
Complex Systems 535/Physics 508: Homework 8

Because of the Thanksgiving break you have two weeks to complete this homework instead of just one.
It is due in in class onThursday, December 3.

1. Consider the growing network model of Price, as described in Section 14.1.

(i) From the results given in this chapter write down an expression in terms of the parameters
a andc for the expected in-degree of theith vertex added to the network just after thejth
vertex is added, wherei < j.

(ii) Hence show that the average probability of a directed edge from j to i in a network withn
vertices, wheren≥ j, is

Pi j =
ca

c+a
i−c/(c+a) j−a/(c+a).

2. Consider a model of a growing directed network similar to Price’s model described in Section 14.1,
but without preferential attachment. That is, vertices areadded one by one to the growing network
and each hasc outgoing edges, but those edges now attach to existing vertices uniformly at random,
without regard for degrees or any other vertex properties.

(i) Derive master equations, the equivalent of Eqs. (14.7) and (14.8), that govern the distribution
of in-degreesq in the limit of large network size.

(ii) Hence show that in the limit of large size the in-degreeshave an exponential distribution
pq = Ce−λq with λ = ln(1+1/c).

3. Consider a model network similar to the model of Barabási and Albert described in Section 14.2 in
which undirected edges are added between vertices according to a preferential attachment rule, but
suppose now that the network does not grow—it starts off witha given numbern of vertices and
neither gains nor loses any vertices thereafter. In this model, starting with an initial network ofn
vertices and some numberm0 of randomly placed edges, we add on each step one undirected edge
between two vertices, both of which are chosen at random in direct proportion tok. Let pk(m) be
the fraction of vertices with degreek when the network hasmedges in total.

(i) Show that when the network hasm edges, the probability that vertexi will get a new edge
upon the addition of the next edge iski/m.

(ii) Write down a master equation givingpk(m+1) in terms ofpk−1(m) andpk(m). Be sure to
give the equation for the special case ofk = 0 also.

(iii) Change variables to the mean degreec= 2m/n and take the limitn→ ∞ with c held constant
to show thatpk(c) satisfies the differential equation

c
dpk

dc
= (k−1)pk−1−kpk.

(iv) Extra credit: Define a generating functiong(c,z) = ∑∞
k=0 pk(c)zk and show that it satisfies

the partial differential equation

c
∂g
∂c

= z(z−1)
∂g
∂z

.

Solve the differential equation by separation of variablesg(z) = λ(c)µ(z).
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4. A variation on the small-world model that is much easier tosolve has been proposed by Doro-
govtsev and Mendes. Again we have a ring ofn vertices in which each is connected to itsc
nearest neighbors, wherec is even. And again a shortcut is added to the network with probability
p for each edge around the ring, but now instead of connecting random vertex pairs, each shortcut
connects a random vertex to the same single hub vertex in the center of the network:

This model could be, for example, a model of a (one-dimensional) world connected together by a
bus or train (the central vertex) whose stops are represented by the shortcuts.

Show that the mean distance between two vertices in this network in the limit of largen is ℓ =
2(cp+1)/cp (which is a constant, independent ofn).

5. Extra credit: Write a computer program in the language of your choice to simulate the vertex
degrees in the model of Barabási and Albert using the fast algorithm described in class. (You
won’t need to store the actual edges of the network itself—only the degrees are needed to answer
this question.) Use your program to generate the degree sequence for a Barab́asi–Albert network
of ten million vertices and hence make a plot of average vertex degree for the casec = 2 as a
function of time, where timeτ = i/n for the ith vertex, as in Fig. 14.5 of the course-pack. (You
could do this for instance by calculating a running average,or simply dividing the vertices into
groups of, say, 1000 each and averaging the degrees within each group.)

Turn in your plot and a copy of your program to get full credit.Extra points awarded for par-
ticularly elegant programs. (Hint: To give you an idea of what to expect, in my own program to
solve this problem, which is written in C, the main loop that does the actual simulation consists of
five lines of code and the program takes about two seconds to generate a network of ten million
vertices.)
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