Borcherds lifts

Bomsok Kwon

Abstract
In this note, we illustrate the theory of Borcherds lifts. We will follow the presentation of [Bru02].
Let (L,q) be an even lattice of signature (2,¢) and set V := L @ R. Let O°(V) denote the identity
component of O(V) and set I'(L) := O(L) N O°(V). When L is unimodular, Borcherds constructed a

map

weakly holomorphic meromorphic modular forms for
modular forms for — I'(L) of some weight and
SL2(Z) of weight 1 — g some multiplier system
More generally, when L is not necessarily unimodular, the Borcherds lift is a map
C[L'/L)-valued weakly holomorphic meromorphic modular forms for
modular forms for — I'(L) of some weight and ,
Mpy(Z) of weight 1 — % some multiplier system

where L’ is the dual lattice of L, Mpy(Z) is the metaplectic group, and C[L’/L] is given the Weil repre-
sentation of Mpy(Z). Here, weak holomorphicity means that the function is holomorphic on $) but can
be meromorphic at the cusps. We will construct the Borcherds lift using the regularized theta lifts of

Poincaré series.

Let f be a C[L’/L]-valued weakly holomorphic modular form for Mp,(Z) of weight 1 —¢/2. We have
the Fourier expansion of f at the cusp oo
fry= > > drnmem .
YEL'/L n€Z+q(v)
Then, the weight of the Borcherds lift U; of f is given by ¢(0,0)/2. Furthermore, the divisor of ¥ is

determined by the principal part of f by

div(Uy) = e(v,n)H(y,n),
n<o

where H(v,n) C $,/T'(L) is the Heegner divisor of discriminant (y,n). This is useful as it allows us to

construct many relations among Heegner divisors.

1 The metaplectic group and the Weil representation

Definition 1. The metaplectic group is a double cover of SLa(R) defined by
Mpy(R) := {(M,$) | M € SLy(R) and ¢ : $§ — C holomorphic such that ¢(7)* = c7 4 d}
whose operation is given by (M, ¢1) - (Ma, ¢p2) := (M1 Ms, (¢1 0 Ma)p2). We also define the subgroup
Mpy(Z) = {(M,¢) € Mp,y(R) | M € SLy(Z)}.
Remark 2. (1) The action of SLa(R) on $ lifts to an action of Mp,(R) on $.
(2) There is a continuous set-theoretic splitting

SLa(R) — Mp,(R)



o< ()

using the principal branch of square root.
(3) Mp,(Z) is generated by

—_~— P

=) o= )

subject to the relations S® = 1, S? = (ST)3, S?T = T'S?. The center of Mp,(Z) has order 4 and is

generated by
-1 0
Z:=5%= .
0 -1

Let (L, q) be an even lattice of signature (b™,b7). Here, evenness means that the quadratic form ¢

takes values in Z. Then, V := L ® R has an inner product defined by
(v, w) = g(v +w) — g(v) = g(w)
that satisfies (v, w) € Z and (v,v) = 2¢q(v) € 2Z for all v,w € L.
Consider the C-vector space C[L’/L] with basis vectors [y] for v € L'/L. We endow C[L’/L] with

the standard Hermitian inner product
(% wil ¥ b} $
~yeL'/L yeL'/L yeL'/L

Definition 3. The Weil representation attached to L is a unitary representation py, : Mpy(Z) ~ C[L' /L]
defined by

pr(T)}] =€y, pr(S)] = \/ﬁﬂb_w Y OV
sevyel!/L

Let p} denote the dual representation of py,.

Definition 4. Let k € 1Z. The slash operators of weight k act on a function f : § — C[L'/L] by
(fle(M,9))(7) := ¢(1)"*" pr.(M, ¢) " f (M),
(fIR M, 0))(7) 1= (1) "> p (M, 6) " f(MT).

Suppose that f : $§ — C[L’/L] is a meromorphic function that satisfies f|p(M,¢) = f for all (M, ¢) €
Mpy(Z). Write f = ZveL,/L f+[7]. Then, f|xT = f gives 6727”(1(7)]0’\,(7' +1) = f,(7), so 6’2”‘1(“’)7]”7(7)
is 1-periodic. We obtain a Fourier expansion of f at the cusp oo
foy=Y Y enm)e™ .
yEL'/L n€Z+q(7)
Similarly, if f :  — C[L’/L] is a holomorphic function that satisfies f|5(M,$) = f for all (M, ¢) €

Mpy(Z), then we obtain a Fourier expansion of f at oo

o= > drmemhl.

vEL'/L n€Z—q(v)
Definition 5. (1) A C[L'/L]-valued modular form for Mpy(Z) of weight s is a holomorphic function
f:$ — C[L'/L] with the following properties.

(i) fIR(M, @) = f for all (M, ¢) € Mpy(Z).
(ii) e(y,n) =0forall y € L'/L and n € Z — q(vy) with n < 0.



It is a cusp form if ¢(y,n) = 0 for all 4y and n = 0 as well. We denote the finite-dimensional C-vector
space of modular forms (resp. cusp forms) by My . (resp. Sr.).
(2) A C[L'/L]-valued weakly modular form for Mpy(Z) of weight k is a holomorphic function f : $ —
C[L'/L] with the following properties.
(i) fle(M,6) = f for all (M, ¢) € Mp,(Z),
(ii) ¢(vy,n) =0 for almost all v € L' /L and n € Z + ¢(y) with n < 0.

We denote the C-vector space of weakly holomorphic modular forms by M'L ko

From now on, we will only consider the case when b~ —b" =¢—2, k =1+ g, k=1-— % where £ > 3
is a fixed integer. Most of the following discussion can be generalized to ¢ = 2 as well (which is necessary

in order to apply the theory to Hilbert modular surfaces), but it involves more technicalities.

2 Poincaré series

In this subsection, we introduce Poincaré series and show that they span S.
Suppose b~ —bT =/¢—2 and k = 1+§ with £ > 3. Fix 8 € L'/L and m € Z — q(3) with m > 0. We
have

2mimT [[* T = 2mia(B) 2rim(T+1)[g] = (2mimT[g].
On the other hand, we have
e2mimt B Z = i—znib*—lfr eQﬁimT[_B] _ eZﬂimT[_ﬁ]’
hence
e2mimT[3]|* 72 = 2mimT(g].

In other words, e2™™7[3] is invariant under |*7T and % Z2.

Definition 6. The Poincaré series of index (8, m) is defined by
P§ (1) = > X [B][ (M, ).
(M,$)€(T, Z2)\Mpy(Z)
Let us compute the Fourier expansion of Pg,. Write
Pom(m) = > Y. ppm(r,m)e™ ).

yEL' /L n€Z~q(y)

We have

1
pon(rn) = [l Ponlr)e i da
1 . —_ .
Z <b/]’ eQﬂ'LmT[ﬁ]|:M> 6_27”an$

ae((§ H)sta@

/0 <[,y]’e2m‘m7-[ﬂ]> e—27rim—dx +A <[’Y],€2mmT[—B]> e_zm'm-dx

—_—

+ ) / 1 (BLemmal{2h) ) e e

(25)e((d st
c#0

= (5ﬁ,7 + (Lﬁw)ém,n

(25)e((§ Dhst@/((§1)) <
c#0



SGIREERAED DD DR B (S e AP e

c#0 de(Z/c)*

> —2k ey , at +b
= (08,y +0-8,5)0mn + Z Z /_Do vVer +d p/@77( ¢ Z) exp (2772 (mm_ Td m’)) dx,

c#0 de(Z/c)*
where we define pg (M, ¢) := ([v], pr (M, $)[5]). Taking care of the branch cut, the inner sum can be

rewritten as

oo —_~—
Z / \/mf%pgﬁ(‘; b) exp (27Ti (m Z:is - m-)) dx
—0o0

de(Z/c)*

= sgn(c)"|c|™" Z ps(25) / (r+ %)ﬂi exp (2772' (% - Eetdo ~ m’)) dz

de(Z/c)* -

= sgn(c)"|e| ™" Z exp (2mjmatnd) pgﬁé\g/)/ " exp (2mi (B — n7)) da

de(z/c)* -
— oo = (7O Y exp (2mizetnd) p (00
de(Z/c)*
1 a—+oo
X (2m /Oéiioo z7" exp (271' (—% + nz)) dz)

a+oo
=27|c|* " H* (B, m,v,n;c) (1/ z R exp (277 (—% + nz)) dz) ,

211 —ioo

where H* is the generalized Kloosterman sum. The integral is independent of the constant o« > 0. If
n < 0, letting & — 0 shows that the integral is 0. If n > 0, one can compute the inverse Laplace

transform to evaluate
1 a—+oo

g | e (en () d =

2mi a—100

m

02n> (x=1)/2 <47T\/mn)
Jﬁ*l )
c
where J, is the Bessel J-function.
Theorem 7. The Fourier coefficients of Pg,, are

lel

(5/3,’7 + 5_5,7)5m,n + 27 (%)<n71)/2 chéo H* (/Ba m, 7,1, C)Jﬁ—l (w) if n > 07
pgvm(")/,n) =
0 if n <0.

Corollary 8. Pg, € Sk.

Next, we show that Pg,, span S,. We introduce the Petersson inner product on S,; defined by

. dxdy
(F.9) = [ (g =5,
F Y
where F is a fundamental domain for SLa(Z)\$).

Proposition 9. Let f € S, with Fourier coefficients ¢(vy,n). Then,

(Pgms [) = ch’m)'
Proof. We have
(Pg,m: f) :/F<pﬁym(7),f(7>>yﬁdzgly -
mimT [ g% _do
:(M,¢>e<TZZ:2>\Mp2(Z)/f<62 [BI1%(M, ¢), f(T))y yQy
=2 /F <62”’"T[m|:<M,¢>,f<T)|;>ynd% (o fes)

(M,¢)



. dxdy

= > | (pp(M, )T T MTIB], o (M, ) (M) S(MT)" =

(M) 7T Y
; dxd
= 30 [ parm)sun gl (g witay)
(M,¢)
; dxd
=2 [ (@=m(g), oy S

=2 [T ([ e ) engay

=2 / c(B,m)e” TR =2 dy
0

= Mc(@m)_

(drm)r—1

Here, G means a fundamental domain for (({ 1)) \9. O
Corollary 10. S, is spanned by all Pg .

Proof. The dual space S} is spanned by the linear functionals ag ., € S for 5 € L' /L and m € Z—¢q(8)
with m > 0 that maps f € S,; to its Fourier coefficient of degree (5, m). O

3 Eisenstein series
Fix g € L'/L such that ¢(8) € Z and set m = 0.

Definition 11. The Eisenstein series of index (3 is defined by
Eg(r):= > [B]]% (M, §).

(M,$)€(T,Z2)\Mp,(Z)
The computation of the Fourier expansion of Ej3 is almost the same as that of Poincaré series. The

only difference is the evaluation of the inverse Laplace transform.

Theorem 12. The Fourier coefficients of Eg are

%Z#O\CP_”H*(@O,%WC) if n >0,
pam(V:m) = Q05+ -5 if n=0,
0 ifn <0.
Corollary 13. (1) Eg € M, but Eg ¢ M,.
(2) Let B denote the orbit space of {£1}\{8 € L'/L | ¢(8) € Z}. Then,

M, =S8, @span{Es | B € B}.

4 Non-holomorphic Poincaré series

In this subsection, we introduce non-holomorphic Poincaré series, whose linear combinations can
express any weakly holomorphic modular form. These Poincaré series will also be inputs of the regularized
theta lifting.

Suppose b~ — bt =£—2and k=1— £ with ¢ > 3. Fix 8 € L'/L and m € Z + q(B) with m < 0.

Definition 14. The hyperbolic Laplacian of weight k is

9? 02 0 0
N T ; 4
Ay = —y (8x2+8y2>+lky<8m+8y>'



For simplicity, we define

Denote the Whittaker M-function (resp. W-function) by M, (resp. W,)

functions
M, (y) = y_k/ngk/z,sq/z(y) for y >0,
Waly) = ly| "W g2 5-1/2(ly]) for y # 0.
Then, M (4n|m|y)e?™™*[3] is an eigenfunction of Ay of eigenvalue s(1 —s) — % (1 — ). We also have
(dn|mly)e”™ (BT = e~ 2M4E M (drrfm]y)e>™ D [B] = M (4 |mly)e* ™ 5]
while
2 M, ()2 B] = M, (dmfmy)e2 e [,

M (4r|mly)e*™ ™ [B)[; Z =

so that
M, (dz|mly)e*™ ™ B)[L 2 = M. (4|mly)e*™ ™ [5].
Definition 15. The non-holomorphic Poincaré series of index (8, m) is defined for R(s) > 1 by

1 L *
Fim(7) = T(2s) > M (dr|mly)e*™ ™ [B][5 (M, ¢).
(M,)e(T,2%)\Mp,(Z)

Let us compute the Fourier-Whittaker expansion of Fg ,,. Write

Fﬁm Z Z aﬁm Y,n,s y) Zﬂ-m’xb/]

YEL'/L n€Z+q(7)

We have
1 ! —2minx
aB,m(’Y,n7S7y> = @/{; <[V],Fﬁ7m(7'>>€ 2 dx
1
= m(éﬂﬂ + 57ﬁ,7)5m,nMs(4ﬂ_|m|y)

FErD N DN G e P

c;éO de(Z/c)*
b b
X M <47r|m|% <a7’ + >> exp <2m' <m§R <a7’ + ) — nm)) dx.
ct+d ct+d

The inner sum is

Z / \/ﬁ Pw(‘éZ)M (47r|m|\y<

aT-‘rb)) exp (27ri (m% (i:is) - nx)) dx

dez/e)x ’~
_ — [ -k T|m - [ ma m(x c
—sen(@ 1™ paleh) [ (D) M (i) exp (2 (22 - B — o)) do
de(Z)c)x -
-k|C|1—k Z-—Sgn(c)k‘d—l Z exp (27mma+nd)p%5(zg)

de(z/¢)
Iy) exp (271'2 (— — C;TTmP — nw)) dm)

> —k [ Ar|mly —k/2
X T ( 2P ) M /2,512 (W
— 00

= i* (4x|mly)~*?|c|H (B, m,v,n; )
' ”‘y) exp (27rz (ma . nx)) dx) :

X (/ (- )_k/2 M_yy2,5-1/2 (4;\7T|2

— 00

ksl



where H is the generalized Kloosterman sum. Using Hejhal’s evaluation of the integral, we obtain

2n|n/m| "~ D72 Zc;éo H(B,m,~v,n;c)lzs-1 (47” mn) Wi (4mny) if n >0,

T(s—k/2) Ic]
417k/27rl+57k/2 m s—k/2 o ) e .
(23—1)F(s+k/2)l‘“(s|—k/2) chﬁo |C|1 > H(B,m,,0; C)yl k/2 ifn=0,
35 (087 + 0-.7)0m 0 M (47|mly)

7|n/m|(F—1)/2 T/ mn .
+% S0 H(Bym,y,m5¢) 251 (4 L ) Ws(4mny) if n <0,

where J,, (resp. I,) is the Bessel J-function (resp. I-function).

aﬁ,m(’)’a n,s, y) =

Theorem 16. The Fourier-Whittaker expansion of Fj ,, is

Fyom(r,5) = @Msmﬂmw)e%im([m +[-8))

* Z Z gﬂv"n (% n, S)Ws (47Tny)€2ﬂ'inx [’Y]

yEL'/L n€Z+q(7)

n#0
+ > bam(n0,8)y' 2],
~eL'/L
q(v)EZ
where
m|in/m (k—=1)/2 w/mn .
%Zcio (B,m,y,n;¢)las—1 (4 () ifn >0,
~ L=k /2 1=k /2 10— F/2 .
bg.m (7, m,8) i= ?29 1)F(s+k/2)l‘“(s 775 2 e0 le|*=2sH(B,m,v,0;c) ifn=0,
wln/m|k—1/2 w/mn .
% Zc;ﬁO (ﬁvmv’yvn; C)J2571 (4 () ifn<0.
Using the fact that
F(1+k/2—5s) I(1+k/2—s)(2s—1)
(| D Ws(y) - M175(|y|)7

(1 —2s)
we can slightly reformulate the theorem.

[(1—2s)T(s+k/2)

Corollary 17.

IF'(1+k/2—5s) -
F m , — s 4 TimT _
50(7.5) = T g e gy i rIml)e ™ (3] + [5)
D D bam(nms)Wi(dmny)e T
yEL'/L n€Z+q(v)
n#0
+ ) bgm(,0,8)y T2,
yeL'/L
q(V)€Z
where
Fl;g’m('y,n, s) ifn >0,
bﬁ,m(’%”a 3) = P(14k/2—s) ~ )
m(éﬂﬁ + (5_677)(57717” =+ b[@)»m('}/7 n, S) lf n < 0
In the special case of s =1 — £ When F3 ., is harmonic, we obtain the following expansion.
Corollary 18.
}71[37m(7_7 1— g) _ e27rim7([ Z Z bﬁ m ,y’ 271'm7[ ]

'YGL//L n€Z+q(7)
n>0
+ Z Z bﬁﬂn (’Ya n)Wl—k/Q (4ﬂ-ny)627rina: [7]’
YEL'/L n€Z+q(7y)
n<0
where

)

bﬂym(%n) = bﬁ,m(’%”a 1- 2



2 |%‘(k_l)/2 ZC;AO H(B,m,~,n;c) 1 (MW) if n >0,

27)2=k | 1=k _as .
%Zc¢0|c|l 2 H(57m5770;c) lf’rl,:O,

ﬁ((gﬁ v+ o B, v)‘sm,n
’(k /2 > ezo H(Bym,y,mi¢) iy, (4“'7 Vc‘mn) if n<0.
The first two terms in the expansion are holomorphic while the last term is anti-holomorphic.

F(l k) Im

While Fg p,(—, 1 — %) itself is not holomorphic, any f € ./\/lI,C can be expressed as a linear comination
of Fg,m(—, 1-— g)

Proposition 19. Let f € M} with Fourier coefficients c(7,n). Then,

> c(&m)Fﬁ,m(r,l—g).

BEL’'/L meZ+q(B)
m<0

Proof. Let g(7) denote the difference between the left-hand side and the right-hand side.
L] Akg =0.

* glx(M,¢) = g for all (M, ¢) € Mpy(Z).

o f|xZ = [ gives ¢(y,n) = ¢(—~,n). Then by Corollary 3.17, g(7) — 0 as y — oc.

These conditions force g to become identically zero. O

Theorem 20. There exists f € ./\/l',c with prescribed principal part

YooY dBmeEmmg]

BeL’ /L meZ+q(B)
m<0

Z Z C(ﬁ,m)a,&—m

BeL'/L meZ+q(B)
m<0

in the dual space S}, where ag _,, € S} is the linear functional that maps g € S,; to its Fourier coefficient
of degree (3,—m).

if and only if

Proof. (=) Suppose such f € M; exists. By |19} we have

>y c(ﬂ,m)ngm(T,l—g).

BEL'/L meZ+q(B)
m<0

Applying % to both sides, the holomorphic terms in Corollary 3.17 disappear and we obtain
> elBym)bsm(v,n) =0
B8,m
for each v € L'/L and n € Z + ¢q(y) with n < 0. Now, observe that the two types of generalized

Kloosterman sums are related by H(8,m,vy,n) = —H*(y,—n, 3, —m;—c). This implies bg,(vy,n) =
D~y,—n (8, —m), hence
Zc(ﬁzm)p"/,—n(ﬁv _m) =0.

B,m
We can rewrite this as

Z c(B,m)ag,—m(Py,—y) = 0.
B,m
Since P, _, span S, by Corollary 3.7, we are done.

(<) Reverse the argument. O



5 Regularized theta lifts

Definition 21. The positive Grassmannian is the smooth manifold

Gr(L) := {v subspace of V of dimension b" | ¢ positive definite on v}.

For v € Gr(L) and = € V, we denote the orthogonal projections of x to v (resp. v') by , (resp. x,1).
Note that g(x) = q(z,) + g(x,1).

Definition 22. (1) The Siegel theta function 0, : $ x Gr(L) — C is defined by
0r(7,v) Z exp(2mi(Tq(Ay) + Tg(Ay1))).

AEL
(2) More generally, given v € L'/L and r,t € V, the Borcherds theta function 0p (—,—;r,t) : $ X

Gr(L) — C is defined by
Or~(T,057,t) == Z exp(2mi(Tq((A +t)y) + Tg(N+ ) yr) — (A +1/2,7))).
Aev+L
We denote 0y, ,(7,v;0,0) by 8z, ~(7,v).
(3) Given r,t € V, we define a function ©r, ,(—, —;7,t) : H x Gr(L) — C[L'/L] by
Or(r,v;r,t): ZGLA/T’UTt)[]
yeL'/L
We denote ©r(7,v;0,0) by Or(,v).

Using the Poisson summation formula, one can prove the transformation law of ©.

Theorem 23 (Borcherds). For (M, ¢) € Mpy(Z) with M = (%), we have

O(Mrt,v;ar + bt,cr + dt) = ¢(T)b+%b pL(M,$)O(T,v;r,t).

In particular, this implies that (O (7,v), Fgm/(7, )" /2 is Mp,(Z)-invariant. We want to study the

theta integral

dxd
/}_<®L(7'7U)7F37m(7', s)>yb+/27y7

where F is the standard fundamental domain for SLy(Z)\$). However, Fj3,, grows exponentially as

y — 00, so we need to regularize the integral accordingly to make it converge.

Definition 24. Let m € Z — q(8) with m < 0. The regularized theta integral is defined by

@Bm(v s):= lim (/ <@L(T,’U),Fﬁ7m(7',$)>d$) yb+/2_2dy.
y<u \J{z|(z,y)eF}

U—r 00

Definition 25. Let m € Z — ¢(8) with m < 0. If bT > 1, we set

H(B,m):= |J {veGr(I)|q\)=0}C Gr(L).
aym

If bt =0, we set H(8,m) =@ C Gr(L).

Theorem 26. (1) ®g,,(v,s) converges when v € Gr(L) — H(8,m) and R(s) > ¢ := maX(HT’k, 1).

(2) For a fixed v € Gr( ), ®3,m admits a meromorphic continuation to £(s) > 1 with a simple pole of

btk
residue bg (0,0, 25E%) at s = 5.

Proof. By [16] we have

/100 </01<®(T’ V), Fpm (7, 5)>d:r> S22y



1
</ (], Fp,m (7, s>>62“”(”mdx> exp(—2mq( )y + 2mg(Aos )y)y /2 2dy

rer’t qeprn N0
_ [ —omg(\ 2mq(\ bt/2-2g
> apm(1,4(7),y,5) exp(—2mg( )y + 2mq( A1 )y)y y
L aer

:bg,m(o,o,s)/ o2k,
1

2 (o)
- / S exp(—4mq(A)y + 2mmy) M, (drlmly)y® /2 2dy
I'(2s) Jy /
AEL
a(N)=m
o ~ +9_
+ D b g(N), s) exp(—2mq(Ay)y + 2mq(Ay 1 )y) W (dmg(N)y)y” /> 2dy
0#£NeL’
q(A)#0
—|—/ Z bg.m (A, 0,s) exp(—47rq()\v))yb+/2_k/2_s_1dy.
L ozxer
a(N)=0
The first term converges when f(s) > b+2_ % but can be continued meromorphically to all s with a simple
pole at s = b+2_ k of residue bs,m(0,0, b+2_ k). The remaining terms converge absolutely uniformly on
compacta when v € Gr(L) — H(8,m) and R(s) > 1. O

Definition 27. For v € Gr(L) — H(8,m), we define ®, (v) to be the constant term of the Laurent

expansion of @é’m(v, s) at s =1 — £. (Note that there is a pole here only when b = 2.)

Theorem 28. ®g,, is real analytic on Gr(L) — H(3,m). Furthermore, when b* =1 or 2, ®g ,,, has a
singularity along H (8, m) locally on U of type

_4\/57(- Z)\ES(,B,WL,U)()‘U’ AU)I/Q if b+ = 17

-2 ZAGS(ﬁ,m,U) log(Ay, Ay) if b =2,
where U C Gr(L) is an open set with compact clousre and S(8,m,U) :={A € B+ L | ¢(A\) =m and Jv €
U q(A\,) = 0} is a finite set.

Proof. Proceed as in the proof of 26] but use [I7] instead of

Ppm(v) = 2/ S exp(—dmq(A)y + 2rmy) My s (dalmly)y® 2 ~2dy
1

NI
g(A)=m

+/ 37 bpm(Aa(N), ) exp(—2mg(Ao)y + 2mq(Ay L )y) Wi o (dmg(N)y)y® />~ 2dy
1

0#£XeL’
q(N)#0

+ Z bg.m(A,0,s) exp(f47rq()\v))yb+/2*2dy + (real analytic function)

L oxxer
q(A)=0

The singularity is caused by the first term. Since My 5(y) = e¥/2 we have

2/ S exp(—4mq(A)y + 2mmy) My o (drlmly)y® /2 2dy
1

AeL’
qg(A)=m

—2[ % ew(-amgOuy’ 2y
1

AeL’!
q(N)=m

=2 Z (4rg(X — v))l_b+/2f(b+/2 — 1,4mq(\y)) + (real analytic function)
AES(B,m,U)

10



on U, where I'(a,z) := [ > e~*t2 4 is the incomplete Gamma function. The singularity type follows from

T t
the asymptotics of I'(—1/2, x) (resp. I'(0, z)) near x = 0. O
We introduce notations z2 := (z,z) and |z| := |(z,z)|*/? for z € V.

We now derive expressions for @3, when bt = 1 or 2. Fix a primitive isotropic vector z € L (i.e.
q(z) = 0 and Qz N L = Zz). Fix 2/ € L’ such that (z,2') = 1 and set K := LN 2+ N2+, which is a
lattice of signature (b* —1,b~ — 1). For x € V, denote the orthogonal projection of z to K ® R by xx.
Write (z, L) = NZ and fix ¢ € L such that (z,{) = N. One can check that L = K @ Zz & Z(, and that

there is a surjection

p:Li:={ el |(2,\) e NZ} - K’

A </\ - (Z]’VA) g)K

that maps L onto K. Applying the Poission summation formula only to the (-direction, Borcherds

reduced theta functions for L to theta functions for K.

Lemma 29 (Borcherds). We have

Or~(T,0) = 1 Z exp <2m' (_cq-—i—d|2 —d(v,7') + cdq(z’))) Ok p(y—czn) (T, w; dp, —cpr)
YN \/@ L 4iyz3 ’ p(y—cz)\T, W, ’ )
c=(v,2) (N)
where w (resp. w™) is the orthogonal complement of z, in v (resp. z,. in v*) and
L ’ Zy ZylL
p=-= +2zg 222,

Substituting this into the definition of @L’m(v, s), we obtain the following theorem.

Theorem 30. [Borcherds] If 22 < , then

1
4|m]|
1
Of (v, 8) = m¢f{m(w,s)

R INEE ) Y O S
NCANE 2 4 4

% Z bsm (%70, s) Z p2mirn/N bt /2457 /2-25—1

r€Z/N n>1
+ |\/§| Z Z eZwi()\,u)n § e2ﬂ'i(6,z')n
z
Yl 0£ eK n>1 SeLy/L
p(6)=A\+K

> ™m + o
X / agm(8,q(N),y,s)exp <_2yz2 —2mq(Aw)y + 27Tq()‘wi)y> b /EE 2y,
0

where

q)é(m%(wvs) = p(B),m

First, consider the case (b™,b7) = (1,£ —1).

Definition 31. (1) We identify Gr(L) with the hyperboloid model
Vii={vy € V] (v1,v1) =1,(2,v1) =0} = Gr(L)
V] va.

(2) A Weyl chamber of index (5, m) is a connected component of V; — H(5,m).

11



Definition 32. (1) On Vj, we define a real analytic function

oK s
55,7”(7‘}1) = %ﬂ ( ! - 2(2/71)1)) + ﬂ Z ()‘7'01)2

(z,01) (2 00) sep@ri
a(N)=m

—k
+h6<ﬂ) PO DI L ICT BV

(2, 01) 0ANEK’ SeL))/L
p(d)=A+K
—k-1 (A v1) , ) ) <2ﬂ'n|)\|>
X n exp | 2mi +(6,2") |n | Ki_ ,
2 p (2ei (g 020 ) e (275

n>1
where K, is the Bessel K-function.

(2) On Vi — H(B,m), we define a real analytic function wéym(vl) = @é,m (v1) — fﬁL’m(vl).

Using 30}, one can verify that ¥4 on {(z,v1)? < 52} is locally given by a linear combination of (z,v1),
B,m 4|m]|

(z/,v1), (A\,v1). By analyticity, §§’m is linear on each Weyl chamber that intersects {(z,v1)? < ﬁ}

By this linearity result propagates, and fé’m is linear on every Weyl chamber.

Definition 33. The Weyl vector for a Weyl chamber W is the unique vector pg (W) € V that satisfies
Vf (V1) = 8V2m(pf ,, (W), v1) on W.

Theorem 34. Consider a linear combination £(v1) = 25, c(ﬁ,m)géym. If £ is a rational function in

v1, then £ is identically zero.

Proof. (idea) Express fbé’m with respect to two different choices of a primitive isotropic vector z € L

and compare the formulas to deduce that @lz’m itself must be piecewise linear. O

Next, consider the case (b™,07) = (2,).
Definition 35. Let $); be one of the two connected components of {Z =X +iY €e K@ C | ¢(Y) > 0}.
We identify Gr(L) with the upper half space model
He — Gr(L)
7 =X +iY — RX, © RY,

where Z;, = Xp + Yy := Z — (¢(Z) + q(#'))z + 2/. In particular, we can view Gr(L) as a complex

manifold.

Definition 36. (1) On $),, we define a real analytic function

Y Y
%Mm:bgﬁ(wo—%mmmmy2

2 .y ,
+ 7 S Oy, L (6,9(N) Y nT e XY, (| MY ], mn(A, Y)),
AeK’ 6SeLy/L n>1
q(N) <0 p(§)=A+K

where

€ (o, 5) i § (0129 T (Bm) =0 (),
B8,m\V1,8) =

0 if (8,m) #0 (N).
and V), is a function defined by

VH(A) B) = / ]_—‘(/g; _ 1’ A2y)e_B2y_1/yy_3/2dy.
0

(2) On $H¢ — H(B, m), we define a real analytic function 7/’£,m(111) = @é’m (v1) — §ﬁL’m(vl).
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(3) For a Weyl chamber W and Z € $ with ¢(Y") > |m|, we define

VoW (2) = exp2ri(ppm(W).Y)) I Q= exp@ri(£(8.2) + (X, 2))))

AeEp(B)+K
(A, W)>0
q(AN)=m

[I II @-ewmri(@.)+0 2"
AeK' S€L;/L
(A, W)>0;D(6) S

q(X)=

Usmg . E and pluriharmonicity of ¢4 3,m» one can show that vl am W admits an analytic continuation to
$¢ such that

(1) ¥s,m(Z2) [Tres(sm,u) N Z1)~! is nonzero on an open set U C $); with compact closure, and

(ii) log| W5 (2)| = —1(wk . (Z) — Cs.m) on H; — H(B,m) for some constant Clg .

In particular, \IIETV: is independent of W up to multiplication by a constant of absolute value 1.

6 Borcherds lifts

Let L be an even lattice of signature (2, ¢). So far, we only know that |¥g,,(Z)|e~¢m(£)/4 is T(L)-
invariant. In this subsection, we take a weakly holomorphic modular form for Mp,(Z) and construct a

finite product in which e=¢#m(4)/4 cancel out, and therefore produce a meromorphic modular form for
I'(L).

Definition 37. (1) For g € O°(V) and Z € $)y, we define the automorphy factor j(g,2) := (z,92ZL).

(2) Fix a branch of log j(g, Z). For r € Q, we define j(g, Z)" := €"'°87(9:?), This induces a set-theoretic
function w, : O°(V) x O°(V) — S* that satisfies j(gh, Z)" = w.(g,h)j(g,hZ)"j(h, Z)".

(3) Let I' < O°(V) be a subgroup. A multiplier system for T’ of weight r is a function y : I' — St that
satisfies x(gh) = wr(g, h)x(g)x(h).

Definition 38. A meromorphic modular form for I'(L) of weight r and multiplier system x is a mero-
morphic function F on £, that satisfies F(9Z) = x(9)j(g, Z)"F(Z) for all g € T'(L).

Lemma 39. Let F be a meromorphic function on $, such that |¥(Z)|q(Y)™/? is I'(L)-invariant. Then,

F' is a meromorphic modular form for I'(L) of weight 7 and some multiplier system.

Proof. Since ¢(S(92)) = ﬁ, the hypothesis implies that ||\I:I,(QZZ)“ |7(g,Z)|7" = 1 is constant. By the
maximum modulus principle, x(g) := \I,((gz))](g, Z)~" is independent of Z. Then, F' is a meromorphic
modular form of weight r and multiplier system x. O

Definition 40. Let f € M'k with principal part

Z Z c(B,m)e*™ ™ [3].

BeL'/L meZ+q(B)
m<0

(1) A Weyl chamber for f is a connected component of Gr(K) — (gm0 H(8,m). A Weyl chamber
W can be uniquely written as (.5 ,,,).0 Wg,m Where Wy 5, is a Weyl chamber of index (p(3), m).
(2) The Weyl vector for a Weyl chamber W is defined by

1
pr(W) =3 D eBm)pp(s)m(Wam)-
c(8,m)#0
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Theorem 41 (Borcherds). We define the Borcherds lift of f € M, by

quﬁ c(B,m)/2

(1) ¥y is a meromorphic modular form for I'(L ) of weight ¢(0,0)/2 and some multiplier system.
(2) The divisor of ¥ is given by
1
div(¥y) = 5 > e(B,m)H(B,m).

,8 m
(3) ¥, admits a product expansion

Uy(2) = Cexprilpr (W), 2) [ I - exp(@ri((6,2) + (A 2))) >

NeK'  SeL(/L
(/\,W)>Op(5):>\+1(

called the Borcherds product, where C' is a constant of absolute value 1.

Proof. Consider
1
04(2) = 5 3 (6, m) ], (2)

B,m
and
1
&(2) = 5 3 clB,meh ()
B,m
_1 W (Y
- (26 (3) o sr?)

+%Z S cBmbpm(da()

Bm NeK’' 6SeLy/L
(A <0 p(8)=2+K

< 37 (6,a00)n " exp(@ri((6, #) + (A, X))m)Va_i(rnlA[V], wn(A, ¥))
n>1
As in the proof of 20} we have

> (B, m)bgm(8,q(N) =0,

B,m

Y Y
- 'Z 5ﬁm<y>logy22 (8, )b, (0,0).

The same argument shows that

hence

Z C(Bv m)gé{m(vl))
B,m
is rational in vy, so is identically zero by [34] On the other hand, by [I9} we have

fZ (8,m)bg.m(0,0) = ¢(0,0).

We conclude that
£4(Z) = —¢(0,0) log Y.
Y)e00/4 = (const)e=®(#)/4 is T'(L)-invariant. Therefore, by U is a mero-

morphic modular form for T'(L) of weight ¢(0,0)/2 and some multiplier system. The rest of the theorem

In particular, |¥;(Z)|g(Y)

is clear. O

Remark 42. (1) The theory or Borcherds lifts can be generalized to congruence subgroups.
(2) The theory of Borcherds lifts can be generalized to lattices of signature (2,2) using Hecke’s trick,

although there are more technicalities involved. One has to consider the Eisenstein series of weight
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0 in order to obtain all weakly holomorphic modular forms, and the Eisenstein series of weight 2 are
no longer holomorphic.

(3) Equip H := Z? with the quadratic form ¢((a,b)) = ab and consider the even unimodular lattice
L := H @ H. In this case, modular forms for I'(L) can be identified with modular forms on $ x £
for SLy(Z) x SLa(Z). The Heegner divisors H(m) = T(|m|) are the Hecke correspondences. In
particular, H(1) consists of the translates of the diagonal. The Borcherds lift of j — 744 € /\/167 I
yields a product expansion

J(11) — j(12) = exp(—2miTy) H H(l — exp(2mi(mTy + nry))) ),

m>1nez
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