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Aerodynamic Shape Optimization
with Curved Mesh Adaptation

Alexander W.C. Coppeans*, Krzysztof J. Fidkowski', and Joaquim R.R.A. Martins*
University of Michigan, Ann Arbor, M1, 48109

We present an efficient and robust strategy to control discretization error during aerodynamic
shape optimization (ASO) using a high-order discretization with curved mesh adaptation.
During aerodynamic shape optimization, it is important to have an accurate solution to prevent
discretization error from polluting the optimum. High-order methods are promising because
they offer increased accuracy for a given mesh. Mesh adaptation further improves the efficiency
of high-order methods. These high-order methods require curved meshes to properly capture
the simulated geometry and a mesh adaptation process that can generate curved meshes.
Adapting these curved meshes needs to be robust as any failures will require human intervention
inside the automated optimization loop. In this work, we introduce two key advances. The
first advancement is a method for robustly splitting elements on geometric boundaries, which
is necessary to properly capture the geometry. The second advancement is a concurrent
mesh adaptation strategy that automatically balances accuracy and computational efficiency
throughout the optimization process. Results for transonic airfoil optimization demonstrate
that our method reduces the number of expensive fine-mesh evaluations by 75-90% compared
to traditional approaches.

I. Introduction

Aerodynamic shape optimization (ASO) requires robust, accurate, and efficient computational fluid dynamic
(CFD) [1]. The optimizer may ask the CFD solver to evaluate a design a human designer would not normally evaluate
and solution failures will cause the optimization to fail. Additionally, inaccurate CFD will lead the optimizer to a
spurious optimum. However, the CFD solver is the largest computational expense, so using a mesh that is too fine is
computationally inefficient. A single fixed mesh that is computationally efficient and accurate for the initial design may
not be accurate at the final design. This mesh may fail to capture flow features at the optimum or may be over-refined
to capture flow features that move or are no longer there. Mesh adaptation allows for the optimization to start on a
coarse mesh and progressively get finer. This helps prevent over-optimizing on a coarse mesh and over-refining far
away from the optimum. Numerous multifidelity approaches for optimization have been previously proposed. Many
approaches perform a series of optimizations at different cost or error targets [2—6]. Additionally, many approaches
perform mesh adaptation on each optimization iteration to reach the prescribed error for that optimization [2, 3, 5-7].
Requiring multiple mesh adaptation iterations at each iteration significantly increases computational cost because each
design requires multiple flow and adjoint solutions, and adds noise to the optimizer, reducing the convergence rate.

High-order discretization techniques paired with error estimation and mesh adaptation are promising as they can
satisfy all the requirements for ASO. Error estimation and mesh adaptation are important tools for computational
fluid dynamics (CFD) simulations [8]. High-order methods, which produce solutions with lower error for a given
number of degrees of freedom (dof), require adaptation to optimally place and not waste their more computationally
expensive degrees of freedom. Metric-based adaptation is used to generate meshes that conform to a target metric field,
which encodes desired element size, stretching, and orientation throughout the domain. There have been different
methods studied for performing metric-based mesh adaptation [9] such as local mesh modification [10—12] and global
re-meshing [13-15].

Many of these methods successfully generate metric-conforming anisotropic linear meshes. However, high-order
discretizations require curved elements on the boundaries [16]. The current state of the art is to start with a valid curved
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mesh, make it linear, perform the adaptation, and then re-curve the mesh. The re-curving process is typically done by
either solving an analogous physics-based elasticity problem [17] or by solving an optimization problem to untangle
the elements [18-20]. This re-curving process is computational expensive and does not always succeed for highly
anisotropic meshes and for complex geometries, especially in three-dimensions. A failure of the re-curving process
requires user intervention and in an optimization context will cause the optimizer to fail. However, previous work has
been done to generate anisotropic metric-conforming meshes that do not require any global re-curving [21-23]. These
methods keep the mesh curved during the entire adaptation procedure, leading to increased robustness compared to
methods that adapt linear meshes and require re-curving. This increased robustness is required for anisotropic mesh
adaptation during optimization as any failures will stop the optimization process.

In this work, we use the discontinuous-Galerkin (DG) method with high-order edge primitive (HOEP) [22] mesh
adaptation. HOEP has shown to provide similar performance to existing global re-meshing with re-curving. However,
more robustness is required for it to be used in an optimization framework. In this work, we present improvements to
HOEP for splitting boundary faces to improve geometric resolution to prevent the optimizer from taking advantage of
lack of resolution. We then present an adaptation strategy that does not require adaptation at each optimization iteration
and only requires one user input for the error limit.

The rest of the paper is outlined as follows. In Section II, we describe the high-order discontinuous-Galerkin
discretization and in Section III we describe the adjoint method for computing error estimates and gradients. In
Section IV, we describe gradient-based aerodynamic shape optimization and the computational framework used.
Section V describes metric-based mesh adaptation and metric optimization followed by Section VI, which describes
high-order split operation and the robustness improvements for splits on boundary edges. Section VII describes our
concurrent adaptation and optimization strategy. Results using this adaptation strategy are shown in Section VIII, and
Section IX concludes the present work.

II. Discretization
In this work, we discretize a system of unsteady partial differential equations. In conservative form, the equations

can be written as s
a—l;+V~F(u,Vu) =0, ey

where u € R is the s-component state vector, F e RIMXS g the flux vector, and dim is the number of spatial dimensions.
For the Navier-Stokes equations, we use a conservative state vector u € R4m+2 = [pu, p\7, pE], where p is the density,
V is the velocity, and E is the total internal energy per unit mass.

The CFD solver we use is xflow which discretizes the governing equation by using the discontinuous Galerkin (DG)
method with the Roe [24] convective flux and the second form of Bassi and Rebay (BR2) [25] for viscous treatment.
The state is approximated with polynomials of order p on an unstructured mesh of non-overlapping elements. Following
a finite-element weak formulation and choice of polynomial basis functions, the semi-discrete form of the governing

equations is,

dU
M~ +R(U) = 0. 2)

Here U € RY is the discrete state vector, N is the total number of unknowns, R(:) € R¥ is the nonlinear spatial residual,
and M € RV*N s the block-element sparse mass matrix. For steady simulations used in this work, the time derivative
term drops out, although pseudo-time continuation [26] remains in the solver to converge the steady residual. The
non-linear solver uses the Newton-Raphson method with the generalized minimum residual (GMRES) [27] linear solver,
preconditioned by an element-line Jacobi smoother with coarse-level (p = 1) correction [28, 29].

II1. The Output Adjoint
The adjoint solution for a scalar output is the sensitivity of the output to residual source perturbations [8, 30]. The
steady adjoint comes from linearizing the residual vector, R(U), and the output, J(U), with respect to the state vector,

U, and solving the linear equation,
R \" ar\"
— | Y+[—]| =0. 3
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In this equation ¥ € R is the discrete adjoint vector, which has the same size as the residual and state vector.

A. Adjoint-Weighted Residual
The adjoint can be used for error estimation, which computes the effect of discretization error on the output,

0J =Ju(Un) — Jexact ® Ju(Un) = Jn(Up). 4

Here H represents a coarse-space with a state vector Uy and output Jy, and & represents a fine-space with a state
vector Uy, and output Jp,. In this work, we use our solution with polynomial order p as our coarse-space and obtain
the fine-space using polynomials of order p + 1. The primal problem on the fine space is not solved. Instead the
coarse-space solution is prolongated into the fine-space to obtain the state Uf . From here the adjoint in the fine space
and the residual, which will generally not be 0, are computed. The adjoint-weighted residual [8, 30] is then used to
compute the output error estimate,

8J = J (Un) = Ju(Up) ~ =¥, Ry (UR)). 5)

We obtain the adjoint error, §¥7, by subtracting from the fine-space adjoint, solved exactly, its least-squares projection
onto the coarse space. The error estimate in Equation 5 is localized to elemental contributions to the error, which can be
used as an adaptive indicator,

€ = 6%}, R (U;)]. ©)

B. Adjoint Based Gradients
The adjoint vector can also be used to efficiently compute the gradient of the outputs of interest with respect to
design variables x. In general the state and residual are functions of x and the PDE-constrained gradient of the output
with respect to X is
4 _0) , grIR @)
dx 0x 0x
In this work the partial derivatives in Equation (7) are computed using a forward difference which is inexpensive as it
requires a single residual and function evaluation for each x and no additional flow or adjoint solutions.

IV. Aerodynamic Shape Optimization

A general optimization problem with equality and inequality constraints is formulated as,

min  f(U, x)

st. h(x)=0 )
g(x) <0
X; <x <X,

where X is the vector of design variables, f is the objective function, h is the vector of equality constraints and g is the
vector of inequality constraints. This constrained problem is solved by introducing new variables, Lagrange multipliers,
and turning the problem into an unconstrained one by minimizing the Lagrangian, given as

L(x,A,0,5) = f(x) +ATh(x) + T (g(x) +s O5), )

where A and o are Lagrange multipliers and s is a vector of slack variables used to turn inequality constraints into
equality constraints and © is the Hadamard product.

We use MACH-Aero, an open-source framework for gradient-based ASO™*. The framework consists of various
modules for parameterizing the geometry, mesh warping, computing CFD solutions, and performing optimization. The
CFD solver we use is xflow described in Section II.

*https://mdolab-mach-aero.readthedocs-hosted.com/en/latest/
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A. Geometric Parameterization

To parameterize the geometry, we use the free-form deformation (FFD) approach [31] implemented in the pyGeo
package [32]. The FFD approach embeds the points on the baseline geometry into a volume with movable control
points where displacing the control points results in movement of the surface nodes. This approach helps reduce the
number of design variables down from the number of surface points in the CFD solver to the number of control points.
Additionally, pyGeo includes modules for geometric constraints such as thickness and volume constraints.

B. Mesh Warping

After the surface nodes of the mesh are deformed using pyGeo, the rest of the volume nodes in the mesh need to be
updated to remain valid. We use IDwarp [33] which uses the inverse-distance weighting method proposed by Luke
et al. [34] to propagate the surface displacements to the volume. IDwarp only requires surface connectivity and treats
all volume nodes as a point cloud, so this method works for both structured and unstructured meshes. IDwarp does
not natively handle curved meshes so we create a surface mesh by linearly connecting high-order surface nodes. The
high-order surface nodes can be chosen as all the Lagrange nodes on the surface but in this work we uniformly refine the
surface representation to have a better representation of the curved elements.

C. Optimizer

For our optimizer we use SNOPT [35] which is a general-purpose optimizer designed for large optimization. SNOPT
uses sequential quadratic programming (SQP) to minimize nonlinear functions subject to both linear and nonlinear
constraints. SNOPT is wrapped with the python packaged pyOptSparse [36], which provides a python interface for
many different optimizers.

V. Mesh Adaptation

A. High-Order Elements
To represent high-order meshes, we use Lagrange basis functions to map points on a reference triangle to physical
space. The mapping performs a linear combination of Lagrange polynomials,

Ng

7 (&)= > %01 (). (10)

1

where 5 is the coordinate vector in reference space, N¢ is the number of interpolating polynomials, and X; is the
coordinate vector in physical space associated with the i interpolating polynomial ¢;.
The mapping Jacobian, J, is defined as,

o7 8. 04 /=
1=a—;=§i]xia—5(§). (11)

The determinant of the mapping Jacobian matrix is required to be positive at all points for a valid mesh.
In addition to requiring the Jacobian determinant to be positive everywhere, we also restrict the element distortion,

defined as
o (é) et (12)
detJ (5)

detJ97! is the determinant of the constant ¢ = 1 element mapping Jacobian and det J (g?) is the determinant of the
curved element mapping Jacobian, which is a polynomial of order 2(g — 1) for triangles. We limit the distortion during
the adaptation process to be in the range 0.2 < o < 5 but place no restrictions during the mesh warping stage of
optimization. We found limiting the distortion in this range improves solver robustness.
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To efficiently check the bounds of the distortion and the Jacobian determinant in each element, we use the method
proposed by Johnen et al. [37]. A Bézier representation of the 2(¢g — 1) Jacobian determinant polynomial is used to
conservatively check the upper and lower bounds. If the bounds of the Bézier control points are outside the acceptable
range, the domain of the polynomial is recursively subdivided to achieve a better bound until a corner control point is
negative or a max number of subdivisions is reached in which case the element is deemed invalid.

B. Metric-Based Meshing

A Riemannian metric field, M(X) € RYImxdim ‘is 5 field of symmetric positive definite (SPD) tensors that are used
to encode information about the desired shape and stretching of elements. For a mesh to conform to the given metric
field, all edges of the mesh should be unit length in the metric space. To compute the edge length in metric space we
follow the method proposed by the Unstructured Grid Adaptation Working Group (UGAWG) [9].

First, we start by computing the target mesh size at each node, where the metric is stored, in the direction of each
edge attached to that node. The target mesh size, A, at a point in the direction of the unit vector € can be computed as,

h= ; (13)
eTMe
Each edge is made up of 2 nodes a and b with mesh sizes in the direction of the edge /, and h;. Many ways are
available to compute the edge length depending on how we assume the mesh size changes between nodes [38]. We
follow the conventions of the UGAWG and assume the logarithm of £ varies linearly along the edge. The edge length in
metric space [9, 38], L,,, can then be computed as,

1 1

hg hp,
h_b s
In(72)

(14)

where L is the length of the edge in physical space. When A, = h;, the target mesh size at each node is the same and
Equation 14 is indeterminate, so we modify the calculation to be,

PR
Ly = L=*—="_ when

a b

< 0.001. 15)

Additionally the metric field can be used to compute a quality metric for each element. First we compute the volume of
the element under the metric field given by

Vm,k X Vdet Mmax Vi, (16)

where V,, r is the metric volume of element k, Vy is the volume of element k, and My, is defined as

Mumax = arg max det M;. 17

i.l€k
Again, following the UGAWG, we can compute the quality of element k in two dimensions as,
(5
Vi

Ok = , (18)

1 -T -
3 Yieck Ve MmaxVe

where Qy is the quality of element k, Vy is the area of a unit-equilateral triangle, and 7, is the vector along edge e on
element k.

C. Metric Optimization
The elemental error indicator in Equation 6, together with additional error indicators evaluated on sub-elements with
projected adjoints, drive a metric optimization calculation based on MOESS: mesh optimization through error sampling
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and synthesis [39, 40]. The goal of the optimization problem is to determine the target metric field that minimizes
error at a fixed cost. This algorithm iteratively equidistributes the marginal error to marginal cost ratio over the mesh
elements. The output of MOESS is a target metric field at all the nodes in the mesh. From here, there are multiple
choices to obtain a mesh that conforms to this metric field. In this work we use high-order edge primitive operations
extended to curved meshes [22] described in Section V.D. In practice the mesh optimization and flow/adjoint solution
are performed multiple times at a target cost, Ciarget, Until the error stops changing.

D. Edge Primitive Operations

To create a mesh that conforms to the desired metric field, we use high-order edge primitive (HOEP) operations.
This method uses a sequence of local edge-based operations to improve metric conformity of an input mesh. For a
metric to conform to a metric field, the mesh must have all unit length edges under the metric field. However, it is not
always possible to obtain exactly unit lengths everywhere, so instead we aim to achieve a quasi-unit edge mesh. Similar
to what has been done previously [9—11, 41] we try to obtain a mesh with edge lengths under the metric, L,,, in the
range, V2/2 < L,, < V2.

Previous work modified the edge operations to work for arbitrary order curved elements [22]. We compute the metric
edge length on curved elements assuming the edge is linear using Equation 14. Edges that are too long, L,, > V2, are
split while edges that are too short, L,, < V2/2, are collapsed. To improve metric quality we perform local edge swaps
and use metric based node smoothing proposed by Caplan et al. [41] which is inspired by Bossen and Heckbert [42].

The main benefit of this method is that if the input curved mesh is valid it outputs a curved mesh that is valid, as any
operator that would create invalid elements is rejected. Typically, curved meshes are made linear and then adapted to
obtain a linear the output mesh, which then needs to be re-curved. This is necessary for robust shape optimization, as
for large deformations or unusual geometries, the re-curving or snapping to linear step may fail, which would break the
automated optimization process.

VI. High-Order Split Improvements

We focus on improving the robustness of the edge split operation on boundaries. This is because ensuring the
proper mesh resolution on boundaries is critical for the optimizer, as it will exploit regions that lack geometric and
solution accuracy. In our previous work, we have determined two main reasons for edge splits to get continuously
rejected, creating highly distorted elements and creating low metric quality elements. Highly-distorted elements are
likely to invert and create elements with negative Jacobian determinants during the mesh warping stage of optimization.
Additionally, they cause robustness issues as they can cause the primal solution to not converge. Low quality elements
indicate poor metric conformity, which reduces solution accuracy. Therefore, it is critical to ensure that splits can
proceed while maintaining element quality and distortion metrics.

A. High-order split operation

The edge split for boundary edges is performed in three major steps shown in Figure 1. The first step splits the
element in reference space and re-samples Lagrange nodes in global space to create child elements. This is the only step
for interior edges. The second step for boundary edges projects the new nodes onto the geometric boundary because
newly created nodes on the split edge are on the original element but are not necessarily on the geometric boundary.
The final step uses an inverse-distance approach to transfer those displacements to nodes inside the elements. When
performing an edge split, only the elements connected to that edge are affected, which means nodes that on the other
two edges are not re-positioned.

The inverse-distance displacement transfer is computed as

Np bvd b4
AR=7— 5(')0 _ Zl I‘\";z (XO)-> b,i ) (19)
Zi b wi (XO

where X is the original location of the interior nodes, Nj, is the number of nodes on the ball boundary, i is the index
over boundary nodes, A%y ; is the displacement of the i boundary node, and w; is the weight the /™ boundary node has
on the interior node. The weights are inversely proportional to powers of the distance between the interior node and the
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(a) Original element (b) Elements after reference space split

(c) Inverse-distance displacement transfer (d) Final split elements

Fig.1 Baseline high-order edge split operation.
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boundary node,

1Y ¢
wi (%o) = [ —— Iy —— , (20)
%o — %] %o — %]

where a, a, and b, are tunable parameters set to @ = 0.25, y = 3, and 6 = 5 following the recommendation of Luke et al.
[34].

B. Expanded warping

Previously, when performing an edge split, only the elements connected to that edge are affected. This means that
nodes on other edges are not moved, so neighboring elements remain unchanged. However, we now allow for the
neighbors shown in Figure 2 to be included. Elements c; and ¢, are child elements created from splitting the parent
element, elements n; and n, are their respective neighbors, and e¢; and e, are the edges between the child and neighbor
elements.

Fig. 2 Diagram labeling child elements and neighbors after edge split.

One example is a highly curved shared edge could cause one of the new split elements to have high distortion, as
shown in Figure 3. To solve issues like this we allow for nodes on that face to be warped during the warping stage of the
split. This is done by including the neighbor element and its nodes in the inverse-distance calculation. Nodes on the
shared edge as well as any interior nodes in the other element are displaced. The nodes on the other two edges of the
neighbor are fixed and have displacements of 0 which are included in the warping as boundary nodes.

If the split is rejected because child element ¢ has high distortion, then neighbor element n; is used in the
inverse-distance calculation. Nodes not on edge e; have their displacements set to 0, and interior nodes are moved as
well as nodes on edge e;. If this case fails, then all nodes on element n, including nodes on e, are moved to their linear
positions. The nodes not on e; have their displacements set so their positions are back to their original positions and
those displacements are used in the inverse-distance calculation. The new edge split is shown in Figure 4, and does not
produce any elements that have high distortion measures.

C. Split and swap combined operation

The other recurring reason a split would continuously get rejected is due to the creation of elements with low metric
quality. We use the linear representation of elements for quality and edge length calculations which is a current limit as
a high-order element may be completely different than its linear representation. This is shown below in Figure 5 where
the split creates an element whose linear representation is a sliver with low quality and is therefore rejected. If this split
were, accepted it would be possible to swap the edge of the sliver element with its neighbor to create two new elements
that would pass the quality limits. This, however, is not always the case so a split cannot be accepted without knowing a
swap would be possible.
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/ /

(a) Element before edge splits (b) Edge split that creates highly distorted element (blue)

Fig. 3 Edge split that is rejected due to creation of a highly distorted element.

/

Fig.4 Successful edge split does not create elements with high distortion.
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(a) Original Mesh (b) Curved mesh after split. (c) Linear representation after split.

Fig. 5 Boundary edge split rejected due to the creation of a low quality element (blue).

Here we take ideas from cavity operators, where elements are formed from the proposed split and their neighbors
but not added to the mesh. Using the notation described in Figure 2, if the split is rejected due to child element ¢
failing any validity checks, we try to swap edge ¢;. Two new elements are created for ¢; and n; and the swap is tried
without updating the mesh. If the swap is successful, elements ¢ and ¢, are added to the mesh even if they produce
invalid elements. Immediately after the edge split the swap on edge e; is performed, and the mesh is updated. This
method allows for ¢ or ¢, to be invalid temporarily, as long as the swap creates valid elements, which was tested before
¢y and ¢, were added to the mesh.

The resulting mesh is shown in Figure 6.

(a) Curved mesh after split with swap  (b) Linear mesh after split with swap

Fig. 6 Mesh after boundary forced split followed by edge swap operation.

10
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VII. Optimization with Adaptation
During optimization, discretization errors in the objective and constraints will impact the path of the optimizer and
the optimal design. For example, given a discretization with large amounts of numerical diffusion, the optimizer can
find a design that uses that diffusion to smear out shocks and reduce wave drag. Under-predicting lift can cause the
optimizer to choose a design that, when trimmed and analyzed on finer mesh, increases drag. Therefore, accurate CFD
is required for ensuring the correct optimal design is found. To account for the effects of the constraint errors on the
objective we compute the error of the Lagrangian given by

6L =15f]+|A7||6h| + o ||5g]. 21)

We use absolute values around the objective and constraint errors as well as on the Lagrange multipliers, to avoid
having errors cancel out. Additionally, instead of using Equation (5) for each output error, we use the sum of element
indicators from Equation (6) as this avoids cancellation of errors across elements. The sum of element indicators is a
more conservative estimate, typically by an order of magnitude, as observed in numerical experimentation, so we set
larger error limits.

The goal of our adaptation strategy is to balance not over refining designs far from the optimum while also not over
optimizing on a coarse mesh. However, using a costly discretization far away from the optimum increases computational
cost when a coarser discretization can be used to explore the design space. Taking more steps on coarser meshes allows
for an SQP optimizer using a quasi-Newton approach to build a better approximate Hessian that can be used to accelerate
the optimization on a finer mesh [43]. We combine the ideas of two previous approaches. The first uses the function
change between successive optimization iterations [5] to determine the necessary error tolerance. The second uses
relative convergence of the optimality KTT criteria to determine when to adapt [44]. The necessary discretization error

for a given step is computed as

&% = |fi = fio| 2L, 22)

Topt

where f; and f;_ are the function values at the current and previous optimization iterations, Top,; is the optimality
measure at iteration 7, and ‘1'},‘1;1t is the optimality convergence tolerance. This strategy allows the optimizer to take small
steps far away from the optimum on coarser meshes, as these are cheap, and helps build the approximate Hessian
while ensuring small steps close to the optimum are within the error tolerance. We set a user-defined limit on the final
error target, '™, when the final optimization steps have very small function changes as the optimizer quadratically
converges to the optimum. When we adapt the mesh and the error target is set to E'™, we apply a safety factor = 0.95.
This helps avoid continuously reaching the limit and oscillating around it and adapting many times close to the optimum,
which impacts performance. Additionally, due to the cost required to solve the fine-space adjoint problem, discretization
errors for the function and constraints are only computed every n,4ap Optimization iterations, here set to 5.

VIII. Results

We test our adaptation strategy optimizing the RAE 2822 airfoil at a freestream Mach number of M, = .734 and
Reynolds number Re = 6.5 x 10%. We impose a lift constraint ¢, = 0.734 and an area constraint A > A, where A is
the original area of the RAE 2822 airfoil. We start with a coarse mesh of 1,366 ¢ = 3 elements shown in Figure 7.
This mesh was generated using 10 adaptation iterations. Starting with a coarser mesh that did not properly capture the
boundary layer, caused too much noise for the optimizer, and caused failures. After optimizing, designs are analyzed on
a fine-grid by running 20 iteration of concurrent adaptation with re-trimming using p = 3 solution approximation at a
target cost of 96,000 degrees of freedom.

A. Error Target

To test our optimization strategy, we at an error target of ™ = 1 x 107 and 5 x 1073, referred later as “high”
and “low” error respectively, using uniform p = 2 and p = 3 solution approximations solution approximations. Table 1
summarizes the results of these four optimizations.

The results here show that our adaptation strategy is effective at significantly reducing the number of optimization
iterations at the final mesh. The optimizer uses the coarser meshes to explore the design space and build up a good

11
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Algorithm 1 Optimization with error estimation and adaptation

tol -tol

Topt* Thoas > Set optimality and feasibility tolerances
i=0 > Major iteration counter
X; = Xo > Set initial design
glimit > Set desired final error tolerance
Madapt > Initialize nagap;
n=0 > Initialize number of major iterations since last adaptation
while 7., > T(t)(f)lt AND Tfeps > Tft;);s do > While optimality and feasibily criteria not met

Compute f;, g;, h;, Vf;, Vg;, Vh; if needed

Compute search direction 0x, 64, o

Perform line search updating fiy1,hi1,8i41.%i11, Ais1, Oit1s Topt> and Treas
if i =0 OR n (mod n29Pt) = O then

Compute 6 f, 6h, and 6g > Compute error estimate of objective and constraints
n=0 > Reset n after computing error estimate
end if
6L =|6f]+|AT||6h| + |oT||6g] > Compute Lagrangian error estimate using latest multipliers
Topt,i
& = [femr = fil T2

if 6L < 8° AND 6L < E''™i then
Adapt the mesh to meet §.£ < max(~, glimit)
end if
n=n+1
i=i+1
end while

Fig.7 Starting mesh for RAE 2822 optimizations with 20 FFD points.

12
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Table 1 RAE 2822 optimization summary

Jimit ) Final Total Final Mesh  fine-grid  fine-grid
p ghm Time (hr) a (deg) c4 (counts) . .
DoFs Iterations  Iterations a (deg) cg4 (counts)
_» 1x1074 1.58 43,734 2.44 104.81 119 13 241 102.38
P= 5x1073 3.71 69,660 2.41 103.50 135 15 2.40 102.29
_3 1x107% 2.17 32,020 2.46 106.67 110 18 2.42 102.62
P= 5% 1073 2.48 40,530 2.44 105.64 116 13 241 102.47

approximate Hessian and quickly converges on the final mesh once the error limit is reached. Additionally, for the same
error target, using p = 3 is faster and uses fewer degrees of freedom than p = 2 while also taking fewer optimization
iterations, due to starting with a more accurate solution on the initial mesh. This is because p = 3 has faster error
convergence, so less time is spent in the adaptation loop to reach the requested error targets. On the fine grid, all four
designs perform within 0.4 drag counts. We see that reducing the error limit reduces drag when analyzing on the
fine-grid which is expected as there is less numerical diffusion that can smear out shocks. Going from p = 2 we see the
optimized designs perform worse and the original mesh shows a difference of 3—4 drag counts. This is likely due to
poor error estimates with shock capturing and p = 3 using fewer elements for the same error, leaving too few elements
to properly align with the shock. The misalignment introduces more artificial diffusion in the shock capturing.

The final geometry and meshes are shown in Figure 8. Here we see that in all cases, the adaptation targets the
wave structure on the upper surface of the airfoil. Additionally, mesh resolution is added in a small separation zone
downstream of the shock. The p = 2 mesh also adds refinement on the stagnation streamline which is due to a singularity
in the adjoint solution [45]. The p = 3 solutions have fewer elements to use and MOESS does not target the stagnation
streamline with as many anisotropic elements, instead placing them around the shocks and in the boundary layer.

The final ¢, distributions are shown below in Figure 9. Here we see all of the designs as well as their ¢, distributions
are visually identical. The p = 3 designs as well as the p = 2 with '™t = | x 10~* have larger oscillations on the
upper surface due to stronger expansion and compression waves. However, the p = 2 design with 8™ = 5 x 107> has
a smaller amplitude in the final design, indicating the optimizer used the discretization error less to weaken the waves.

B. Varying the number of FFD points

Next we study how our adaptation strategy scales with the number of design parameters. We run the same
optimization problem for the RAE 2822 airfoil with p = 2 solution approximation and "™ = 1 x 10~ but vary the
number of FFD design variables, choosing 10, 20, and 30 FFD control points.

The results are summarized in Table 2. Here we see the number of optimization iterations increases with the number
of FFD points. The actual time decreases between using 10 and 20 points due to increased time spent adapting the mesh
to reach the error tolerance. Only using 10 FFD parameters is not enough to fully smooth the shock, so more elements
are needed capture it as shown in Figure 11. As we increase the number of FFD points, the amount of mesh refinement
around the shocks decreases due to the optimizer using the extra design freedom to reduce their strength and effect on
the drag. This is why as the number of FFD points increases, the optimized drag reduces.

Table 2 RAE 2822 with varying FFD optimization summary

#FFD | Time (hr) Final « (deg) cg (counts) Tot.al Final Mesh fine-grid  fine-grid
DoFs Iterations  Iterations a (deg) ¢4 (counts)
10 2.01 49,572 2.63 105.94 81 12 2.61 103.65
20 1.58 43,734 244 104.81 119 13 241 102.38
30 6.57 45,900 2.33 104.09 397 105 2.30 101.88

Figure 12 shows the ¢, distributions over the optimized airfoils. Here we see that there are oscillations on the upper
surface due to a series of compression waves reflecting off the upper surface. The shock structures of these airfoils are
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(a) p =2, &lmit — 15 104 (b) p =2, &limit = 5 105
(c) p=3,8Mmit = | x 1074 (d) p = 3,&limit = 5 105

Fig. 8 Mach contours (0-1.4) and mesh for optimized RAE 2822 airfoils with various error limits.
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....... RAE 2822
—— p=2 high
— p=2low

Fig. 9 c, distribution for optimized RAE 2822 airfoils with various error limits.

(a) 10 FFD points (b) 20 FFD points (c) 30 FFD points

Fig. 10 Starting mesh and different FFD parameterizations for the RAE 2822 airfoil.
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(a) 10 FFD points (b) 20 FFD points (c) 30 FFD points

Fig. 11 Mach contours (0-1.4) and mesh for optimized RAE 2822 airfoils with varying number of FFD points.

shown in Figure 13, which shows Mach number contours obtained after re-analyzing these designs on finer adapted
meshes at the same ¢, = 0.824. As we increase the number of design variables, the oscillations reduce in magnitude
as the optimizer reduces the strength of those waves. Additionally, the 10 FFD parameterized airfoil has a noticeable
shape difference on the upper and lower surfaces from the 20 and 30 FFD optimized airfoils. Between the 20 and 30
FFD optimized airfoils, the upper surface is nearly identical but on the lower surface, especially at the trailing edge, the
shapes have large differences.

i ---- RAE 2822
-1 1 - —— 10 FFD
iy -=— 20 FFD
A e — e,
© 9
1 i
0.051
2 .00
S 0
-0.05 -
0.2 0.4 0.6 0.8 1.0
x/c

Fig. 12 ¢, distribution for optimized RAE 2822 airfoils with various error limits.

The flow field shown in Figure 13 shows that using only 10 FFD points, there one wave that is very strong that
reflects multiple times off the upper surface and the sonic line. However, the 20 and 30 FFD optimized airfoils have a
series of three compression waves that reflect off the airfoil before the final terminal normal shock. This shows that the
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optimizer adds a series of weaker shocks to slow the flow down over the top of the airfoil to reduce wave drag and
separation.

(a) 10 FFD points (b) 20 FFD points (c) 30 FFD points

Fig. 13 Mach contours (0-1.4) from fine-grid for optimized RAE 2822 airfoils with varying FFD points.

IX. Conclusion

In this paper, we present a method for improving robustness of curved element adaptation and a strategy to use
that curved adaptation to control discretization error during aerodynamic shape optimization. Aerodynamic shape
optimization and high-order CFD methods both benefit from mesh adaptation. During optimization, the design changes
and regions of interest move in the domain and important flow features that are present at the initial design may not be
present on the optimized design. High-order methods benefit by optimally placing degrees of freedom in the domain to
not waste degrees of freedom in regions of that are not important for output prediction. However, high-order methods
require curved meshes which are more challenging to generate and adapt. Optimization adds an increased robustness
requirement to avoid failures or user intervention.

In this work we solve these problems with two new advancements. The first improves edge splitting on boundary
edges to ensure proper geometric resolution. This prevents the optimizer from exploiting a poor geometry representation
and improves robustness of the mesh warping as poor quality elements on the surface are likely to invert. The second
advancement is our concurrent adaptation and optimization strategy that prevents over-optimizing on a coarse mesh
and over-refining a design far from the optimum. Combining these two advancements, we have a robust method that
balances computational accuracy and cost throughout the optimization process. HOEP ensures no user intervention
is required during the mesh adaptation step and our concurrent adaptation and optimization strategy ensures no user
intervention to decide mesh resolution.

Our results show HOEP is robust enough for automated high Reynolds number transonic shape optimization. The
present adaptation strategy significantly reduces computational cost by only using 10 to 25% of optimization iterations
on the finest mesh. Additionally, using p = 3 further improves time by taking advantage of its higher error convergence
rates to use 25 to 40% fewer degrees of freedom and spend less time adapting the mesh to reach a target error. Studying
the number of design variables showed a significant increase in cost as the FFD parameterization is poorly conditioned.
However, by adding more design variables the optimizer used that freedom to increase the number of compression
waves, while decreasing their strength, on the upper surface to reduce wave drag. Further increasing the number of
design variables from 20 to 30, the shape has significant changes but only decreases the drag by 0.5 counts. We
recommend using as many design variables as can be computationally afforded to ensure the optimizer has enough
control over the geometry to find the true optimum. In future work, we plan to extend HOEP to three dimensions and
combine s adaptation with p adaptation to more efficiently adapt and test our strategy on more complicated cases such
as multi-point or three-dimensional cases. Additionally, we would like to perform a more detailed study exploring
different geometric parameterizations and number of design variables.
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