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On Manufacturing Constraints
for Tow-steered Composite Design Optimization
Timothy R. Brooks1 , Joaquim R. R. A. Martins2

Abstract Automatic fiber placement machines have made it viable to manufacture composites
where fiber angles vary continuously—tow-steered composites. The additional freedom provided
by tow-steered composites has the potential to increase structural performance; however, this approach comes with added design complexity. Numerical optimization can address this complexity,
though it is critical that constraints are enforced to ensure that the resulting optimal tow-steered
designs are manufacturable using current automatic fiber placement machines. In this work, we
consider two manufacturing constraints: tow path curvature and gaps/overlaps. To develop these
constraints, we consider a general tow-steered layer pattern as a 2D unit vector field, where the field
streamlines represent the tow paths laid down by the automated fiber placing machine. This mathematical formulation provides a relationship between tow path curvature, gap/overlap propagation
rate, vector curl, and divergence. These relationships also lead to a constraint on the minimum
cut/add length of a tow for a given tow-steered pattern. We demonstrate the developed constraint
formulations on two analytical examples, as well as on a structural optimization. We also explore
the relationship between curl and divergence of rotated tow patterns. This analysis leads to the
conclusion that layups featuring such patterns require strict constraints on bounds to ensure satisfaction of manufacturability requirements. Finally, we use these relationships to motivate a family
of gap/overlap-free and curvature-free tow-steered patterns.
1

Introduction

A conventional composite laminate is typically composed of a number of layers featuring stiff fibers
embedded in a softer matrix. The fibers in each layer are usually fixed to the same orientation, where
the orientation alternates only from layer to layer (e.g., 0◦ , ±45◦ , 90◦ ). While these restrictions ease
the process of manufacturing, they are not necessarily structurally ideal for distributing loads. With
the advent of automatic fiber placement (AFP) machines, we are no longer restricted to fixed fiber
orientation within a layer. AFP machines are capable of laying down fibers in strips of prepreg
tape along general curvilinear tow paths in each layer of the laminate. This process is known
as tow-steering and provides the ability to locally specify the fiber direction for each layer of the
laminate. Figure 1 shows an exploded-view of a typical conventional and tow-steered composite
laminate.
The ability of variable angle tow (VAT) or tow-steered laminates to redistribute load paths
in plate structures is an active field of research, and various authors have studied the benefits of
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Figure 1: Example comparison of conventional (left) and tow-steered (right) layups.
tow-steering through the optimization of continuous tow-paths for various plate structures. This
includes studies showing that tow-steered panels can be tailored for maximum strength [1, 2, 3]
and for optimal buckling performance [4, 5, 6, 7, 8, 9, 10]. The ability of tow-steered structures
to mitigate stress concentrations around structural discontinuities, such as holes, has been another
topic of interest [6, 3, 11, 10, 12]. All of these accomplishments are made possible by the ability of
tow-steered laminates to more effectively redistribute loads.
While the improvements cited in the above works are impressive, there is a need to consider
manufacturing constraints in the design of VAT composites [13]. Two of the most common manufacturing constraints related to AFP layups are the minimum tow path turning radius and the
presence of gaps and overlaps. The minimum turning radius of the tow path, Rmin , is typically
defined by the manufacturer to prevent the prepreg tow from twisting over itself or puckering out of
plane as the tow is laid down by the head of the AFP machine. An example of tow puckering can be
seen in Figure 2a. More aggressive values of minimum turning radii can be achieved by laying down
paths with narrower prepreg tow; however, this technique leads to an increase in manufacturing
time and cost for the same layup area.
The gaps and overlaps of the prepreg tow appear due to the geometric limitations of covering
an area with fixed width tape and varying tow angle. As the tow is laid down, there are regions
in the layup that are either void or contain two portions of adjacent tows that overlap. Depending
on the design application, gaps and overlaps may be considered defects. If not accounted for in the
numerical model of the structure, these regions can lead to deviations in the predicted and actual
stiffness and mass properties of the manufactured design. Additionally, these regions can potentially
lead to unwanted thickness variations if they are allowed to build up during the layup process (see
Figure 2b). Furthermore, tow-steered layups featuring excessively large gaps and overlaps may be
difficult to manufacture, leading to further increases in manufacturing cost and time.
Many of the previously mentioned studies have included considerations for manufacturing constraints. The most common constraint considered is the minimum tow path turning radius [15, 7, 9].
The effect of gaps and overlaps on the local thickness of a tow-steered laminate was considered by
Blom et al. [16]. The authors defined the tow paths as streamlines of a 2D stream function, analogous to that seen in aerodynamic theory. In their work, an optimization was performed with the
objective of minimizing the thickness buildup due to prepreg tow overlap. In this work, we take an
alternative approach, where an arbitrary tow-steered pattern is defined as a 2D unit vector field.
This definition allows for the manufacturing constraints of tow path curvature and gaps/overlaps
to be related to the curl and divergence of the vector field, respectively. Figure 3 provides a preview
of the use of these quantities in identifying regions of manufacturing difficulty in a layup.
The constraints developed in this work have already been proven to be useful in practice. We
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(a) Tow puckering for curved fiber
path1

(b) Thickness build up due to overlaps [14]

Figure 2: Example of tow-steering defects due to AFP layup process

(a) Curl contour

(b) Divergence contour

Figure 3: The curl, κ, and divergence, ψ, contours can be used to identify regions of manufacturing
difficulty.
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Figure 4: Tow path vector definitions.
have applied these constraint formulations in the design optimization of tow-steered aircraft wing
structures considering the simultaneous design of the structure (including tow-steering) and the
aerodynamic shape [17, 18]. The resulting optimized tow-steered wing structure was successfully
manufactured as a 30% scale wing box by Aurora Flight Sciences and will soon undergo structural
testing at NASA [19].

2

Curl-Curvature Divergence-Gap/Overlap Relationship

Consider a 2D unit vector field, ~v , defined by a tow-angle distribution, θ(x, y), as shown in Figure 4,
such that:
~v (θ) = cos(θ)î + sin(θ)ĵ
(1)
For the sake of conciseness, θ’s explicit dependence on x and y is omitted. The streamlines of the
vector field ~v represent the ideal tow paths of the tow-steered laminate ply. The circulation of the
tow paths per unit area can be measured by taking the curl of the vector field. Performing the curl
operation on the vector field and taking the only non-zero vector component gives:



∂θ
∂θ
κ(x, y) = (∇ × ~v (θ)) · k̂ = ∇ × cos(θ)î + sin(θ)ĵ · k̂ =
cos(θ) +
sin(θ) = ∇θ · ~v (θ) (2)
∂x
∂y
This states that the curl of the vector field is the directional derivative of the angle, θ, in the
tangential direction, ~v , which is the definition of the curvature for a parametric curve.
While the relationship between curl and curvature is clear from the derivation above, the same
is not the case for the relationship between divergence and gaps/overlaps. This relationship can be
motivated by drawing an arbitrarily small control volume, Ω, and taking the flux per unit area, ψ,
of the tow paths passing through its boundary, C, as shown in Figure 5. The flux of tow paths per
unit area is then given by the limit:
I
1
~v · n̂ ds,
ψ = lim
|Ω|→0 |Ω| C
where |Ω| is the area of Ω. From the above definition the units for ψ are clearly [Length]−1 . Through
the use of Gauss’s theorem, this quantity can be directly related to the vector field divergence:
ψ = ∇ · ~v
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(3)

Figure 5: The divergence quantifies the flux of tow paths through an arbitrary control volume.
Substituting Equation (1) into the above, we get:
ψ(x, y) = ∇ · ~v (θ) = ∇ · (cos(θ)î + sin(θ)ĵ) =

∂θ
∂θ
(− sin(θ)) +
(cos(θ)) = ∇θ · w(θ),
~
∂x
∂y

(4)

where w
~ is the in-plane unit normal vector to the tow path tangent vector ~v . Thus, analogously to
the curvature, the divergence is the directional derivative of the angle in the transverse direction.
At this point, we still have yet to make a connection between ψ and the gap/overlap formation of
the pattern. This relationship can be intuitively shown through the following qualitative argument.
If ψ > 0 in a region of the pattern, then the density of tow paths entering the control volume
is larger than that of the exiting tow paths, indicating that a gap is likely to form. Likewise, if
ψ < 0, the tow paths exiting the volume have greater density than those entering, indicating that an
overlap is likely to form. Finally, if ψ = 0, the density of tow paths entering and exiting the volume
are equal and no gap/overlap growth is expected. This means that, according to Equation (4),
the local tow paths should be as close to parallel as possible to reduce the likelihood of gaps and
overlaps in the pattern.
Now that we developed a qualitative relationship, we can proceed to derive a more quantitative
relationship. First, consider two adjacent tow paths, p1 and p2 , whose streamlines define the
centerlines for two prepreg tow strips of width w, as shown in Figure 6. We assume that the
centerlines of these tow paths are initially separated by a distance δw, where δ is the shift distance
of the adjacent tow strip as a fraction of the tow width. If δ < 1, the initial offset between the
adjacent tow paths is smaller than the tow width, leading to an initial overlap. Likewise, if δ > 1,
there is a gap at the initial seeding points for the tows. Finally, if δ = 1, the edges of the tow are
coincident and there is no gap or overlap initially.
To determine the propagation of the gap or overlap between these two tow paths, we need
to find the separation between the two paths as a function of arc-distance traveled, h(s). This
separation distance is measured perpendicularly to path 1, p1 . By drawing an infinitesimal triangle
along p2 , we derive:
dh = tan(∆θ(s)) ds
(5)
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Figure 6: Gap propagation between two adjacent tow paths.
As long as the angle between the two tow path directions is small, we can use the following
approximation:
tan(∆θ(s)) ≈ ∆θ(s)
(6)
Substituting this into Equation (5) yields:
dh = ∆θ(s) ds

(7)

Next, by realizing that the angle between the two tow paths can be approximated by the directional
derivative of θ in the transverse direction of p1 and recognizing the definition of divergence from
Equation (4) gives:
∆θ(s) ≈ ∇θ · h w(s)
~
= h ψ(s)
(8)
Substituting into Equation (7) and moving both h terms to the same side yields:
dh
= ψ(s) ds
h
Next, integrating both sides and remembering that by definition h(0) = δw, we get:
Z

h(s)

δw

s

dh
=
h

Z



Z

ψ(s0 ) ds0

0

Evaluating the left integral gives:

ln

h(s)
δw

s

=

ψ(s0 ) ds0

0

Next, moving everything but h(s) to the right hand side reveals the desired relationship:
Z s

0
0
h(s) = δw exp
ψ(s ) ds
0
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Figure 7: Example layup shows that gaps and overlaps do not improve as tow width is decreased.
Subtracting the tow width gives the distance between the edges of either tow or the height of the
gap/overlap between them:

Z s


0
0
hg/o (s) = w δ exp
ψ(s ) ds − 1
(9)
0

A positive value of hg/o indicates a gap, while a negative values indicates an overlap. Finally,
dividing by the tow width yields:
Z s

hg/o
0
0
(s) = δ exp
ψ(s ) ds − 1,
(10)
w
0
which is the gap/overlap size nondimensionalized with respect to tow width.
Comparing this quantitative relationship between the gap/overlap size and divergence to the
qualitative argument made earlier reveals that the two are in good agreement. If ψ(s) < 0, then
hg/o /w asymptotically decays to a value of −1, indicating 100% overlap. This result is reasonable,
as greater overlaps should not be possible. Conversely, if ψ(s) > 0, then hg/o /w grows positively,
indicating a growing gap. Though this quantity is unbounded from above in theory, this relationship breaks down for large gap sizes. If ψ(s) = 0, then hg/o /w remains constant, indicating no
gap/overlap growth.
Equation (10) leads to the conclusion that the percentage gap/overlap in a region of the pattern
is independent of the tow width used to lay up the pattern. This means that as the width of tow
is decreased, the total area of gaps and overlaps in the layup remains constant. This relationship
is intuitively congruent with Equation (9): the size of the gaps and overlaps in the layup scale
linearly with tow size (i.e., O(w)), while the number of gaps and overlaps scale with the inverse
of tow width (i.e., O (1/w)), since more tow paths results in more adjacent regions for gaps and
overlaps to occur. This implies that the total area of gap or overlap in the pattern must scale with
O (w/w) = O(1) or, in other words, remain constant. This effect can be seen clearly in Figure 7.
To verify the accuracy of Equation (10), one of the patterns from Figure 7 is seeded at two
tow locations. The exact percentage of gap or overlap adjacent to the strip is then compared to
the approximate value predicted by Equation (10). The results for both tow paths are shown in
Figure 8. From these plots, we can see that the approximate values predicted by Equation (10)
are in good agreement with the actual size of gaps measured in the layup. The gap/overlap size
measured by Equation (10) is only on one side of the tow. In the case of an overlap, this value
should be doubled to calculate the total overlap area for both sides of the strip, by symmetry.
7

Figure 8: The predicted gap/overlap propagation agrees well with actual measured amount for
example layup.
Next, we wish to use Equation (10) to derive an alternate, and perhaps more physically meaningful, interpretation of the divergence, ψ. This can be revealed by first differentiating Equation (10)
with respect to s, as shown below:

Z s

d hg/o /w
0
0
(s) = ψ(s)δ exp
ψ(s ) ds
(11)
ds
0
Recognizing that in regions where the gaps or overlap is small:

Z s
ψ(s0 ) ds0 ≈ 1
δ exp

(12)

0

Finally, substituting into Equation (11) yields:

d hg/o /w
(s) ≈ ψ(s),
(13)
ds
which leads to an alternate, but equivalent, interpretation of the divergence. The divergence, ψ, in
a region of a pattern can be approximately defined as the rate of growth of small gaps/overlaps as
a fraction of tow width per unit length of tow laid. This means that, for example, laying down tow
in a region featuring a divergence value of 0.2 m−1 corresponds to a gap growth rate of 20% per
meter. This definition provides a more intuitive way of specifying the divergence as a manufacturing
constraint, since it relates to gap/overlap growth.

3

Analytical Examples

In the previous section, we derived mathematical relationships for the tow-path curvature and
gap/overlap propagation for a general tow pattern. To provide application examples for these
equations, we consider two tow patterns in this section. These simple patterns were selected to
allow for analytical expressions to be readily derived for their relevant quantities and to provide an
intuitive feel for the mathematical relationships.
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Figure 9: Tow path vector field, ~v , for radially diverging tow pattern.
3.1 Radially Diverging Pattern
The first pattern we consider is a tow pattern whose paths emanate radially outward from its center,
as shown in Figure 9. It is convenient to write this vector field in polar coordinates:
~v = r̂
The curl and divergence of a vector field in polar coordinates, ~v = vr r̂ + vϕ ϕ̂, is:




1 ∂(rvϕ ) ∂vr
1 ∂(rvr ) ∂vϕ
κ(ϕ, r) = (∇ × ~v ) · k̂ =
+
,
ψ(ϕ, r) = ∇ · ~v =
+
r
∂r
∂ϕ
r
∂r
∂ϕ
Substituting in for the vector components yields the curvature and divergence:
κ(ϕ, r) = 0,

ψ(ϕ, r) =

1
r

It should come as no surprise that the curvature is zero for this pattern, as all of the tow paths
are straight lines. The divergence features a singularity at the center and decays with the inverse
distance from the origin. The divergence decays to zero far away from the center of the pattern,
since the tow paths become more locally parallel further away from the center.
To derive the gap propagation, hg/o /w(s), suppose we begin laying the prepreg tow down
radially outward starting at a distance, R, from the center (see Figure 10). The edges of the
tows are assumed to be coincident at their initial seed location, s = 0, implying that δ = 1. The
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Figure 10: Gap definition for radial diverging pattern.
divergence as a function of distance traveled along one of the tow paths, ψ(s), is given by:
ψ(s) =

1
s+R

Substituting the divergence, ψ(s), into Equation (10) yields:
Z s

hg/o
1
0
(s) = exp
ds − 1
0
w
0 s +R
Evaluating the integral, we get:
hg/o
s
(s) =
+1 −1
w
R

(14)

As long as s ≥ −R, this can be further simplified to:
hg/o
s
(s) =
w
R

(15)

This states that the adjacent gaps between tow strips grow linearly as the tow is laid down. By
evaluating Equation (15) at s = −R, we can show that a 100% overlap at the pattern’s singularity
would exist if the tow path were laid backward (toward the center). This conclusion can be quickly
verified by analyzing Figure 10.
3.2 Patterns with Linear Angle Variation
A common tow pattern parametrization scheme developed for tow-steered composites is the linear
angle variation scheme [2, 20, 8, 9, 12, 21]. This scheme was originally proposed by Olmedo and
Gurdal [21]. In their work, they define the tow angle as varying piece-wise linearly along the x0 -axis.
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Figure 11: Linear-varying tow angle proposed by Gurdal et al. [20].
The tow pattern is then parametrized by the fiber angle at the origin of the reference path, T0 , and
the angle at the edges of the laminate, T1 , where x0 = [0, 2d]. Thus the angle variation is:
(
1 0
φ + T0 −T
for 0 ≤ x0 < d
d x + T1 ,
θ(x0 ) =
(16)
0
0
0
φ + T1 −T
d (x − d) + T0 , for d ≤ x ≤ 2d
They also introduced a compact notation for the pattern as φ T0 , T1 . Figure 11 shows an example
of the tow path resulting from the linear angle distribution described above. For simplicity, we
assume that φ = 0, and thus x = x0 . However, the following derivation can be generalized for
φ 6= 0.
The curvature and divergence of the tow path can be found by applying Equations (2) and (4),
respectively, to Equation (16).
(
T0 −T1
cos(θ(x)),
for 0 ≤ x < d
dθ
d
κ(x) =
(x) cos(θ(x)) =
T
−T
0
1
dx
− d cos(θ(x)), for d ≤ x ≤ 2d
(
− T0 −T1 sin(θ(x)), for 0 ≤ x < d
dθ
ψ(x) = − (x) sin(θ(x)) = T0 −Td1
dx
sin(θ(x)),
for d ≤ x ≤ 2d
d
Next, we derive the gap propagation, hg/o /w, using Equation (10). We assume that the AFP tow
paths begin on the left side, x = 0, of the pattern. Performing an integration variable transformation
from s0 to θ in Equation (10) gives:
!
Z θ(x)
hg/o
ψ(θ)
(x) = δ exp
dθ − 1
∂θ
w
θ(0) ∂s (θ)
Recognizing the definition of curvature (i.e., ∂θ/∂s = κ) and substituting in the relevant expressions
yields:
!
!
Z θ(x)
Z θ(x)
hg/o
sin(θ)
(x) = δ exp −
dθ − 1 = δ exp −
tan(θ) dθ − 1
w
cos(θ)
T1
T1
11

Finally, evaluating the integral and manipulating variables gives:
hg/o
(x) = δ exp (ln(| sec(T1 )|) − ln(| sec(θ(x))|)) − 1
w

 
sec(T1 )
−1
= δ exp ln
sec(θ(x))
sec(T1 )
=δ
−1
sec(θ(x))
cos(θ(x))
−1
=δ
cos(T1 )

(17)

Equation (17) is significant in that it provides an analytical expression for the gap/overlap size as a
function of the location in the pattern. A typical method for deciding the shift distance for adjacent
tow paths is to space the tow paths such that either no gaps, only overlaps, occur between adjacent
paths (the overlap method), or no overlaps, only gaps, occur (the gap method) [22]. Table 1 gives
the corresponding shift distance, δ, for the gap and overlap methods.
Table 1: Shift parameter for gap/overlap method
Condition

Overlap method

| cos(T1 )| ≤ | cos(T0 )|

δ=

| cos(T1 )| > | cos(T0 )|

δ=1

cos(T1 )
cos(T0 )

Gap method
δ=1
δ=

cos(T1 )
cos(T0 )

Next, the overlap propagation predicted in Equation (17) is compared with a laminate laid
up by Tatting et al. [22]. In their work, the authors modeled and manufactured a 15 in. by 20 in.
laminated plate, with a layup of [±45◦ /± 45◦ , 60◦ 2 /± 30◦ , 15◦ 2 , ± 45◦ , 60◦ 2 ]s using the overlap
method. The overlap pattern predicted by Equation (17) for the tow-steered layers of the laminate,
± 45◦ , 60◦ (dark gray) and 30◦ , 15◦ (light gray), are shown in Figure 12. From Figure 12, it can
be seen that the overlap size predicted by Equation (17) and the tow spacing predicted by Table 1
are in good agreement with the overlap pattern found numerically by the authors.

4

Bound for Minimum Tow Cut and Addition Length

As mentioned previously, a number of studies have already considered the application of numerical
design optimization to tow-steered laminates. In many of these works, the main manufacturing
constraint considered is the minimum turning radius. This is usually enforced through a constraint
on the curvature magnitude, as given below:
−

1
Rmin

≤κ≤

1
Rmin

However, there are a number of other manufacturing constraints relating to tow gaps and
overlaps that have yet to be considered as constraints in the context of design optimization. The
first of these constraints is that of the tow minimum cut length, Lcut . Tow paths are typically cut
by the AFP machine in the layup process to avoid regions of excessive overlap. This value, Lcut ,
refers to the smallest length of tow that can be laid by the AFP machine before the tow can be cut.
This length is typically dictated by the distance between the spool storing the prepreg tow and the
cutting mechanism on the AFP machine. Figure 13 is an example of a tow pattern that fails to
meet the minimum cut length constraint. The second constraint is on the minimum tow addition
12

Figure 12: The prediction of the overlap size and spacing given by Equation (17) (left) match well
with the that found by Tatting and Gurdal [22] (right).
length, Ladd . This defines the minimum amount of tow laid for two adjacent tow paths before the
machine may consider adding an additional tow in between a gap of the current two. While the
previous constraint was a limitation of the AFP machine, this constraint is at the discretion of the
designer. Smaller values of Ladd mean that additional tows need to be placed more frequently in
between gaps of adjacent tow paths, leading to higher manufacturing cost and time.
Typically, AFP machines are programmed to add and drop tows based on a gap and overlap
percentage rule. For instance, if a gap between two tow paths in a region exceeds a predefined
gap percentage rule, hg/o /w ≥ ag , the AFP machine starts a new tow centered between the gap of
the previous two. Likewise, if the overlap between two tows exceeds the overlap percentage rule,
hg/o /w ≤ −ao , the machine is programmed to cut one of the tows. It is therefore reasonable to
expect that both constraints defined above should depend on these values. A typical gap/overlap
rule used by designers is a 50% gap/ 50% overlap rule, where ag = ao = 0.5.
Both Lcut and Ladd can be evaluated explicitly for a given pattern using Equation (10). This
requires numerical integration and knowledge of the starting locations of AFP tow paths. In the
context of design optimization, however, this may be difficult to evaluate. Therefore, it would
be beneficial to derive a conservative lower bound for these values independent of AFP seeding
location.
This can be accomplished by considering the worst-case scenario for either case. As mentioned
previously, a tow cut is only made by the machine when the overlap rule is about to be violated.
This means that the worst-case to analyze for cut length would be a case where the tow starts with
some initial overlap value at its initial seeding location. This occurs at locations where a tow is
added in a gap to prevent the gap rule from being violated. Likewise, worst-case for the add length
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Figure 13: Example of minimum cut length restriction (Reproduced from Blom [23]).

Minimum cut length

Minimum add length

Figure 14: Example of worst-case scenario cut/add sizes.
occurs in regions where there is some initial amount of gap height at the beginning of this length.
This typically occurs right after a tow is cut to satisfy the overlap rule. Figure 14 illustrates both
of these cases.
Substituting the symbols from Figure 14 into Equation (10) yields:
Z
−ao = δo exp

Lcut

ψ(s0 ) ds0



Z
− 1,

Ladd

ag = δg exp

0

ψ(s0 ) ds0


−1

(18)

0

By further analyzing Figure 14, we can derive the following relationships between the minimum
cut/add length offsets (δo and δg ) and the gap/overlap rules (ag and ao ):
2δo w = w + ag w,

δg w = w + (w − 2ao w)

Solving for each offset parameter yields:
δo =

1 + ag
,
2

δg = 2(1 − ao )
14

(19)

Note that not all combinations of gap and overlap rules (ag and ao ) are permitted. We can see
from Figure 14 that when a tow is cut, a gap of size δg − 1 is present immediately after the cut.
If the resulting gap size already violates the gap rule, then it is impossible to satisfy both the gap
and overlap rule. Thus, we require that:
δg − 1 ≤ ag
Substituting in for δo and rearranging terms leads to the following inequality:
ag ≥ 1 − 2ao

(20)

Next, substituting Equation (19) into Equation (18) yields:


Z Ladd
Z Lcut
1 + ag
0
0
0
0
−ao =
ag = 2(1 − ao ) exp
ψ(s ) ds − 1
exp
ψ(s ) ds − 1,
2
0
0

(21)

At this point, Equation (21) still depends on the AFP starting location of the tow paths, implicitly,
RL
through the inclusion of the integration of the divergence term, 0 cut ψ(s0 )ds0 . From Figure 14,
it is clear that ψ(s) < 0 and ψ(s) > 0 for the worst-case scenario of the minimum cut and add
length, respectively. Thus, we can conservatively bound each integral in Equation (21) by using
the minimum and maximum divergence values in the pattern:
ψmax = arg max ψ(x, y),

ψmin = arg min ψ(x, y)

x,y

(22)

x,y

Equation (21) can then be further simplified by assuming the divergence remains constant in these
regions. This leads to the relationship:
1 + ag
−ao =
exp(ψmin Lcut ) − 1,
ag = 2(1 − ao ) exp(ψmax Ladd ) − 1
2
Finally, solving for the minimum and maximum divergence and rearranging terms yields:




1+a
1+a
ln 2(1−ago )
ln 2(1−ago )
ψmin = −
,
ψmax =
Lcut
Ladd
Using these values, a conservative bound can now be placed on the divergence everywhere in
the tow pattern, as follows:




1+a
1+a
ln 2(1−ago )
ln 2(1−ago )
−
≤ψ≤
(23)
Lcut
Ladd
This constraint ensures that the minimum cut and add lengths are respected regardless of choice
of AFP seeding location. By further analyzing Equation (23), it becomes clear that Equation (20)
prevents either side of the bounds in Equation (23) from swapping signs. According to Equation (23), as Lcut , Ladd → ∞, the minimum cut/add length requirement becomes more strict, and
the divergence everywhere must drop to zero. Conversely, if Lcut , Ladd → 0, the minimum cut/add
length requirement is relaxed, and the divergence becomes unbounded. If no overlaps are allowed
(i.e. ao = 0) and the gap rule is set to the smallest value allowed by Equation (20) (i.e. ag = 1), the
divergence is again forced everywhere to zero. If the overlap rule is relaxed and ao → 1, implying
that tows never need to be cut, the divergence again becomes unbounded.
Equation (23) is a sufficient condition to guarantee that the minimum cut and add length
restrictions are met, but it is not a necessary condition. This means that if the divergence of a
tow pattern exceeds these bounds, this does not necessarily guarantee that the layup violates the
minimum cut/add length requirements. The only way to verify adherence to these requirements
for such a pattern is to check the cut/add lengths at each of the AFP seeding locations through
Equation (10).
15

Figure 15: Problem loading/boundary conditions (left), design variables (right).

5

Stress Minimization Problem

We now demonstrate the application of the constraints derived above through a simple design
optimization problem. For examples of more practical design optimization problems utilizing these
constraints the reader is again encouraged to see work by Brooks et al. [17, 18]. In this section,
we perform a structural design optimization of a single-ply “L”-shaped plate to minimize the
maximum stress in the domain of the plate. The inner corner of the plate is filleted to ensure that
the stress remains bounded in this region. The plate is 5 mm thick, clamped on one edge, and
has a distributed shear force of 4 kN/m applied to one of its free edges. The plate’s dimensions,
loading, and boundary conditions are shown in Figure 15. The material properties for the laminate
are listed in Table 2. The finite element analysis mesh used to model this problem consists of
approximately 7500 plate elements. Without solving the finite-element problem, it is possible
to intuitively conclude that a stress concentration occurs at the corner of the plate. This stress
concentration might be representative of certain regions in a wingbox design where local stress
concentrations are expected to occur, such as the wing-fuselage intersection, the Yehudi break of
the wing, or the engine mounting location.
Table 2: Stress minimization problem material properties.
Property
Value

E1
[GPa]

E2
[GPa]

G12
[GPa]

G13
[GPa]

G23
[GPa]

ν12

Xt
[MPa]

Xc
[MPa]

Yt
[MPa]

Yc
[MPa]

S12
[MPa]

ρ
[kg/m3 ]

54.0

18.0

9.0

9.0

9.0

0.25

2410.0

1040.0

73.0

173.0

71.0

1550

The structural solver used for this problem is the Toolkit for Analysis of Composite Structures
(TACS) [24]. TACS is a finite element method solver that was developed to solve structures consisting of thin shell components, which are typical in aerospace structures. The solver employs
a parallel direct factorization method, which allows it to efficiently solve the poorly-conditioned
structural problems that are inherent in thin shell structures. In addition to computing the structural displacements, TACS computes other structural functions of interest, such as material failure
and buckling loads. TACS also features an adjoint method for computing structural sensitivities
with respect to large numbers of design variables efficiently [24, 25]. These sensitivities enable the
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use of efficient gradient-based optimization techniques. The optimizer used for this problem is the
Sparse Nonlinear Optimizer (SNOPT) [26]. SNOPT is a quasi-Newton gradient-based optimizer
designed for the optimization of large and sparse optimization problems.
The objective of the optimization problem is to minimize the maximum Tsai–Wu stress in the
plate, which is given by:
s


2 + (Y − Y )σ
2 + (X − X )σ
σ22
σ66 2
σ11
c
t 22
c
t 11
σTW =
+
+
,
(24)
Xt Xc
Yt Yc
S12
where σ11 , σ22 , and σ66 are the tangential, transverse, and shear stresses relative to the local fiber
orientation; Xt /Xc and Yt /Yc are the tension and compression ply strengths parallel and transverse
to fiber direction, respectively. Similarly, S12 is the ply shear strength in the fiber reference frame.
The maximum stress is approximated by first evaluating the stress at each structural node, and
then using a Kreisselmeier–Steinhauser (KS) aggregation [27, 28] over the domain of the plate.
The design variables for the optimization problem are the fiber orientations, set through 100 Bspline control points, shown in Figure 15. The design problem includes two constraints. The first
constraint is on the minimum turning radius, enforced by bounding the maximum and minimum
tow path curvature. As mentioned in Section 1, this is a common manufacturing constraint that has
been considered by a number of previous authors. The second constraint is on the minimum cut and
add lengths for the pattern, enforced by bounding the maximum and minimum tow path divergence.
This constraint, while analogous to the curvature, is more novel in the context of design optimization
of tow-steered layups. Similarly to the Tsai–Wu stress, the maximum and minimum curvature and
divergence are approximated by computing the values at each node and aggregating them through
another KS function. For this problem, the minimum turning radius, Rmin , is set to 0.1 m. We
use a 50% gap and overlap rule for the minimum cut/add length constraint (ao = ag = 0.5).
The optimization is performed four times with progressively stricter cut/add length constraints,
Lcut = Ladd = [0 m, 0.025 m, 0.1 m, 0.4 m]. For the optimization case with Lcut = Ladd = 0 m, we
remove the divergence constraint. While the presences of gaps and overlaps are constrained during
the optimization, their effect on the local stiffness of the design is neglected. The optimization
problem can be stated as:
minimize KS(σTW )
with respect to θcp
1
1
such that − Rmin
≤ κ ≤ Rmin



ln

1+ag

ln

1+ag

2(1−ao )
o)
− 2(1−a
≤ψ≤
Lcut
Ladd
For this study, we start with an unsteered unidirectional design, as shown in Figure 16. From
this result, we see that, as expected, a sharp stress concentration occurs at the interior corner of
the plate. The results for four optimization cases are shown in Figure 17. For all four tow-steered
designs, the optimizer effectively redistributes the stress more uniformly over the domain of the
plate, reducing the maximum stress by up to 68%. This significant reduction in stress concentration
means that by tailoring the directional stiffness properties of the composite, a less reinforced layup
can be used in this region, saving structural weight.
The design without the cut/add length constraints in Figure 17(a) performs the best in terms
of objective value. While this design most effectively redistributes the structural loads, its manufacturing feasibility is hindered by regions of pervasive gaps and overlaps. Most of the tow paths
emanate from a point on the right-most edge of the plate, as well as several other regions where
the tow paths converge. Plotting the tow path divergence, ψ (Figure 17 (a)), helps to highlight
these regions. These regions are problematic as they may lead to severe gaps and overlaps in the
AFP layup process. The results of the cut/add length-constrained optimizations are shown in
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Figure 16: Unsteered baseline stress solution and tow paths.

Figure 17: Optimization results showing Tsai–Wu stress (top) and tow path divergence (bottom).
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Figure 17 (b) - (d). As should be expected, the tow paths become more uniformly spaced as the
constraint becomes more restrictive. The increasingly restrictive constraint comes at a cost in objective performance. Nevertheless, the most restrictive case (Figure 17 (d)) is still able to decrease
the maximum stress by 58% relative to the baseline design. This trend can be followed until the
desired minimum tow cut/add length in the design has been met, as given by Equation (23).

6

Divergence-Curvature Relationship for Rotated Patterns

In theory, each layer of a tow-steered laminate can be parametrized with its own unique pattern
during the design process. In practice, however, as the number of layers becomes very large,
the number of design variables required to parametrize the laminate may become too large for
even gradient-based optimization to be practical. To simplify, rather than parameterizing each
tow-steered layer independently, we can parametrize a main tow pattern and define the remaining
patterns in the layup as constant angular offsets relative to the main pattern. One design application
where this parametrization might be used is in the structural design of an aircraft wingbox [18, 29],
where the thickness of the laminate may be as high as O(100) layers in some parts of the structure.
We now seek to derive a relationship between the divergence and curvature of the offset patterns
relative to the corresponding values of main pattern.
We start by defining two tow path vector fields, v~0 and v~1 , parametrized by angle distributions
θ0 and θ1 , respectively. The two vector fields are related by the fact that v~1 is offset from v~0 by a
constant angular offset, ∆θ, such that:
θ1 = θ0 + ∆θ
If we now take the curvature of the second vector field, we get:
κ1 (x, y) = ∇θ1 · v~1 (θ1 ) = ∇θ1 · (cos(θ1 )î + sin(θ1 )ĵ) =

∂θ1
∂θ1
cos(θ1 ) +
sin(θ1 )
∂x
∂y

(25)

Substituting in θ1 = θ0 + ∆θ and using the facts that ∂θ1 /∂x = ∂θ0 /∂x, ∂θ1 /∂y = ∂θ0 /∂y, and ∆θ
is a constant, we obtain:
∂θ0
∂θ0
κ1 (x, y) =
cos(θ0 + ∆θ) +
sin(θ0 + ∆θ)
(26)
∂x
∂y
Finally, using the trigonometric identities cos(θ0 + ∆θ) = cos(θ0 ) cos(∆θ) − sin(θ0 ) sin(∆θ) and
sin(θ0 + ∆θ) = sin(θ0 ) cos(∆θ) + cos(θ0 ) sin(∆θ), collecting terms, and recognizing the divergence
and curvature terms derived previously, yields:
∂θ0
∂θ0
κ1 (x, y) =
(cos(θ0 ) cos(∆θ) − sin(θ0 ) sin(∆θ)) +
(sin(θ0 ) cos(∆θ) + cos(θ0 ) sin(∆θ))
∂x
∂y




∂θ0
∂θ0
∂θ0
∂θ0
=
cos(θ0 ) +
sin(θ0 ) cos(∆θ) +
(− sin(θ0 )) +
cos(θ0 ) sin(∆θ)
∂x
∂y
∂x
∂y
= κ0 cos(∆θ) + ψ0 sin(∆θ)
(27)
In a similar fashion, we can derive the following equation for the divergence:
ψ1 (x, y) = −κ0 sin(∆θ) + ψ0 cos(∆θ)

(28)

These relationships show that the divergence and curvature of two tow-steered patterns offset by
a constant angle are inherently related. Note that an offset of exactly 90◦ causes the magnitude of
the divergence and curvature to switch between the two patterns. We can see this effect in Figure
18. Thus, when considering multiple patterns offset by a constant angle, the more stringent of the
two constraints (tow path divergence or tow path curvature) becomes the active constraint for each
ply.
19

Figure 18: Example of the divergence-curvature relationship for offset patterns.

7

Zero-Divergence and Zero-Curl Patterns

In Section 2 a relationship between the curl, divergence, tow-path curvature, and gaps/overlaps
for a general tow-steered pattern was derived. From this relationship, it is natural to wonder if
there are tow-steered patterns with zero divergence, zero curl, or both everywhere in the layup. To
answer this question, we can start by looking at a general pattern, ~vψ , for which the divergence is
zero.
∇ · ~vψ = 0

(29)

From the principles of vector calculus, it is known that Equation (29) defines what is called an
“incompressible” vector field. An incompressible vector field can be defined as the curl of another
vector field, as shown below:
~ y)
~vψ = ∇ × φ(x,
(30)
~ must be orthogonal to the tow pattern field, ~vψ , and therefore
Because ~vψ is a 2D vector field, φ
can be defined by a stream function, φ(x, y):
~ y) = φ(x, y) k̂
φ(x,

(31)

Substituting Equation (31) into Equation (30) gives:
~vψ =

∂φ
∂φ
î −
ĵ
∂y
∂x

(32)

Finally, remembering that by definition ~vψ should be a unit vector:
~vψ · ~vψ = 1

(33)

Substituting Equation (32) into Equation (33) yields:
∂φ 2 ∂φ 2
+
=1
∂x
∂y
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(34)

This is a very well-known nonlinear Partial Differential Equation (PDE) often encountered in the
fields of electro-magnetics and optics, known as the Eikonal equation. The solution, φ, to this
equation is called a signed distance function. The function value at each point, φ(x, y), is defined
as the distance from that point to a boundary curve, Ω, where the sign denotes on which side of
the boundary the point lies. A common approach to obtaining these solutions is the fast marching
method [30]. Since φ(x, y) is a stream function of a 2D vector field, by definition, the streamlines of
the tow patterns can be reproduced by plotting the iso-contours of φ. In this case, the curvature for
these patterns can be computed by applying the curl, as defined in Equation (2), to Equation(32):



 2

∂φ
∂φ
∂ φ ∂2φ
κψ = ∇ ×
î −
ĵ
· k̂ = −
+ 2 = −∇2 φ
(35)
∂y
∂x
∂x2
∂y
This equation provides an effective way of evaluating and constraining the curvature of any zerodivergence Eikonal solution.
This derivation motivates an alternative approach to using B-spline interpolation to define the
orientation field, θ(x, y), and subsequently the corresponding tow pattern, as described in Section 5.
Instead, we can define the tow pattern as a level set function that is parametrized by the boundary,
Ω. This approach has seen growing interest in tow-steering design optimization [31, 32, 33].
By using Equation (27), a complementary family of zero-curl tow patterns, ~vκ , can be obtained
by defining a corresponding orthogonal pattern to each zero-divergence solution. An alternative
but equivalent definition for the zero-curl tow patterns can be found by defining a number of seed
locations on the boundary curve, Ω, and marching out perpendicularly to the curve in all directions.
A similar approach in the derivation of the zero-curl solution can be taken as the zero-divergence
solution, leading back to the Eikonal equation (34), where φ now represents a scalar potential field,
in this case ~vκ = ∇φ and ψκ = ∇2 φ.
Examples of zero-divergence and corresponding zero-curl patterns are shown in Figure 19. As
one would expect from Equations (2) and (4), all of the paths for the divergence-free solutions
are locally parallel, while the tow orientation remains constant along tow-paths for the curl-free
solutions.
If Ω has no local curvature, that is if Ω is piece-wise linear, the resulting pattern will feature
no curvature nor divergence. Figure 20 shows examples of patterns featuring both zero curl and
divergence; the pattern on the left is an unsteered unidirectional pattern, which intuitively should
have zero divergence and curvature. Though some of these patterns contain what can be considered
curvature singularities at the sharp corners of the pattern, the zero curvature condition is satisfied
universally except at these points. While these regions may seem problematic for the turning
radius manufacturing constraint described in the previous sections, this problem can be alleviated
by directing the AFP machine to cut the tow at these corners, rotate the machine head, and
continue laying in the new direction. If these regions occur frequently throughout the pattern, then
the manufacturing of the pattern may become difficult.
The zero-divergence and zero-curl patterns have the desirable manufacturing properties of being free of gaps/overlaps and curvature, respectively. These families of solutions represent the
extreme limits on either the gaps/overlaps or tow path curvature. In general, tow patterns with
superior structural performance can be achieved by allowing for some amount of both divergence
and curvature throughout the pattern.

8

Conclusions

In this work, we showed that tow paths of a general tow-steered pattern can be treated as the
streamlines of a unit-vector field. Through this choice of definition, several manufacturing con-
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Figure 19: Zero-divergence (top) and corresponding zero-curl (bottom) Eikonal solutions, boundary
curve, Ω (blue).

22

Figure 20: Example of Eikonal solutions with no divergence/curvature.
straints can be intuitively related using vector calculus differential operators. In particular, we
demonstrated that the curl of such a vector field is equivalent to the tow path curvature of the
layup. Through further derivation, we also proved that the rate of growth of gaps and overlaps is
directly related to the divergence of the vector field. Through these derived relationships, we found
closed-form solutions for the curvature, gap/overlap spacing, and gap/overlap sizes for two analytic
tow patterns.
These relationships then lead to the development of a conservative approximation of the minimum cut/add lengths for the AFP machine based on the maximum and minimum divergence
values for a given pattern. We demonstrated the utility of this constraint in the context of a
structural design optimization problem. From the results of this optimization we showed that the
resulting design features undesired tow path convergence regions when left unconstrained. For a
modest penalty in structural performance, we achieved a realistic manufacturable design through
the enforcement of the constraint.
Finally, through the use of a 2D scalar potential field and stream functions, we derive the
Eikonal PDE. The solution of this PDE yields a family of gap/overlap-free and curvature-free tow
patterns. The solution of the Eikonal PDE motivates an alternate parametrization scheme for
tow-steered patterns that uses the fast marching scheme. The curvature and divergence of the
divergence-free and curvature-free patterns is related to the stream and scalar potential function,
respectively. This choice of parametrization might be desirable for designers that wish to minimize
the presence of gaps/overlaps or curvature in the layup.
The formulation provided in this work may provide a better understanding of the nature of
gaps/overlaps and curvature for a general tow-steered design. Through these relationships, designers can identify regions of manufacturing difficulty in the design without numerically integrating
or laying-up the AFP tow paths. Furthermore, these relationships lead to simple constraints for
design optimization that provide bounds on the severity of these regions in the layup. The constraints developed in this work have already been demonstrated in practice, as evidenced by the
manufacture of a 30% scale wing box [19] based on our design optimizations [17, 18].
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Appendix: Extension to Layups on 3D Curved Surfaces
While all derivations of manufacturing parameters considered in this work were based on flat 2D
layups, the relationships can also be extended to layups on general 3D curved surfaces. This
extension is made possible by defining the layup surface in parametric form as
~r = ~r(u, v),
where ~r is the 3D position vector defining each point on the surface and u and v are parametric
coordinates. Using this definition, the vector ~v defined in Equation (1) can be rewritten in terms
of the local parametric coordinates (u and v) and unit vectors (êu and êv ), as
~v (u, v) = vu (u, v)êu + vv (u, v)êv .
In a similar fashion to the 2D case, the divergence operator, after coordinate transformation,
can be used to find the tow-path gap/overlap propagation rate. For the tow-path curvature we
must now distinguish between geodesic (in-plane) and normal (out-of-plane) curvature, κg and κn ,
respectively. For the constraint of tow puckering the relevant curvature is the geodesic curvature.
Similar to the 2D case, this can be computed by computing the curl of the vector field in the
parametric coordinate system and projecting it on to the local surface normal, êw . According to
Foadi [34], the curl and divergence for an orthogonal parametric coordinate system is:


∂(hv vv ) ∂(hu vu )
1
−
,
κg (u, v) = (∇ × ~v ) · êw =
hu hv
∂u
∂v


1
∂(hv vu ) ∂(hu vv )
ψ(u, v) = ∇ · ~v =
+
,
hu hv
∂u
∂v
∂~
r
∂~
r
where hu = ∂u
and hv = ∂v
.
For certain parametric coordinates systems, such as cylindrical and spherical, the divergence
and curl operators are well known and exist in closed-form equations. For this reason, we will
demonstrate the application of some of the previous derivations in 3D with two example layups
on a spherical surface of radius R, shown in Figure 21. In this case we will take advantage of the
spherical coordinate system defined in Figure 22. A general vector field lying in the tangent plane
of the surface of a sphere is given by the following equation:

~v = vϕ ϕ̂ + vΘ Θ̂
Since vr = 0 and r = R for this case, the curl and divergence in spherical coordinates simplifies
down to:


1
∂
∂vΘ
κg (ϕ, Θ) = (∇ × ~v ) · r̂ =
(vϕ sin(Θ)) −
(36)
R sin(Θ) ∂Θ
∂ϕ


∂vϕ
1
∂
ψ(ϕ, Θ) = ∇ · ~v =
(vΘ sin(Θ)) +
(37)
R sin(Θ) ∂Θ
∂ϕ
The manufacturing parameters for each layup can then computed as detailed below.

24

(a) Latitudinal pattern

(b) Longitudinal pattern

Figure 21: Two spherical cases with analytic manufacturing values.

Figure 22: Spherical coordinate definition (adapted from Brasseur and Jacob [35]).
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Latitudinal pattern
For the latitudinal pattern the unit vector field, ~v is given by the equation below:
~v = 1 ϕ̂
Substituting in for the vector components in Equation (36) gives the in-plane or geodesic tow-path
curvature:


∂
1 cos(Θ)
cot(Θ)
1
(1 sin(Θ)) =
=
κg (ϕ, Θ) =
R sin(Θ) ∂Θ
R sin(Θ)
R
From this equation we find that the geodesic curvature is zero at the equator, Θ = π/2, and
increases in magnitude toward infinity as either pole, Θ = 0 and Θ = π, is approached. From this
equation we can also see that if the radius of the sphere is increased, the geodesic curvature decreases
uniformly. In the limit where R → ∞ the layup locally approaches a flat 2D unidirectional pattern,
and thus κ → 0. This shows that unlike in the 2D case, in 3D the curvature of the underlying
tooling surface can effect the geodesic curvature of the tow paths.
Next, substituting in for the vector components in Equation (37) gives the tow-path divergence:


1
∂
ψ(ϕ, Θ) =
(1) = 0
R sin(Θ) ∂ϕ
From this we find that the tow-path divergence is zero everywhere in the layup. This means that
all tow paths for this pattern are locally parallel and gaps/overlaps will not propagate throughout
the layup. From Section 7, we know that since the divergence is uniformly zero for this pattern, it
represents a spherical gap/overlap-free solution of the Eikonal equation in 3D, defined below:
||∇φ||2 = 1.
In fact, for this pattern the stream function, φ(Θ, ϕ), can be defined as:
φ(Θ, ϕ) = −RΘ
It can be shown that substituting in the spherical definition of the curl operator into Equation (30),
as shown below,
~v = ∇ × φ(Θ, ϕ)r̂,
and Laplacian operator into Equation (35), as shown below,
κg (Θ, ϕ) = −∇2 φ(Θ, ϕ),
give consistent results for the unit vector field and geodesic curvature, respectively, when compared
with the above derivation.
In Figure 23 we show an example layup of the latitude pattern. From this figure we can see
that the conclusions reached from the divergence and curl of this pattern agree well with features
observed in the actual layup.
Longitudinal pattern
For the longitudinal pattern the unit vector field, ~v is given by the equation below:
~v = 1 Θ̂
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Figure 23: Latitudinal pattern example layup.
Substituting in for the vector components in Equation (36) gives the geodesic tow-path curvature:


∂
1
−
(1) = 0
κg (ϕ, Θ) =
R sin(Θ)
∂ϕ
From this equation we find that for this pattern the geodesic curvature is zero for all points. This
means that no in-plane curvature is experienced by any tow paths in the pattern.
Next, substituting in for the vector components in Equation (37) gives the tow-path divergence:


1
∂
1 cos(Θ)
cot(Θ)
ψ(ϕ, Θ) =
(1 sin(Θ)) =
=
(38)
R sin(Θ) ∂Θ
R sin(Θ)
R
From this equation we find that the tow-path divergence, ψ, features a singularity at either pole
of the sphere and approaches zero at the equator. Similar to the previous case, we find that as the
radius of the sphere increases, the tow-path divergence everywhere decreases monotonically. This
means that like the geodesic curvature, the tow-path divergence is also a function of the curvature
of the underlying tooling surface in 3D.
By comparing this case with the previous case, we find that the tow-path curvature and divergence have swapped values between the two cases. This is a result of Equations (27) and (28), and
the fact that the longitudinal pattern is a 90◦ offset of the latitudinal pattern. This shows that the
relationships for rotated patterns derived for 2D patterns in Section 6 still hold for the 3D spherical
patterns as well.
To derive the gap/overlap propagation, hg/o /w, suppose we begin laying the prepreg tow down
toward the southern pole starting at a polar angle, Θ0 , (see Figure 24). The edges of the tows
are assumed to be coincident at their initial seed location, s = 0 or Θ = Θ0 , implying that δ = 1.
Substituting the divergence, ψ, from Equation (38) into (10) yields:
Z s

Z s

hg/o
cot(Θ(s0 )) 0
0
0
(s) = exp
ψ(s ) ds − 1 = exp
ds − 1
w
R
0
0
Recognizing that ds = R dΘ allows us to perform a variable transformation from the arc-distance
coordinate s to the polar angle coordinate Θ, giving the solution below:
Z Θ

 

hg/o
cot(Θ0 )
sin(Θ)
sin(Θ)
0
(Θ) = exp
R dΘ − 1 = exp ln
−1=
−1
w
R
sin(Θ0 )
sin(Θ0 )
Θ0
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Figure 24: Longitudinal pattern gap/overlap definition.
This equation tells us how the gap/overlap size varies as a function of the polar angle coordinate,
Θ. As expected, no gap/overlap is present (i.e., hg/o /w = 0) at the initial seeding location of the
tows, Θ = Θ0 , by definition. If Θ0 < π2 , as the tow path continues downward, a gap begins to grow
achieving a maximum size at the equator of the sphere, Θ = π/2. As the tow passes the equator
and continues south the gap decreases in size, going to zero at Θ = π − Θ0 . Beyond this point an
overlap begins to form and grow, terminating with a 100% overlap singularity at the southern pole
of the sphere.
In Figure 25 we show an example layup of the latitudinal pattern with Θ0 = π/4. From
this figure we can see that the conclusions reached from the divergence, curl, and gap/overlap
propagation of this pattern agree well with features observed in the actual layup.
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