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Abstract. In this paper we present an output-based method for estimating numerical errors
in unsteady simulations. This method applies to both variational and non-variational time
integrators, and we focus on the latter. Key to the method is the solution of a continuous-in-time
adjoint; that is, the unsteady adjoint system is derived from the semi-discrete form of the primal
using a discretization of choice that needs not be the same as the primal. This provides flexibility
in choosing the most appropriate and efficient time integration methods for the primal and
adjoint problems separately. We also present a general approach for reconstructing the solution
within a time interval, which is required for an accurate adjoint solution when using high-order
methods. We then show how the output error estimate can be separated into contributions from
spatial and temporal discretizations using a spatial down-projection of the adjoint. Finally, we
present a space-time mesh adaptation procedure that appropriately targets spatial and temporal
errors by setting equal ratios of marginal error to marginal cost of each refinement option, space
or time. We demonstrate the error estimation and adaptation method for a simple prototypical
problem: unsteady linear advection in one spatial dimension.
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1 INTRODUCTION

In an output-based setting, mesh resolution is automatically dictated by an error estimate of
an output of interest. Much work has been done in this area for steady problems with finite vol-
ume and finite element methods [[13, 2, 9,16, (15,112, 6, |17]. However, unsteady problems pose
additional challenges and computational costs, namely in the unsteady adjoint solution. Yet
output-based adaptive methods have also been explored for such problems, with various me-
chanics of adaptation, including static-mesh, dynamic-mesh, space-only, and combined space-
time [14} 1} 4} 114 3, 18, [7, 5, [10].

A variational discretization, such as a finite element method in space and time, puts output
error estimation on a sound theoretical foundation and simplifies the error calculation and local-
ization [6]. In particular, the adjoint solution, which is at the core of output-based methods, can
be solved using a discrete approach in which the adjoint equations are obtained systematically
from the primal discrete system by transposing the operator. This is the approach taken in many
previous works [14} 1}, [7, 5, [10]. While the same approach can be applied to non-variational
discretizations, it has pitfalls as the relationship between the resulting discrete adjoint coeffi-
cients and the underlying continuous adjoint solution may not be clear or simple to work with,
especially if employing approximate adjoint solvers that rely on “smoothness” of the adjoint
solution.

On the other hand, non-variational methods are ubiquitous for time integration of unsteady
problems. Multi-step and multi-stage methods dominate such simulations, due to their simplic-
ity and generally lower computational cost compared to variational methods. There is there-
fore a need to extend output-based methods to such discretizations, to increase their utility and
prevalence, and this is the topic of the present work. Some work in this area has already been
done [11} 8], with scheme-specific algorithms for computing or approximating the fine-space
discrete adjoint and linear or spline-based interpolation of solutions between time nodes. In this
work we take a step back and derive a general approach for error estimation, through a continu-
ous-in-time adjoint solution, that accommodates nearly arbitrary time integration methods, even
of high order, and fine-space choices. We also show how to separate the error into contributions
of the spatial and temporal discretization.

In the remainder of this paper we first introduce our discretization in Section [2| which is
variational in space but could be non-variational in time. In Section 3| we derive a continuous-
in-time adjoint solution and show how to use it to estimate temporal errors, and spatial errors
when also using spatial refinement. A key part of the adjoint solution and the error estimate
is a reconstruction of the primal and adjoint solution in time, for which we present a scheme-
independent approach in Section Section [3.4| outlines the space-time adaptive procedure,
and Section 4| presents results that demonstrate the methods for an advection problem.

2 DISCRETIZATION

We are interested in the simulation of phenomena governed by partial differential equations
in space and time. We write the PDE in canonical form as

ou
E + L(u) =0, (1)

where u is the state, and L(-) is the continuous spatial residual operator. We discretize this
equation in space and time separately, using a semi-discrete approach, as outlined in this section.
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2.1 Spatial

We employ a discontinuous Galerkin (DG) finite-element method in space. Denote by 7},
the set of N, elements in a non-overlapping tessellation of the domain ). In DG, the state
is approximated by polynomials of order p on each element, with no continuity constraints
imposed on the approximations on adjacent elements. Formally, for a scalar equation, we write
that u, € Vy, where V, = {u € Ly(Q) : ulg, € PP VQ, € T},}, and PP denotes polynomials
of order p on an element §).. The weak-form of (I) follows from multiplying the PDE by
test functions in the same approximation space, integrating by parts, and coupling elements
via common fluxes. Choosing a basis for the test and trial spaces yields a system of ordinary
differential equations,

R(U)zM%JrR(U) = 0, )

where M is the mass matrix, U € R¥ is the discrete state vector of basis function coefficients,
R is the discrete spatial residual vector, and R is the strong-form unsteady residual.

2.2 Temporal

We consider general marching schemes for advancing the system of ODEs in (2) in time.
We do not assume a specific form for the time discretization and only require that the method
advances the state one time step, At: from time node n to n + 1, i.e. U" — U"*!, This en-
compasses both variational time integrators, based on a weak-form in time, and non-variational
integrators such as traditional multi-step and multi-stage methods. In this work we show results
for a DG-in-time variational discretization [7]] (DG1 and DG?2), standard backwards-difference
multi-step methods (BDF1 and BDF2), and diagonally-implicit Runge-Kutta methods (DIRK3
and DIRK4). For example, an 1., DIRK method takes the form

for i =1:ngage
i1
Si = —AMtWO + Z ain(Wj, tj)

j=1
M . .
solve: A—tWz +a;R(W" )+ S, =0
end

where WO = U™ is the state at the start of the time interval, U™t = W"staze ig the desired
result, and ¢; = ¢" 4 b; At are the stage times. The coefficients a;; and b; define the method. For
example, a fourth-order accurate scheme (DIRK4) with ngaee = 5 has

1 1
I
A T S O i
aij: 50 — 5 1 0 O 5 bl: 20
371 137 15 1 0 1
1360 2720 544 4 2
2 49 1% %5 1 1

24 48 1 1 4

3 OUTPUT ERROR ESTIMATION

In previous work, the author and collaborators have presented output error estimation for
unsteady problems using the discrete space-time adjoint and a variational discretization in time.
In the present work, to accommodate general time integration methods that do not necessarily
possess a temporal weak form, we rely on a continuous-in-time adjoint, as described in this
section.
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3.1 The continuous-in-time adjoint

Consider a time-integral output of a simulation,

T
JE/ J(U, t) dt, )
0

where J (U, t) is a function of the spatial distribution of the state, via the discrete coefficients U,
and of timeﬂ The continuous-in-time adjoint W(t) is the sensitivity of .J to source perturbations
in the unsteady residual, R, . To derive the equation for ¥(¢), we define a Lagrangian as

T _ T dU
£EJ+/ \PTRdt:J+/ 'z (ME+R(U)) dt. (4)
0 0

Integrating the first term in the integral by parts, we have

A
dt

T
£=J+[¥™™MU], + / {— MU + \IITR(U)] dt. 5)
0

Now requiring stationarity of the Lagrangian with respect to permissible state variations gives

T T
- dw
Ly(6U) = Jy(0U) + [\IJTMcSU}OT + / {—WM(SU + \IJTRU(éU)} dt=0, (6)
0
where the subscript denotes differentiation with respect to the discrete state vector U. The
middle term drops out since 60U = O att = 0,and ¥ = 0 at t = T (J does not depend on the
terminal state). Combining the remaining terms,

T d‘IJT
/ [JU — d—tM + \IITRU] oUdt = 0. (7)
0

This equation must hold for all 6U, which forces the term in the square brackets to zero. Trans-
posing this term produces the continuous-in-time adjoint equation,

—M% + RGP +J5 = 0, (8)
with the terminal condition ¥(7") = 0. Due to the terminal condition, the adjoint is solved
backwards in time, from ¢ = 7" to t = 0. In the present work, we do not restrict the choice of
time integration for the adjoint equation to be variational or even the same as the primal. We
note that when applying standard time integrators for marching backwards in time, it is useful
to define 7 = 7" — ¢ and to rewrite (§)) in a form similar to the primal,

dw
M—— + RGP+ JG = 0, )
R\I’

where RY is the adjoint residual.

"More general outputs that involve end-of-time states could also be considered in a straightforward manner.
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3.2 Temporal reconstruction

Solving the adjoint using (9) requires evaluating the adjoint residual, which in general de-
pends on the primal state, at not only time nodes but possibly also on the interval in between
— for example, if using a multi-stage method. These in-between evaluations are not directly
available for general non-variational time integrators. The same situation occurs in error esti-
mation, where both the primal and adjoint are required in between time nodes for integrating
the adjoint-weighted residual. In this section, we describe how to reconstruct the solution in
time, independent of the time scheme used.

The temporal reconstruction is based on the semi-discrete form of the PDE, which we
can re-arrange to solve for the state slope,

au
—- =M 'R(U). (10)

That is, we can obtain the slope in time through a residual evaluation at a known state. Suppose
that we know the states at the endpoints of a time interval, ¢* and ¢"*! — this is what a general
time-marching scheme would give us. A very simple reconstruction would be to just connect
these states linearly, but that would only give us second-order accuracy. We can do much
better if we apply to evaluate the slopes at the endpoints, and using these four pieces of
information reconstruct a cubic solution in time, as shown in Figure

(4 .o
two new slopes for quintic ~ cubic reconstruction
reconstruction

n+1

dunJrl

linear reconstruction dt

|
|
|
|
:
|
¢
tn tn+1

Figure 1: Illustration of solution reconstruction on a time interval. High-order representations can be constructed
using slope information readily available from residual evaluations.

Furthermore, we can gain additional accuracy by applying yet again, in between the
time nodes, using the reconstructed cubic solution. In particular, for error estimation we will
be computing integrals over the time interval via quadrature. For two quadrature points, we
evaluate the cubic at those two points and apply (I0) to obtain the slopes there. With these
additional two pieces of information, we can reconstruct a quintic solution in time (i.e. the
unique quintic in time that matches the two endpoint values, two endpoint slopes, and two in-
between slopes). However, as the original state came from a cubic reconstruction, the order of
accuracy of this quintic will only be one higher than a cubic. To obtain true quintic accuracy,
we simply iterate the process, using the current quintic approximation to re-evaluate the slopes
at the midpoints, which then yields a new quintic. Just one such iteration will yield the expected
convergence rates, but an additional iteration will further lower the errors.

Table (1| shows the results from a numerical test of the reconstruction. The system of inter-

du

est is a scalar ordinary differential equation, % = u?. Reconstruction is performed over one

%For reconstructing the adjoint, we would use @)
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interval, [0, At], and the error is defined as £? = < OAt(u — Uexact)> dt. The results show the

optimal fourth-order convergence for the cubic reconstruction, and sixth-order convergence for
the quintic reconstruction with at least one iteration.

Cubic Quintic-0 Quintic-1 Quintic-2
At | Error Rate | Error Rate | Error Rate | Error Rate
1/4 | 8.87e-05 6.02e-06 8.54e-07 1.56e-07

1/8 | 7.24e-06 3.62 | 2.58e-07 4.55 | 1.93e-08 5.47 | 3.55e-09 5.46
1/16 | 5.22e-07 3.79 | 9.55e-09 4.75 | 3.68e-10 5.71 | 6.79e-11 5.71
1/32 | 3.52e-08 3.89 | 3.26e-10 4.87 | 6.38e-12 5.85 | 1.18e-12 5.85
1/64 | 2.28e-09 3.94 | 1.07e-11 4.93 | 1.03e-13 5.95 | 1.75e-14 6.07

Table 1: Errors and orders of accuracy of time-step reconstruction of a sample scalar problem, using endpoint
values and slopes only (cubic) and additional interior slopes and n iterations (quintic-n).

3.3 Error estimation

An adjoint solution can be used to estimate the numerical error in the corresponding output
of interest, .J, through the adjoint-weighted residual [2, 6]. Let’s first consider only temporal
errors. Denote by Uy () the approximate primal solution obtained from a chosen time integra-
tion method and time step size. If we had the exact unsteady adjoint solution, ¥(¢), we could
use (4)) to estimate the error in J,

T
57 = J(Uy) — J(U) ~ Ju(5U) ~ — / UTR(Uy) dt, (11)
0

where U = Uy — U is the state error, and R(Uy) ~ Ry (dU) is the generally nonzero
unsteady residual obtained from the approximate primal. In practice, the exact adjoint is not
available and must be approximated in a fine space, denoted by subscript i, which in our work
will be a higher-order time integration method. Numerical error due to the spatial discretization
can be measured by also making the fine space higher order in space. In the present work this
is accomplished by increasing the spatial order of the DG discretization by one. The final form
of the error estimate is

T
§J ~ _/ UIR, (UM dt, (12)
0

where U is the injection of the primal from space H to space h. In the spatial domain, this is
a pure injection to higher order: p — p+ 1. In the temporal domain, this involves a sufficiently-
accurate reconstruction over the time interval. For the time integration schemes considered in
this work, we employ a cubic time reconstruction for this injection. The integral in isa
summation of integrals over all time intervals, and within each time interval we perform the
integral using quadrature — typically between 2 and 4 points, depending on the accuracy of
the time integration. For this integral we need to evaluate the adjoint inside the time intervals,
and we use a reconstruction appropriate for the fine-space temporal discretization — typically
quintic.

Finally, we note that the output error estimate in (12)) can be separated into spatial and tem-
poral components by selectively refining the fine space only in space or only in time. Specif-
ically, we obtain the temporal error, §J'™°, by projecting the fine-space adjoint, ¥}, spatially

6
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back down to order p and recalculating the error via (I2) with the projected adjoint. As non-
variational time integrators do not support a straightforward projection, we do not use a similar
approach for the spatial error. Instead, we simply define §./5P3¢ = §.J — §.Jtme,

3.4 Space-time adaptation

The error estimate in can be localized to contributions of individual time intervals and
spatial elements, which could then be used to drive targeted mesh and time-step refinements.
However, in the present work we confine adaptation to very simple mechanics: we assume
independent but uniform spatial and temporal meshes, and we use the error estimates to guide
adaptation either in space or in time (or a combination of both).

The adaptation relies on models of how the spatial and temporal errors behave with refine-
ment. For this we use a standard a priori model,

TP o (Az)PHL, 5T o (ALY, (13)

where Ax is the spatial mesh size, At is the time step size, and r is the formal order of conver-
gence of the time integration. The adaptation also requires a cost model, which we simply take
as the total number of space-time degrees of freedom,

C= NelemNtnpnra (14)

where [V, is the number of time intervals, n, is the number of spatial degrees of freedom per
element (p + 1 in 1D), and n,. is the number of temporal degrees of freedom, i.e. system solves,
per time step. For example, BDF2 would nave n,, = 1, while the DIRK schemes would have
Ny = Ngtage-

In our simple adaptive mechanics, at each adaptive iteration we multiply the number of
spatial elements by P3¢, and the number of time steps by f*™¢, with a constraint on the total
cost rise, C' = Cyy f*°". Here, f*" is prescribed by the user, e.g. a factor of 2. Using the cost
formula in (14)), the constraint becomes f*Pce ftime — ftot To determine P> and fU™°, we
require that the marginal error to cost ratios of each refinement option are equal: \P2¢ = )\time,
where

)\space _

O(8 Jpace) { aC as)

- )\time _ a(djtime) aC -
afspace afspace ) -

aftime aftime

Substituting into the above equations the error and cost models from (13)) and (14), and using
the constraint fsPace ftime — ftot "we obtain the following solution:

r4 1 §Jtime

ftot
space __
p+ 1 bwace /

o ftime :

This equation appropriately adjusts the spatial and temporal refinement fractions to make equal
the marginal error to cost ratio of the two refinement options. Depending on the ratio of the
spatial and temporal errors, either the spatial or the temporal mesh will be refined more, and in
some cases one of the meshes could be coarsened.

(ftot)p+2

_ 1
r+p+4
7

ftime — |:

4 RESULTS

In this section we present results demonstrating the accuracy of the output error estimate, the
accuracy of the spatial/temporal error breakdown, and the efficacy of output-based adaptation

7
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for an unsteady advection simulation. The governing equation is

0 0

a_zzﬂla_z =0, u(z,t=0)=ux) (16)
where a = 1 is the advection speed. The boundary conditions are periodic, and the initial
condition is ug(x) = exp [100(x/L — .5)?], where L = 1 is the domain length. The output of
interest is a weighted function of the state,

T L
J = / / w(x)u(z,t) dz dt, (17)
o Jo

where w(z) = exp [100(x/L — .52)?), and the final simulation time is 7' = 1. Figure 2] shows
the primal and adjoint solutions computed using 10 elements in space and 10 intervals in time,
with p = 2 and DIRK3. The space-time fields without reconstruction are visualized by linearly
interpolating the time node states, and these are visibly “choppy”, masking the true high-order
temporal accuracy. Reconstructing the primal and adjoint solutions using cubic functions over
the time steps produces visible improvements in the space-time solutions in between the time
nodes.

o

0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
Space Space

(a) Primal (b) Reconstructed primal

(0] (]

E 1-0.1 E -0.1
0.12 0.12
0.14 0.14
0.16 0.16
0.18 0.18

0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
Space Space
(c) Adjoint (d) Reconstructed adjoint

Figure 2: Primal and adjoint space-time solutions for the advection problem, with and without temporal recon-
struction (cubic), shown for the case of Nejer, = 10, N; = 10, p = 2, DIRK3.
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We first examine the effectivity of the total error estimate and the breakdown into spatial
and temporal contributions. Table 2] lists these errors for various combinations of element and
time step numbers, all for p = 2 and DIRK3 as the coarse space, and p = 3 and DG2 as the
fine space. We see that the total error estimates are very accurate, with a maximum error of
less than 7%. In addition, the spatial and temporal error estimates behave as expected: the
spatial error diminishes when the number of elements increases, and similarly for the temporal
error. The “actual” values of these errors were computed by refining the spatial and temporal
discretizations independently, using concurrent uniform refinement and order increase, and the
estimates agree very well with the actual values.

5 J 5 Jtime 5 Jspace
Ngem | Ny | Predicted Actual | Predicted Actual | Predicted Actual
10 | 10 | -5.66e-05 -6.03e-05 | -8.89e-05 -1.11e-04 | 3.23e-05 1.56e-05
10 | 100 | 4.96e-05 5.14e-05 | 9.98e-07 8.70e-07 | 4.86e-05 5.01e-05
100 | 10 | -7.00e-05 -7.59e-05 | -7.00e-05 -7.65e-05 | 6.62¢-09 1.80e-10
100 | 100 | 1.30e-06  1.30e-06 | 1.30e-06 1.30e-06 | 5.32e-10 5.28e-10

Table 2: Comparison of estimated and predicted output errors, and their breakdown into spatial and temporal
components, for the advection simulation on several space-time meshes.

Next, several different orders and time integration schemes were tested in the context of
space-time output-based refinement. In all cases, the total number of space-time degrees of
freedom (i.e. the cost) was allowed to grow by a factor of f** = 2 per adaptive iteration, and
10 adaptive iterations were taken. The fine space consisted of order p + 1 in space and time
integration of one order higher (e.g. DIRK3 for BDF2). Figure |3| compares the convergence of
the output error for different combinations of orders and time marching schemes. We see that
the most efficient combination for this smooth problem is p = 3 and DIRK4 — as expected, high
order in space and time.

To further examine the performance of the output-based adaptation, we compare the results
for each run to uniform refinement of the starting space-time mesh. Figure 4 shows this com-
parison and includes an additional set of curves: the output error resulting after correction of
the output with the error estimate. These curves converge the fastest, as expected given the
previously observed effectivity of the error estimate. The rate of convergence is generally at
least one higher than the rate of convergence of the output error without correction. Performing
the worst is uniform refinement, where the convergence rate is limited by the dominant errors
in space or in time.

Poor performance of uniform refinement is tied to the starting space-time mesh. For exam-
ple, a suboptimal ratio of elements to time steps will not be addressed by uniform refinement.
Figure [3]illustrates this point by comparing the separate spatial and temporal errors for adaptive
runs and uniform refinement. In the case of p = 2 and BDF2, the temporal errors will dominate
and must be addressed by increased allocation of resources to the temporal discretization (i.e.
the number of time steps). This is what the adaptive refinement accomplishes in just a couple
iterations, and for the remainder of the simulation the spatial and temporal errors roughly bal-
ance (since their marginal cost is identical). In the case of p = 1 and DIRK4, the spatial errors
dominate and should be addressed by relatively more spatial refinement. Again, the adaptive
run accomplishes this, whereas the uniform refinement run is consistently dominated by spatial
errors.
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Figure 3: Convergence of the output error with cost, measured as the total space-time degrees of freedom, using
output-based space-time adaptation.

S CONCLUSIONS

We have presented a general approach for estimating numerical errors in outputs of unsteady
simulations when using non-variation time integration methods. The two key ingredients are:
(1) a continuous-in-time adjoint solution that simplifies adjoint-consistency considerations and
removes constraints on the choice of the adjoint time integration scheme; and (2) a scheme-
agnostic temporal reconstruction procedure based on primal or adjoint residual evaluations,
which provides a consistent, high-order functional representation of the solution within each
time step. When used in conjunction with a spatial discretization, the method allows for sepa-
rate space and time error estimates via adjoint down-projection. The resulting error estimates
can then drive a space-time adaptive procedure, as demonstrated for a prototypical advection
problem. Remaining work in this area includes investigation of fine-space adjoint approxima-
tions and application to more complex nonlinear simulations, such as those governed by the
compressible Navier-Stokes equations.
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