The Colmez Conjecture

Bomsok Kwon

Abstract

In this note, we motivate the Colmez conjecture and give its proof for abelian CM fields. This

note is essentially a summary and an English translation of the original paper [Col93].

0.1 Colmez’s period conjecture

In [Col93], Pierre Colmez asked the question of whether periods have a product formula like algebraic
numbers too or not.
Denote the set of places of Q by P. We fix an embedding Q — Q,, for each p € P. Let K be a number

field and let X be a variety over K. By p-adic Hodge theory, there are comparison isomorphisms
Hip(X) ®k By ~ Hc}t(X?v Qp) ®q, By
where B), 1= B;{R(QTP/QP) is one of Fontaine’s period rings. Therefore, we obtain a pairing
<_’ _>p : H&R(X) X Hl(XJ((C)vz) - Bp
for each p € P and an embedding ¢ : K — Q, where we interpret By, := C. The ring B, is equipped
with the p-adic norm. Let w € Hig(X) be given. Choose u, € Hy(X°(C),Z) for each 0 : K — Q. We
may ask if the product

H H |<w0’u0>p‘27

pEP G‘ZK*}@
is well-defined and equal to 1.

There are several obvious problems to this naive question. Firstly, the norm |(w?, us),|, depends on
the choice of the embedding Q — @p that we started with. Secondly, the term (w?,u,), depends on
the choices of u,. Lastly, the product diverges in general. Nonetheless, each of these difficulties have a

workaround.

e When X is a CM abelian variety, it turns out that [(w’, us),|, does not depend on the choice of the
embedding Q — @p.

e To address the third difficulty, we investigate the case when X = G,,. Set w := df € Hiz(G,,). We
also set u € Hy(G,,(C),Z) to be the generator that rotates around the origin once counterclockwise.
We define t, :== (w,u), € B,. Then, the (log of the) product we are interested is given by

log p
Zlog|tp|p =log 27 — Z P

pEP p<oo

which diverges. Nonetheless, we can formally interpret the sum as ’(1)/¢{(1). Now, it is possible
to regularize and assign a meaningful value. That is, we can use the constant term of the Laurent
expansion at s = 1 to assign a meaningful value to the sum. However, Colmez chose an alternative
but equivalent method of using the functional equation to transform the sum into a special value at

s = 0. This makes the presentation of the formula cleaner.

Definition 1. We define Q-vector spaces

C := {locally constant functions Gg — Q},



C° :={a € C | a constant on each conjugacy class},
CM .= {a € C | a factors through Gal(Q®™/Q) and a(g) + a(cg) constant},
COMO =M.
Here, ¢ € Gg denotes the complex conjugate.

Note that C° has a Q-basis consisting of all Artin characters. Similarly, C°™:? has a Q-basis consisting
of all Artin characters x of CM fields satisfying L(,0) # 0. We define Q-linear maps pa,¢(—) and
Z(—,s) on C° by

part(x) ==1log fy,  Z(x,s) = L'(x,s)/L(x, s)

for Artin characters x, where f, is the Artin conductor of .

Definition 2. We define Q-vector spaces

Cp := {locally constant functions G, — Q},
CS :={a € C, | a constant on each conjugacy class}.

We have the restriction map C° — Cg. We obtain decompositions

par(=) = Y parep(—)logp, Z(=,8) ==Y Z,(—,s)logp.

p<oo p<oo
Definition 3. For a € C°MY, we assign a value to the divergent series

Z Zp(a,1)logp := Z(a™,0) + part(a),

p<oo

CCM,O

where a* € is an element defined by a*(g) := a(g~'). We also assign a value to a divergent

series if the series differs from 3 _  Z,(a,1)logp at only finitely many terms.

Based on this convention, we conclude that

1
log 27 — Z og]; = log 2w — Z Zp(1,1)logp = log2m —
p

p<oo p<oo
In this sense, the period 27 has a product formula.

e We come back to the second difficulty. Let X be a CM abelian variety over a number field K that has
a CM by Op. Then, there is a decomposition Hig(X) = @5 gH;(X) that satisfies a*w = 7(a)w
for all @ € E and w € HX(X). Let w, € H:(X) be given for each 7 : E — Q. Choose u, for each o

such that u.;, = city.

¢'(0)

o) ="

Definition 4. We define

y 1/2
iy = (Whu) )
p < o ug)

CcT?

where t, € B, is the element obtained from the pairing for G,,.

It turns out that (w7, wZ,, us)a/(WT, us)2 is an element of K* that is independent of p € P. Further-

more, (w7, w7, Us)p - (W, WS, Ueo)p 1S independent of the choices of u,.

Based on these observations, Colmez conjectured a product formula for CM periods.

Conjecture 5 (Colmez). Let X be a CM abelian variety over a number field K. Then,

IT T Mef wluodply =1,

PEP 5: K—Q
where the divergent product is assigned a value using the convention that we introduced.



0.2 The statement of the Colmez conjecture

Let us now reformulate the period conjecture using a more down-to-earth language. Let E be a CM
field of degree 2d and ® let be a CM type of E. Let X be a CM abelian variety over a number field K
whose CM type is (E, D).

Theorem 6. The quantity

Z Z 10g| 7-’ c7'7 >|P

p€7’ :K—Q
is indenepdent of X, K, w;, u,.

Definition 7. Let X' be a model of X7 over O~ with good reduction. Set HYX):= Hiz (X)NHL(X).

Pick an Og--module generator wy of H(X) (resp. H(X,04)). We define the p-adic valuation on
Hip (X9) (resp. H(X7,9%.)) by vp(awg) := vp(a) for a € Q.

Definition 8. (1) For 7: E — Q, we define ag , € C°M by

1 if g7 € P,
ape,r(9) =
0 ifgré¢ .

Then, we define ap € C°M by

QE,® ‘= E QE,®,r-

TED
(2) For 7: E — Q, we define a%, 4 . € CM0 by

1
0 — §
aE,@,T(g) = [E’ : E] AgE,g®,97)
geGal(E'/E)

where E’ is the Galois closure of F, while gF, g®, g7 are understood as post-compositions by a lift
of g in Gg. Then, we define ag € CM0 by
a0E,<I> = Z a0E,<I>,T'
red
Theorem 9. Let u be an O ® Zy-module generator of the Tate module 7, X.
(1) vp((w?,u)) = vp(w?) + Zp(ap,e,r 1) — parep(ap.er)
(@) 0 Ares ) = Trea p(w?) = barplton.oo) + 1o,(Dp).

Corollary 10. The quantity

MED.) = o S <1og|< mu>oo|oo;Z@p(w:)vp(w;))logp)

0:K—Q p<oo
is independent of X, K, w;, u,.

Proof. By @(1), this quantity is equal to

1 (e
(K : Q] D D loglwf wltelply + X (Zp(ahar 1) = parp(abe.r) logp

PEP 5: K—Q p<oo
is independent of X, K, wT7 ugs. Then by the convention, this evaluates to

Z Z lOgI CT7uU>00|OO+Z((a%7<I>,T)*7O)

p€7’ o:K—Q
which is independent of X, K, w;, u, by [6} O
Theorem 11. There is a unique Q-linear map h : CM? — R that satisfies h(a% 4 ;) = h(E, ®, 7).

Proof. (idea) Show that the relations among a%’q,ﬁ are satisfied by h(E, ®,7) as well. O



Based on the computation done in the proof of we arrive at the standard formulation of the

Colmez conjecture.

Conjecture 12 (Colmez). h(a) = Z(a*,0) holds for all a € CM0.

0.3 Relation to Faltings heights

Definition 13. The Fultings height of an abelian variety X over K is defined by

/ w? Aw? —1—2 Z vp(w?) log p
X7 (C)

P<X 5: K—Q
for any 0 # w € H°(X,Q%). This definition is independent of a choice of w by the product formula.

1 1
hpa(X) := K:qQ |\ 2 .;@log

Proposition 14. Suppose that X has CM and has a good reduction everywhere. Then,

hea(X) = = > W(E, ®,7) uArt<a% a)
T€d

depends only on its CM type (E, ®).

Proof. (idea) We use w = /\, .4 w- in the definition of hpa(X). For each o : K — Q, take a fractional
ideal a, < F such that H,(X?(C),Z) = a,u,. We have

/ w? Aw
X7(C)

Z (Z IOg |<w7'7u0'>|oo + ;lOgNa(j)

1
— log

1 1
5 :Zlog|(w7,ug>|oo+§logNaU+Zlog|DE\oo.

Ted

One can show that

UG@ TED
o ag 1
DM (CTEIENNES N a
c:K—QTEP p<oo
On the other hand, we have
- - 1 1
Up(w) = Z vp(w7) — §.UArt,p(aoE,ofb) + ZUP(DE)
TED
by @(2) Combining these, we obtain
1
har (X) Z Z (10g| Wy Uo) oo |oo — ) Z (vp(w?) — vp(ng))logp>
7-€<I> o K—Q p<oo
1 o 1
-3 Z partp(ap,g)logp + 1 —log|DEle + Z vp(DEg)logp
p<oo p< oo

==Y WE®T)- uArt(a%q))
T€D

Based on we obtain yet another reformulation of the conjecture.

Conjecture 15. Let X be a CM abelian variety that has a good reduction everywhere. Let (E, ®) be

its CM type. Then,

1

5 HArt (a%,cb)'

hpa(X) = *Z((CLQE,@)*,O) 3



0.4 Colmez’s proof for abelian CM fields

Definition 16. We define the Q-vector space
C* := {a € C®™ | a factors through Gal(Q**/Q)} € cM0,

Note that C?P has a Q-basis consisting of all odd Dirichlet characters.

In this subsection, we present Colmez’s proof that h(a) and Z(a*,0) can ounly differ by a rational
multiple of log 2 when a € C?°. The indeterminacy at the prime 2 was later removed by Andrew Obus,
hence fully resolving the case for abelian CM fields.

We identify

Q/Z = pieo

2mir

e
so that Gg acts on Q/Z. For r € Q/Z, we denote its lift in QN [0,1) by (r). We also define an element
a, € C? by a,(g) := (gr) — %
Write 7 = § with 0 < ¢ < d and (c,d) = 1. Then, a, factors through Gal(Q(uq)/Q) ~ (Z/d)*, so a,

admits a decomposition into Dirichlet characters.

Proposition 17. For r # 0, we have

Ay = Z Cx X

XE(Z/d)*
x odd

where

Proof. We have

We need a fact about Dirichlet L-functions. We can write

d—1
L(X,S):Zx(j) > o

=0 n>1

n=j (d)
T Y (n + fi) B
=0 n>0
S ().
ge(Z/d)*

where ((z, s) is the Hurwitz zeta function. The Laurent expansion of {(z,s) at s = 0 is given by
1 F(I)> 2
z,s)=|=-—x )+ (1o s+ O(s?).
o) = (5 —a) + (lox S22 ) s+ 0

o= Y @ (3-(5),

z€(Z/d)*
Note that L(x,0) =0 when x is even. This concludes the proof. O

Therefore, we obtain



Corollary 18. C?" is spanned by a, for r € Q/Z subject to the relations
ar+a_,. =0 for r #0,

m—1
Z]‘:() Qr4j/m = Qmer-
Proof. This follows from [17] and the character orthogonality.

We now compute

* Ll
Z(ar,0) = Z cxf(Xprimvo)'

x mod d
x odd
Using
L(Xa 3) = L(Xprimv 5) H(]- - Xprim(p)pis)v
pld
we have
1 _ Xprim (p)p~ " log p
Za:a():*i XlCLX7 L
(@,0) ©(d) XH%:M (L Z xpnm(p)p‘s 520
x odd
1 L(x; s)
= TN Z L/ Xa ZX Xprlm p)—7, log p
pld) =, o 1= Xprim (P)P ™ |50
x odd
For each prime p | d, there is a bijection
odd Dirichlet characters x = odd Dirichlet characters
mod d such that Yprim(p) # 0 mod d,) := d/pvr(D
X X(p)-
When Xprim(p) = 0, the term in the inner sum vanishes. When Xprim (p) # 0, we have
L(x,s)
— = = L(X(»), 9)-
1= Xprim(P)p™* - <)
Hence,
Z(a;,0) Z XL (G0=> > x (p)L(x.0)logp.
Xmodd pld x moddy)
x odd x odd
Using the Hurwizt zeta function again, we obtain a formula
T'((z/d)) 1 T
ix.00= Y x(@ (log ~(5-(5) ) 108d) .
v€(Z)d)> V2 2\
Therefore,
T((z/d)) 1 T
Za0=-—n X%« (1og_ LY logd
Xmoddme(Z/d 2m 2 <d>
x odd

% > X > X Hox)x(@) <; - <x>) log p.

d
pld xmod dgy) 2€(Z/d(y))* )
x odd

For x € (Z/d)*, we have

d
> wa) = 2D, 6.
x mod d
x odd

This yields

Z(a*,0) = —% <<1og F\(/Cgl) - (; - 2) logd> - <1ogr(1\}2;/d) - (—; + 2) logd)>




1 @(dp) ((1 %)) ( L cp ))
+ = S COR I (RIS
2 2 ©(d) 2 dy 2 dy)

where

F(l —c¢/d) (C 1) 1 C(p) 1
F(r)y:=log———~—(=-—=]logd— Y ———— | —=—*—=|logp
V2T d 2 pz|; o(pvr(d) dpy 2

B 0 (1) b ()

pld
Here, c(,) € Z is the unique integer such that 0 < ¢,y < d(p) and pc(,y = ¢ (d(y))-

Proposition 19. For r £ 0, we have
F(r) - F(=r)

Z(ay,0) = 5 ,

T
where

vp(r) := min((r),0) € Z<o,

T(p) 1= p_”P(r)r € L/ Z,

1 *
=1 % (i),

Vp(r) :=vp(r)ar(l) + = 1)p T

F(r) :=log F(l\/}:ﬂ» + Z Vp (1) log p.

p<oo

We next study h on C* by investigating Fermat curves.

Definition 20. Let m > 3. The degree m Fermat curve is a projective curve over Q defined as the
projective closure of
Fop:xm+ym=1

which is smooth of genus (m — 1)(m — 2)/2. We denote its Jacobian by J,,.

We state some facts about F,, and J,,. Identify Hlig(F,,) with Hiz(J,) and Hy(F,(C),Z) with
H1(Jm(C),Z). There is an obvious action u2, ~ (F1)g: and we obtain a map Z[p2,] — End(H1(J,,(C),Z)).
Let A,, denote the quotient of Z[u2,] by the kernel of this map. Then, J,, has CM by 4, ® Q. More-
over, Hy(J,(C),Z) is a free rank 1 A,,-module generated by the Pochhammer contour P,,. In order to
produce factors of J,,, we consider the index set
I:={(r,s,t)€(Q/Z)*|r+s+t=0andrs,t+#0}
For ¢ € I, we set dg > 0 to be the smallest integer such that d,r,dys,d,t = 0. For m > 0 such that
dq | m, we set
Wing o= m{r + )T HEHO=Tgm(r),m(s) %d (%) e Hip(Jn)
It turns out that wy, q is an A,,-eigenvector. In particular, we can produce an abelian variety
Jg = Jmq = Jm/anna, (Wm.q)JIm
that has CM by Og,,,,) and turns out to be independent of m. We set Py = Py, 4 € H1(J4(C),Z) to be the
pushforward of P, in .J,, , which is also independent of m. On the other hand, for ¢" € Orbg,(q), Wim,q

is the pullback of some w, € Hjy(J;(C)) that is independent of m. Now, wg is an Og(,,)-eigenvector



associated with some embedding 74 : Og,,) — Q. The CM type ®, of J, is completely described by
Ty €D, & (M)+()+{)=1,
T €0 & () + () () =2,
where ¢/ = (17, s',t’). In particular,
1
AQ(ua),®qry = 5 — (@r + s+ ar).

2
We define an element b, € C?b by by = a, + as + a;.

Proposition 21. C?" is spanned by 1 and by for g € 1.

Proof. Let V < C*" denote the subspace spanned by b, for ¢ € I. If suffices to show that every a, for
0#recQ/Zisin V. Write r = § with d > 3 and 0 < ¢ < d. For each 1 < j <d — 2, we have
a1/a + @j/a = A(j41)/d = A1/d T Aj/d + a1 (j+1)/a € V-
Adding successive terms, we obtain for 2 < j <d—1
Jaijga—ajq €V.
When j =d — 1, this yields
daysq = (d—1)a1/q — a@-1y7a €V,
hence a4 € V. This forces a, = a./q €V. O

We now compute

(by) = 5h(1) ~ h(Qua), 24,7
)5 3 (len) = vyl o

p<oo

(wq, Py)
(w—q, Py)
1

+ 5 Z (vp(wq) — vp(w—q)) log p.

p<oo

—112 112—1—1
—20g7r 5 og 2m + log

— __ log ‘ <Wq7 P‘I>
2 (w-q: Py)

The integral pairing over C was computed by Rohrlich. It is given by
(w0, P} oo = (27i)?
o faloe = D (=sNI((—0)°
Combining this with [I9] we obtain

(wq, Py)oo
(w-q: Pg)oo

= eXp(—ZZ(bZ,O)) H pr(q)—Vp(—Q)7
p<oo
hence

. 1
h(bg) = Z(bg,0) + ) Z (vp(wq) = Vp(@) — vp(w—q) + Vp(—4q)) log p.
One can show that

vp(we) + vp(w—q) = Vp(q) + Vi(—q),

hence

h(bg) = Z(0,0) + Y _ (vp(wg) — V() log p.

p<o0

Proposition 22. There is a unique Q-linear map w, : C?* — Q that satisfies wy,(by) = v,(w,) — Vp(q)-
Proof. This follows from the linear independency of log p over Q. O

The Colmez conjecture for abelian CM fields would be proved if we can show w, = 0 for all primes p.



Let Gg act Q-linearly on C* by (ga)(h) := a(hg). This action factors through Gal(Q*/Q) = Z*.

Now, Z, sits inside Z* as a subgroup. Consider the filtration of Z;
X 3 —
G;n) _ Ly ifn=0,
L+p"Z, HZ;.

Definition 23. We define C2P

oy < C? to be Q-subspace fixed by Gj(gn).

Lemma 24. w,(a) = 0 for all primes p and a € Ca];).

Proof. It suffices to show wy(by) = 0 for all ¢ = (r, s,t) € I such that v,(r) = vp(s) = v,(t) = 0. In this
case, we have V,(¢) = 0 by definition. We also have v,(w,) = 0 since J, has a good reduction at p and
wg for ¢’ € Orbg, () form a Z,-basis for Hig (Jq). O

We quote a lemma by Coleman (or rather its consequence).

Lemma 25. (1) If p > 3, then w,(ga,) = wy(a,) for all g € G,(,l) and r € Q/Z.
(2) wa(ga,) —wa(a,) = wa(gas) — wa(as) for all g € Gél) and r, s € Q/Z that satisfies vo(r — s) = 0.

Proposition 26. w, = 0 for all primes p > 3.

Proof. Let a € C*®. Then,

Y meay

geStab_(1) (a)\GLV
P

so we have
Z wp(ga) =0
gEStabGél)(a)\G;U
by However, wy(ga) = wy(a), so this forces wy(a) = 0. O

Colmez verified that ws = 0 on CE*lbﬁ) which reduces to a finite check for by/4,1/4,1/2 and by /g 3/8,1/2-

Obus later proved that wy = 0 on all of C*" as well.
Theorem 27. The Colmez conjecture is true for abelian CM fields.

Remark 28. When F is an imaginary quadratic field, the Colmez conjecture reduces to the Chowla—
Selberg formula.
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