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Gauge theory with massless charged matter is known to arise
in M-theory two ways, both geometric in origin:

boundaries in the compactification manifold [
e.g. Hořava & Witten

]
or singularities (known as geometrical engineering):

gauge theory: 3-d (co-dim 4) ‘ADE’ singularities [
Atiyah & Witten

]
charged matter: isolated (co-dim 7) enhanced singularities
living the ADE singularities

[
Witten,

Acharya & Witten

]
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Although much is known about the local geometries giving rise to desirable
gauge theories and matter representations, this was not thought to be
sufficient for concrete phenomenological models in M-theory

A purpose of this talk is to counter that wisdom—by showing how to
engineer local phenomenological models purely within M-theory.
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Naïvely Engineering the Standard Model in M-Theory

What would the Standard Model look like in M-theory?
Within the G2 manifold there must be:

3-d SU3 and SU2 singularities
which meet at exactly three points
(one for each QL)

and one additional conical
singularity for every known
(or expected) matter field

Seems to be wishful thinking at best,
and terribly ad hoc at worst:

Why those singularities?

Why at those relative positions?
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Geometric Analogies to Unification

A G2 manifold engineered to give grand unification can
be unfolded in a way analogous to symmetry breaking:

 JB,to appear,
arXiv:0704.0444
arXiv:0704.0445



Unfolding a 27 of E6
Features of the
unfolded geometry:

local geometry (topology)
containing all unfolded
singularities is known

many relative positions
fixed by (relatively few)
deformation moduli

the unfolding picture
‘saturates’ with three
families
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Engineering Gauge Theory in M-theory
M-theory on:

K3y
Q

⇐⇒
fibre-wise duality

Heterotic string on:
T 3y
Q

∴ There are places in K3 moduli space with non-Abelian
gauge theory (and possibly charged matter).

Gauge theory arises when the (generic) K3 fibres
develop isolated ADE-type singularities

Relevant global data of the fibration:
there are b1(Q) massless chiral, adjoint fields

4d gauge coupling goes like gY M ∼ 1
Vol(Q)
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Engineering Massless Charged Matter

Massless charged matter can arise in M-theory from
isolated enhancements of ADE singularities.

 Katz & Vafa,
Witten,

Acharya & Witten



Consider the ADE singular surface to be
the union of singular points within each
K3 fibre over Q; then the enhanced
singularities giving rise to charged
matter must be (isolated) places over Q

where the rank of the singularity of the
fibre is increased by one
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The type of singularity at the ‘more singular’ point
determines the representation that results
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Representations Resulting from ADE Resolutions

The enhancement of an H-type singularity into one of type G at
an isolated point is called the resolution G → H.

Representation from G → H

When G ⊃ H × U(1), G → H gives rise to matter
charged under H; the representation follows from
the U(1)-charged parts of the decomposition of
the adjoint of G into H × U(1).

Exempli Gratia:
SUn+1 → SUn =⇒ n of SUn

SO2n → SUn =⇒ [n× n]a of SUn

E6 → SO10 =⇒ 16 of SO10

E7 → E6 =⇒ 27 of E6
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The enhancement of an H-type singularity into one of type G at
an isolated point is called the resolution G → H.

Representation from G → H

When G ⊃ H × U(1), G → H gives rise to matter
charged under H; the representation follows from
the U(1)-charged parts of the decomposition of
the adjoint of G into H × U(1).

Exempli Gratia:
SUn+1 → SUn =⇒ n of SUn

SO2n → SUn =⇒ [n× n]a of SUn

E6 → SO10 =⇒ 16 of SO10

E7 → E6 =⇒ 27 of E6
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Representations Resulting from ADE Resolutions

The enhancement of an H-type singularity into one of type G at
an isolated point is called the resolution G → H.

Representation from G → H

When G ⊃ H × U(1), G → H gives rise to matter
charged under H; the representation follows from
the U(1)-charged parts of the decomposition of
the adjoint of G into H × U(1).

Exempli Gratia:
SUn+1 → SUn =⇒ n of SUn

SO2n → SUn =⇒ [n× n]a of SUn

E6 → SO10 =⇒ 16 of SO10

E7 → E6 =⇒ 27 of E6

A Provocation:

E8 → E6 × SU2 =⇒ (1,2)⊕ (27,1)⊕ (27,2) of E6 × SU2.
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Local Descriptions of ADE Singularities

There are several equivalent descriptions of ADE-singularities:

As C2/ΓADE where ΓADE ⊂ SU2 is a discrete
group with a fixed point at the origin

[
McKay, 1980

]

e.g. SUn is C2/Zn with

Zn ≡ 〈α〉 where α =
(

e2πi/n 0
0 e−2πi/n

)
.

But it would be hard to parameterize a fibration in the form “C2/Γ(~t).”
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Local Descriptions of ADE Singularities

There are several equivalent descriptions of ADE-singularities:

As hypersurfaces in C3 given by the solutions to:
[

Felix Klein, 1881
]

Gauge group Polynomial
SUn (≡ An−1) xy = zn

SO2n (≡ Dn) x2 + y2z = z−1zn

E6 x2 = y3 + z4

E7 x2 + y3 = yz3

E8 x2 + y3 = z5

E6

Easy to describe 2-dimensional deformations: they are
just complex structure deformations of the polynomials.

[
Bramble, 1918,

Katz & Morrison, 1992

]
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Local Descriptions of ADE Singularities

There are several equivalent descriptions of ADE-singularities:

As hypersurfaces in C3 given by the solutions to:
[

Felix Klein, 1881
]

Gauge group Polynomial
SUn (≡ An−1) xy = zn

SO2n (≡ Dn) x2 + y2z = z−1zn

E6 x2 = y3 + z4

E7 x2 + y3 = yz3

E8 x2 + y3 = z5

E6

Easy to describe 2-dimensional deformations: they are
just complex structure deformations of the polynomials.

[
Bramble, 1918,

Katz & Morrison, 1992

]

But not easy to upgrade to 3-d deformations applicable to M-theory.
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Local Descriptions of ADE Singularities

There are several equivalent descriptions of ADE-singularities:

Kronheimer’s construction: as vacua of N = 2 Σ-models.
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Local Descriptions of ADE Singularities

There are several equivalent descriptions of ADE-singularities:

Kronheimer’s construction: as vacua of N = 2 Σ-models.
Exempli Gratia (all we will need today): SUn

Consider n hypermultiplets {Φi} i = 0, . . . , (n− 1) charged
under K ≡ U(1)n−1 gauge theory as follows:

Φ0 Φ1 Φ2 · · · Φn−1

U(1)1 −1 1 0 · · · 0

U(1)2 0 −1 1
. . .

...
...

...
. . .

. . .
. . . 0

U(1)n−1 0 · · · 0 −1 1

Let (zi, zi) ≡H denote the scalars of Φi
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ADE Singularities as hyper-Kähler Quotients

The vacuum manifold of this Σ-model is denoted Hn//K.
Specified by applying all D/F-term constraints
(setting the FI-parameter for each U(1)i to zero)
and taking the normal quotient by K

The FI-parameter for U(1)m can be written

~tm ≡ Φ†
m~σΦm−Φ†

m−1~σΦm−1, where Φ†
m~σΦm ≡

 Re(zmzm)
Im(zmzm)
|zm|2 − |zm|2

 .

Setting~tm → 0 for all m implies zmzm = z0z0;
so define the following K-invariant variables:

x ≡
n−1∏
i=0

zi, y ≡
n−1∏
i=0

zi, z ≡ z0z0,

which satisfy xy = zn =⇒ Hn//K is SUn.
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Exempli Gratia: Engineering a 5 of SU5

By relaxing the D-term constraints on the Σ-model, we can
unfold an SUn singularity into its subgroups.

Allowing the FI-parameter of the mth U(1) to be nonzero—
~tm 6= 0—is equivalent to removing the mth node of the SUn

Dynkin diagram.

Letting~tm parameterize a local coordinate patch on Q will
naturally generate isolated enhanced singularities:
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Exempli Gratia: Engineering a 5 of SU5

By relaxing the D-term constraints on the Σ-model, we can
unfold an SUn singularity into its subgroups.

Allowing the FI-parameter of the mth U(1) to be nonzero—
~tm 6= 0—is equivalent to removing the mth node of the SUn

Dynkin diagram.

Letting~tm parameterize a local coordinate patch on Q will
naturally generate isolated enhanced singularities:

This is how a 5 of SU5 is engineered in M-theory.
[

Witten
Acahrya & Witten

]
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Unfolding Gauge Theory in M-Theory

Consider now varying the type of singularity of the fibres
independent of the location on Q:

e.g. consider relaxing the D-term constraint on~t2 ≡ ~s of an
SU5 singularity:
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Unfolding Gauge Theory in M-Theory

Consider now varying the type of singularity of the fibres
independent of the location on Q:

e.g. consider relaxing the D-term constraint on~t2 ≡ ~s of an
SU5 singularity:

We can envision ~s as a deformation (blow-up) modulus
changing the type of gauge theory.
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Unfolding a 5 of SU5 into SU3 × SU2

A natural question to ask is: what happens when a fibration
with an isolated enhanced singularity is ‘globally’ unfolded?

Some experience with group theory makes us expect the right answer:
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Unfolding a 10 of SU5 into SU3 × SU2

And although we haven’t described the engineering of a 10 of
SU5 (from SO10 → SU5), we can also do this one explicitly:
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Unfolding Three Families out of E8

Recall: E8 → E6 × SU2 =⇒ (1,2)⊕ (27,1)⊕ (27,2) of
E6 × SU2.
Therefore, unfolding this singularity manifestly produces
three families.

Let’s see how this looks in detail.
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6

FIG. 3: An illustration of the resolution of a single isolated E8 into the Standard Model in terms of four deformation
parameters a, b, c, d. Along the left hand side, for a = b = c = d = 0, the generic E6 × SU2 fibre is enhanced to E8

at t = 0. Moving from left to right, a, b, c, d are sequentially allowed to grow to some non-zero value—and between
dashed lines all but one of the moduli are held fixed. Solid lines indicate the locations of enhanced singularities
relative to the plane for as functions of a, b, c, d. The complete list of isolated singularities, their locations, and charge
assignments are given on the right hand side of the diagram.
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Unfolding Three Families out of E8

Features of and questions about the resulting Standard-Model
like model:

U(1)-charges allow only terms of the form 271272273 can
appear in the superpotential

‘families’ in the colloquial sense must be linear
combinations of the 27’s

fate of extra U(1) symmetries not yet clear
E6-like exotics: six Higgs coloured triplets

no obvious solution to the 3-2 splitting problem
no obvious solution to proton decay

. . .
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Further Questions and Future Directions

For M-theory experts:
How are the parameters deforming the geometry controlled—
fixed—physically?
What stabilizes SU3 × SU2 from unfolding further?

How can geometric unification be connected with gauge
coupling unification?

For mathematicians:
Can these local geometries be shown (explicitly) to be G2?

How can these patches be glued into a compact G2 manifold?

For E6 Grand Unification experts
Is the complexity of the spectrum rich enough to avoid the
usual problems?
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