a characteristic-zero field K is well understood.
According to Maschke’s theorem, the group algebra K5, is semi-simple; any finite dimensional representation V'
may be written as a direct sum of irreducible representations. The irreducible representations of \S,, are classified
by partitions of n, depicted as Young tableaux. In brief, for K = Q, the irreducible representation corresponding
to a given Young tableau A can be identified as a subrepresentation of the regular representation QS,, — it is the
QSy-span of a particular element a) € QS,, associated to ), called the Young symmetrizer.

The classification of the irreducible representations by partitions of n gives a natural identification of irre-
ducible S,,-representations with irreducible representations of S,,, for any m > n. Specifically, for a partition A
of n, say, ap + - - - + a, = n where a9 > --- > a,, we denote the associated irreducible S, -representation V(\) =
V(a1,...,a,) By omitting ao, this notation suppresses the dependence on n. Then, for any m > n, V (a1, ..., a,) is

T

associated to the irreducible S,,-representation corresponding to the partition (m —> i ai) +ay+---+a, of m.
These identifications allow us to define representation stability:

Definition 4.1. A sequence {V,,},en of S, -representations with maps ¢y, : V;, — V41 is called consistent if ¢,, is
compatible with the S, -action in the sense that the following diagram commutes:

o
Vi —> Vot

Vn e Vn+1
where ¢’ is the image of g under the natural inclusion S,, < Sy +1.

Definition 4.2. A consistent sequence {V,, },en of S,,-representations as above is called representation stable if it
satisfies the following properties:

L. Injectivity. The maps ¢,, : V,, = V,41 inject, for n sufficiently large,.

II. Surjectivity. The space V,,11 is spanned by S, 11 orbit of the image ¢,,(V},), for n sufficiently large.

III. Multiplicities. In the decomposition V;, = @, cx,»V(X) of V;, into irreducible S,,-representations, for each ),
the coefficient c, ,, is eventually independent of n.

The representation stable sequence of S,,-representations is uniformly representation stable if the multiplicities
¢,n stabilize at some NV € N not depending on .

We now have the groundwork laid to prove the representation stability of the H*(P,,; Q).

4.2 A Proof of Representation Stability for the Pure Braid Group

The rational cohomology of the pure braid group H*(P,;Q) admits an action of the symmetric group S,, by
permuting indices, induced by the action of B,, on P, by conjugation; o-w; ; = ws(),+(j) for o € S,,. We will outline
a proof, due to Church and Farb, that the sequence { H*(P,,; Q) } ,,c is uniformly representation stable with respect
to this action, and the inclusions ¢,, : H*(P,; Q) — H*(P,41; Q) induced by the projection F(C,n + 1) — F(C,n)
onto the first n coordinates.

Theorem 4.3. For k > 0, the sequence { H*(P,; Q)} of S,.-representations is representation stable, uniformly for n > 4k.
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The maps ¢, take w; ; in H'(P,; Q) to w; j in H*(P,41; Q). Since the projection F(C,n + 1) — F(C,n) has a
section, we see that the maps inject. We further see that they satisfy the surjectivity criterion: for n > 2k, any basis
element of H*(P,41;Q) cannot have all indices {1,...,n,n + 1}, so acting by a suitable choice of permutation in
Sy+1 gives an element of Im(¢,,).

To prove the multiplicities criterion, we invoke a combinatorial result by Hemmer. Recall that, given a sub-
group H of a finite group G and an H-representation V, the induced representation Ind{, (V) is the QG-module
QG ®gn V, equivalently, the G-representation constructed as a direct sum Indg(V) =@, cq oV of atranslate
of V for each coset 0 H. Recall additionally that, given two groups H; and H; with respective representations V;
and V5, the product H; x H; acts on the external tensor product V; X V, of V; and V. In this notation, Hemmer’s
result states:

Theorem 4.4. Given r > 1, any subgroup H of S, and H-representation V, and given the trivial representation Q of Sy, _.,

the sequence of S,,-representations {Indzy,, s, (VX Q) }nen is representation stable, stabilizing uniformly for n > 2r.

Our objective is now to show that the cohomology groups of P, have this structure.

Let [n] = {1,...,n}. Let & denote a partition of [n], and let 7 denote the associated partition of n. Each block
of size j defines a projection P,, — P;; the partition & defines a map from P, to the "Young subgroup’ P4 of P,,
a product of pure braid groups over the blocks of &. This map induces an inclusion H*(Pg; Q) — H*(P,; Q). If
2 has (n — k) blocks, H*(Pg; Q) will have top degree k, and we define H? (P,,) C H*(P,;Q) to be the image of
this top group. The key observation is that H*(P,,; Q) decomposes into a sum of QS,,-modules @ , H? (P,) over
all partitions & of [n].

The symmetric group 5, acts on the set of partitions associated to a given partition X of n, and accordingly, S,
acts on P (w7 H Z(P,). By an orbit-stabilizer argument, we can identify these S,,-translates of H? (P,) with
the cosets S,, /Stab(Z?), so

P HZ(P.) =Ind5y, o HY (P)
{2[P=X}

for some fixed 2’ with 2’ = \. Note that, if 2’ has m; blocks of size j, then its stabilizer is @;‘:1 ((S;)™ % S, ),
where (S;)™ permutes the numbers within the blocks of size j, and S,,,, permutes the m; blocks.

For any partition 2 of [n], define 2(n + 1) = 2 U {n + 1}. Observe that ¢,, takes H? (P,) isomorphically to
HZ+1(P,). Observe further that, for n > 2k, any partition of [n 4 1] must have at least one block of size 1, and
so must be in the S, ; orbit of HZ("+1)(P,) for some partition 2 of [n]. We find:

H*(P,i1;Q) = P Indsstgg(lwmm)H‘@{MD (Pr1)-

Abn
with n—k blocks

Finally, observe that, if we write Stab(%?) = H» & S,,,, then Stab(#(n + 1)) = Hp @ Sy, +1; where the action
of the stabilizer on size-one blocks of any partition corresponds to the trivial action on the associated cohomol-
ogy subspace. We have therefore decomposed H*(P,; Q) into subrepresentations of the form necessary to apply
Hemmer’s result, which proves the theorem.

5 The Configuration Space of an Oriented Manifold

The classical interest in the configuration space of the complex plane motivates the study of the configuration
space F(X,n) of any topological space X. We consider an oriented manifold X of real dimension m. The Leray
spectral sequence associated to the inclusion 7 (X, n) < X" converges to H*(F(X,n); Q), and the E, page has a
simple description. The following theorems are due to Totaro:
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Theorem 5.1. Let a # b € [n], and let p;, : H*(X) — H*(X") and p}, , : H*(X?) — H*(X™) be the maps induced by
the projections p, and pq p. Let A € H™(X?) be the class of the diagonal. Then the map F(X,n) < X™ determines a Leray
spectral sequence converging to H*(F (X, n); Q) as an algebra. The E5 page is a quotient of the algebra H*(X™; Q)[Gq ),
a # b € [n], by the relations

(O) Ga,b = (—1)mGa,b, (2) Ga,bGa,c + Gb,ch,a + Gc,aGc,b =0 (a, b,c diStiTlCt),
(1) (Ga,b)2 = 07 (3) p;(aj)Ga,b = pZ(x)Ga,b (a’ 7& b7 T e H*(X7 Q))
Here, H*(X™; Q) has degree (k,0), and G, ;, have degree (0, m — 1).

The differential d is given by d(Ga,p) = pj; A

Over Z, the group E4’ is the i*" cohomology of X" with coefficients in the sheaf on X" associated to the
presheaf U — H’(U N F(X,n);Z), (U C X™ open). The strategy is to exploit the local Euclidean structure of X:
Given any point z € X", we can associate a partition & of [n] according to the number of repeated coordinates;
with & = (i1, ...,in—t). Then in a sufficiently small neighbourhood U of =,

HI(UNF(X,n);Z) =2 H (FR™,iy) x - x FR™,ip_x); 7).

In the same manner that Arnol’d computed the cohomology of F(C,n), we can determine H*(F(R™,4);Z), a
graded-commutative algebra with generators G, ;, of degree (m — 1), satisfying relations (0) — (2). As in the proof
of theorem 4.3, we can decompose H*(F(R™,i1) x --- x F(R™,4,_); Z) into the direct sum of the pullbacks of
the top-degree cohomology classes over all refinements of . We conclude that the non-zero integral groups
E;’k(mfl) (0 < k < n — 1) are isomorphic to @ 4, H (X »;Z) @ Z°?, the sum over all partitions & of [n] into
(n — k) blocks, where X » = X"~ " is the diagonal associated to &2, and ¢ = (i1 —1)!... (in—x — 1)! is the product
of the dimensions of the top degrees. We deduce the ring structure described in the theorem.

If X is a smooth complex projective variety, its rational cohomology has a natural filtration, the weight fil-
tration. Since the map F(X,n) < X" is algebraic, this filtration is compatible with the Leray spectal sequence.
This compatibility can be shown by redefining the variety over a suitable subfield K C C. Then the Galois group
Gal(K/K) acts on the l-adic cohomology, maps, and spectral sequences, and the weight filtration may be de-
scribed as a filtration of eigenspaces of a Frobenius element.

i, k(m—1
E2

The group ) is pure of weight (i + km). Since the differentials respect these weights, we conclude:

Theorem 5.2. Let X be a smooth complex projective variety. Then d,, is the only possible non-zero differential, and the
rational cohomology H* (F(X,n); Q) is given by the homology of the algebra Eo described in theorem 5.1.

From these theorems, we can further deduce the cohomology of the unordered configuration space C(X,n) =
F(X,n)/Sy: itis then the ring of invariants H*(F(X,n); Q) of H*(F(X,n); Q) under the induced S,, action.
This relationship motivates the study of the cohomology groups H*(F (X, n); Q) as S, -representations, an exciting
research area of current interest.
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