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Abstract

We prove Converse and Smoothness theorems of polynomial ap-
proximation in weighted Lj spaces with norm || fW{|; ) (0 <p < o0)
for Erdés weights on the real line. In particular we prove characteriza-
tion theorems involving Realization functionals and thereby establish
some interesting properties of our weighted modulus of continuity.
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1 Introduction and Statement of Results

Let W := exp (= @) where Q : R — R is even and is of faster than polynomial
growth at infinity. Then W is called an Erdds weight.
Archetypal examples of such weights are:

(a)

Wia(z) :=exp (—exp,(|z]*) a>1, k>1 (1.1)



where exp,( ) = exp (exp (... (exp ( )))) denotes the kth iterated expo-
nential.

(b)
Wap(x) :=exp (— exp (log (A + x2)6)> (1.2)

where 3 > 1 and A is large enough.

For more on the subject, we refer the reader to [16,18] and the references
cited therein.

Recently, we investigated Jackson theorems for large classes of Erdds
weights in L,(0 < p < o0o) [2]. More precisely, we estimated how fast

En[flwyp = Pig;n I(f = PYWIl,, &) — 0, n— oo

Here E,[f]w, is the error of best weighted approximation for suitable f :
R — R and P, denotes the class of polynomials of degree at most n.

Direct and converse theorems for rates of approximation is an exten-
sively researched and widely studied subject. For weights on R, analogues
of Jackson-Bernstein theorems were initiated by Dzrbasjan, but were more
intensively studied by Freud in the 1960’s — 1970’s [10,11,23]. Since then,
their ideas have been generalized and extended by many. See [2,7,8,9,12,19]
and the references cited therein.

In this paper, we investigate converse theorems of polynomial approxi-
mation for Erdos weights. To state our results, we need a suitable class of
weights and various quantities.

Throughout, C,C, Cs, ..., will denote positive constants independent of
n,r and P € P, not necessarily the same in different occurrences. We write
C # C(L) to mean that the constant is independent of L.

Moreover, for real sequences A, and B,, # 0, A, = O (B,,), A, ~ B, and
A, = o(B,) will mean respectively that there exist constants C,C5, C3 > 0
independent of n such that A,,/B,, < Cy, Cy < A,/B,, < C3 and lim,,_,, |A,/By| =
0. Similar notation will be used for functions and sequences of functions.

We shall say that a function

f:(a,b) = (0,00)



is quasi-increasing if 3C' > 0 such that

a<z<y<b= f(z) <Cf(y).

We need a suitable class of weights:

Definition 1.1. Let W(z) := exp [-Q(x)] where @ : R — R is even
and continuous satisfying,

(a) xQ'(x) is strictly increasing in (0,00) with

lim 2Q'(z) = 0.

r—0t

(b) The function

T(z) == Ig('g) (1.3)
is quasi increasing in (C,00) for some C' > 0 and
lim T(x) = oc. (1.4)
() Assume
igg; <0 (%) B Y>> Co. (1.5)

for some C,Cy, C3 > 0. Then @) is called the external field associated
with W and we write W € &;.

Some Remarks.

(a) The function T serves as a measure of the regularity of growth of Q). In
particular, it is not difficult to show that (1.4) forces @ to be of faster
than polynomial growth at infinity.

(b) We need the condition that 2Q’(z) be strictly increasing in order to en-
sure the existence of the Mhaskar-Rakhmanov-Saff number, a, defined
as the positive root of the equation

2 [la,tQ (a,t)dt

= — —_— > 0. 1.6
b 7 Jo V1 —t2 “ (1.6)
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For those unfamiliar, the quantity (PW), P € P, “lives” most of the
time in [—ay, a,]. We refer the interested reader to [17,21,26] for more
on a, and its “cousin” ¢, the Freud number. For a different perspective
on discrete sets and to concave external fields, we refer the reader to
[4,5]. For Erdés weights, a,, has the effect that although Q(z) might
grow very rapidly for large x, Q) (a,) does not exceed a positive power

of u. For example, for Wy, a, grows like (log, u)é where log,( ) =
log (log (... (log( )))) denotes the kth iterated logarithm.

(c) (1.5) is a weak regularity condition on 7, for one has typically for each
e >0,
T(z) = Olog Q' (z))'**, z — 0. (1.7)

For example, for Wy ,(z),

i e, )
T(x) = az® H exp ()],
= J
so that C'5 can be made arbitrarily close to 1. This is also the case for
W4 .

We proceed to define our modulus of continuity and realization functional

as in [1,2,3].
For h > 0, an interval J, » > 1 and f : R — R we define

r r _1)¢ rh rh
Ay (f,z,J) = iO(j)( 1)f($+2 Zh), T+ cJ (1.8)
0, otherwise

to be the rth symmetric difference of f. If J is not specified, it can be taken
as R

Following ideas of [9], to reflect endpoint effects in our approximation,
we need our increment h in (1.8) to depend on z and in particular on the
function,

z):=|1— ﬂ o 3 x
Oy(x) ‘1 o ) +T (o(t) 2, z€R, (1.9)
where

o(t) := inf{au : % < t} (1.10)



and ¢t > 0 but is typically small enough.
An easy way to understand o is to see it as the inverse of the map
a
U — —
u
which decays to zero as u — co. Clearly o is decreasing.
We may then define our weighted modulus of continuity for 0 < p < oo
and r > 1 by:

wr,p(f7 W, t) ‘= sup HW <A2<I>t(a:)(f)>

0<h<t

Lp(Jz|<o(21))

+ inf — R\W . 111
R of deg <r—1 H(f ) ||Lp(\x\20(4t)) ( )

Further, we define its averaged “cousin”,

S =

Dol £ W0) = ([ W (D)

+ inf —RW 119
r of deg <r—1 Is ) HLP(\JJ\ZU(M)) ( )

’ dh)
Ly(al<o(2))

(if p = 0o we set Wy, = Wyp).
Clearly @, ,(f, W, t) < w,,(f, W, 1).

Some remarks concerning our modulus.

(a) Although at first difficult to assimilate, we see that the definition of
o in (1.10) is natural, as at least for purposes of approximation by
polynomials of degree < n, we may think of t = %= (recall ¢ is small)
so that o(t) grows like a,. Following [9], our modulus consists of two
parts. The “main” part involves rth symmetric differences over the
interval {—a%, a%]. The “tail” involves an error of weighted polynomial
approximation over the remainder of R and is necessary because of the
inability of (P,J¥) to approximate beyond {—a%,a%]. Its presence
ensures that at least for f € P,_q,

wT7p(f7 VI/J t) 0

For converse saturation type results, we refer the reader to [3].
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(b) We note that the function ®, describes the improvement in the degree
of approximation near taz, in much the same way that /1 — x2 does
for weights on [—1,1].

(c) We observe that unlike the moduli in [8,9], our modulus w is not nec-
essary monotone increasing in ¢. This created severe difficulties in our
analysis. The results of [2] show that under additional assumptions on
W it is possible to replace our modulus by one that is increasing in ¢
however for &£ this is an open question.

In [2], we proved the following Jackson theorems:

Theorem 1.2. Let W € &, r > 1 and 0 < p < oo. Then for all
f R — R for which fW € L,(R) (and for p = oo, we require f to be
continuous, and fW to vanish at £o0), we have for n > C,

En[f]W,p S Olwr,p <f7 VV; OQ%) S Clwr,p (fa W7 CQ%) (113)

where the C; j = 1,2 are independent of f and n.
Moreover, given \(n) € [%, 1],

E[flwy < Cr0y, (f, W, C'Q/\(n);) < Cyw,, (f, W, C’g)\(n);) C(L14)

Some remarks

(a) The result above indicated a Nikolskii- Timan-Brudnyi effect whereby,
as in weights on [—1,1], we have better approximation towards the
endpoints of the Mhaskar-Rakhmanov-Saff interval.

(b) We remark that with a little extra effort, we may replace C' in (1.13)
by r —1 (cf. [3]).

In establishing our converse theorems, we need the notion of the K-
functional. While K-Functionals were introduced in the context of inter-
polation of spaces, one of their most important applications has been in the
analysis of moduli of continuity, and in converse theorems in approximation
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theory. J. Peetre first made the connection between his K-Functional and the
modulus of continuity in 1968. His ideas have been generalized and extended
by many including Ditzian, Freud, Hristov, Ivanov, Lubinsky, Mhaskar and
Totik. We refer the reader to [8,9,10,11,12] and the references cited therein.

The Ditzian-Totik rth order K-Functional has the form
Lp(R)} '

Koy (W, 1) = inf {1 = Wl + 2 oW
(1.15)

g
gV locally absolutely

continuous

Here, t >0, r > 1 and p > 1.

We may think of the second term of (1.15) measuring the smooth part
of f and the first part measuring the distance of f to that smooth part [9].
The idea, following a general technique of Ditzian, Hristov and Ivanov [9], is
to prove inequalities of the form

w;,p (f7 VV; Cﬂf) S ClK;vp (f7 VV; tT) S CZw;,p(f7 VV: t) (116)

for a suitable modulus w;,p (f,.). Here a > 0 is fixed in advance, Cy,Cy > 0,
and ? is small enough.

Unfortunately, K = 0in L, (0 <p < 1) [7], so we need the notion of
a realization functional, a concept attributed to Hristov and Ivanov. Our
realization functional has the form:

Kpp (f,W,#7) := inf {H(f — PYW |y, + 1| PTOW

Lpom}’ (1.17)

where ¢ > 0, 0 < p <00, and r > 1 are chosen in advance and
n=n(t) = inf{k : % §t}. (1.18)
Further define the ordinary K-Functional by

K:y (F,0,) = inf {1 = Wl + ¢
g
g1 locally absolutely

continuous

g<r><1>;WHLp(R)} '

(1.19)



We begin with our main equivalence result:

Theorem 1.3. Let W € &, L,a >0, r>1,0<p < o0 and [ as
in Theorem 1.2. Assume that there is a Markov-Bernstein inequality of the
form

HR;L@aTnWHLP(R) < C% IR Wl @ 0<p<oo, Ry€Py  (1.20)

where C # C (n, R,). Then 3Cy, Cy, C3 > 0 independent of f and t such
that fort € (0,1t),

(a)
Wrp (f> W, Lt) < ClKnp (f; w, tr) < Czwr,p (f, |8 0315) . (1.21)

Moreover, uniformly for t and f,

(b)
wr,p(f?Wt) ~ wT,p(f?Wt) ~ Krvp (f: W, tr) (122)

and

(¢)
wrp (f, W, at) ~w,, (f,W,t). (1.23)

Note that the constant in the ~ relation (1.23) depends on «. For the
exact dependence, we refer the interested reader to [3].

Remark.

(a) The Markov inequality (1.20) is true for W € & and its proof can be
found for example in the forthcoming book of Levin and Lubinsky [15].
For this reason, we dispense with the proof here and assume the result.
We refer the interested reader to [8,19] where similar assumptions were
made.

(b) (1.20) was proved for p = oo in [18] and for 0 < p < oo in [20] under
additional conditions on (), namely conditions on ()" which are satisfied
for Wy o and Wy g given by (1.1) and (1.2).



(c) We finally note that for p > 1, the methods of [9] should enable one to
avoid assuming (1.20) altogether. However, as it is needed in the later
Corollaries, we do not pursue this idea further here.

Theorem 1.3 allows us to deduce a simpler Jackson theorem to Theorem
1.2:

Corollary 1.4. Assume the hypotheses of Theorem 1.3. Then we have
fOT n 2 Cl;

Ay, anp,
Ealflwy < Cotey (1,0,%2) < Gy (£,%2) . (12)

Here, C} is independent of f and n.
We note that the point of this Corollary is that we have removed the
constant from inside the modulus in (1.13) and (1.14).

We have the following converse theorems:

Theorem 1.5. Assume the hypotheses of Theorem 1.3. Let q =
min{l,p}. For 0 < t < C, determine n = n(t) by (1.18) and let | =
[log, n] = the largest integer < log, n. Then we have,

Q=

k=1 gk

Wy (f,W,1) < Ch" {XZ: (—k+1)7 (ﬁ)q By [f]%,p} o (1.25)

where Cy # C (f,t) and where we set Fy-1 = Eqo.
We deduce

Corollary 1.6. Assume the hypotheses of Theorem 1.3. Then for every
0 < a < r the following are equivalent:

(a)
wy,(f,W,t) =0 (%), t — 0F. (1.26)

(b)
K., (f,W, ") =0 (t*), t — 0"



Qnp

En[f]mp:()( )a, n — 0. (1.27)

n

Remark. We remark that a different characterization appears in [3]
where « is allowed to equal 7.

Finally, we obtain estimates of our modulus in terms of f) and deduce
the equivalence of the K-Functional with the realization functional for p > 1.

Corollary 1.7. Let 1 < p < oo and assume the hypotheses of Theorem
1.5.

(a) If fOW € L,(R), we have for t € (0,Cy),

w,,(f,Wit) < Oyt" || fOOTW L) (1.28)
Here C; # Cj(f,1), j =1,2.
(b) We have fort € (0,C3),
1 < K?ip(f? I/Vat)/KTvP(fa W7 t) < 04- (129)

Here C; # Cj(f,t), j =3,4.

Remark. We remark that (1.28) is false for 0 < p < 1. Indeed set for
€€ (0, %)
fe(x) == 0, z€[-1,0] .
e te, x € (0,¢]
1, z € (g,1]
Then fW € L, (0 <p <1), fis of compact support and so it is easy to see
that for fixed ¢ > 0, there exists C'= C (¢, W) > 0 such that

Wryp (fe, W,t) > C

and
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An important note on the structure of this paper.

Sections 2 and 3, establish some machinery, required for the entire paper.
This includes, in particular, an extension of the Markov-Bernstein inequality
(1.20). Many of the proofs are technical and serve merely as tools for the
proofs of our main results. Thus, we suggest the reader skip these sections
at first and return to them at the end of the paper. In Section 4, we prove a
theorem required for the lower bound in Theorem 1.3 ; whereby we approxi-
mate polynomials of degree n, n > 1 by those of degree » — 1, r > 1. This
technique, although similar to that used in [8], is new for Erdds weights on
R and [—1, 1] and we believe it to be of independent interest. In Section 5
we prove Theorem 1.3 and Corollary 1.4 and in Section 6 we prove Theorem
1.5 and Corollaries 1.6 and 1.7.

Acknowledgments.

The author would like to thank his colleagues D.S. Lubinsky, P. Nevai
and V. Totik for much inspiration, useful discussions and valuable advice in
the writing of this paper.

2 Technical lemmas

Lemma 2.1. Let W € &;. Then
(a) Given A > 0, the functions Q' (u) u=* and Q(u)u~* are quasi-increasing

and increasing respectively for large enough wu.

(b) a, is uniquely defined for u € (0,00). Furthermore, it is a strictly
increasing function of wu.

(c) We have for u large enough and a > 0

(i) @' () ~ uT(au)%.
(ii) Q(a)) ~ uTl(an)” } (2.1)

(iii) T(agy) ~ T (ay).
(iv) Q(aew) ~ Q(ay)- (2.2)
(v) Q (aau) ~ Q' (ay).

M
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(d) If & > 1 we have

Gy

aau
o

‘ ~ T ()"

from which it follows in particular that V3 > 0,

Ay,

Gy

— 1, u—> 0.

(e) For some Cj, j=1,2,3 and s >r > Cj

(v

S

)C1T(T)

(f) There exists € > 0 such that

Moreover, V¢§ > 0

<

T (ay)

<

(

r

O (u(z’f)) )

auzo(u‘s), U —> 0.

(g) 3C;, j =1,2,3 such that for v > u > Cj

_C2

() <a )™
Uy u

)zai

In particular, given € > 0,we have for v > u > C}

and

(

(

Ay

v

/|

(
)/

a”U
ay
iy
w

Qy

u

)
)

IA

12

v

u

_C2 4
) T(awu)

S) C>T(s)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)



Proof. Firstly, (a), (b), (c) [(1) — (iii)], (2.3), (2.4), (2.5) and (2.6) are
part of Lemmas 2.1 and 2.2 in [2]. The rest of (2.2) follows from (2.1). (2.7)
will follow using [(a)], as given A > 0

(j(GU)A

M

< Q (au) ~ul (au)_

=

(GU)A
— 0, u— 0.
u
It remains to show (g). Now by (2.1) and then (2.5)
Clg > vT (ay,)
U uT (ay)

-

o w|‘
—

~Gig= (@)

)
Ay,

which implies

_Ca
CLv v T(au
()= ()™
Qy, u
So we have (2.8) and then (2.9 — 2.11) also follow. O
Lemma 2.2. Let W € &;.

(a) Let ¢t > 0 be small enough. Then there exists, u such that

Gy

t=—. 2.12
(b) Let € > 0. Then for u large enough

Qy
N — s 2.13
O(U> a() ( )

u(l—e) <v(u) <u.
(c) Let a > 1. There exists Cy, Cy > 0 such that for <t<sand s <Cy
1 S O(t) 1 CQ

<1+ . (2.14)
o (s) T(o(1))
Further, for ¢ small enough, we have for some ¢ > 0,

T(o(t) =0 (ﬂf_g.

t

where

(2.15)
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(d) Recall the definition (1.9) and let 5 € (0,00). Then we have for some
Ci>0andVz eR

N[

o) (z) > C1T (o(t))” (2.16)

Further if m <n and n, m > C5, then

su Do (0) < Cyy/lo (2+E> (2.17)
s Pom () ~ 3|78 m) '

for some C3 > 0 independent of n, m and z.

(e) Given a > 1, there exists C; > 0 independent of s, ¢ and x such that
for0<s<Cpand 2 <{<s

Qs(x) ~ Py(x), T € R (2.18)
(f) Uniformly for n > 1 and x € R,

||

R

M

3 + T (ay) 7. (2.19)

Further given 8 > 0, we have for some C; > 0 and for all x € R,

o8, () > O\ T (a,) " *

n

(2.20)

Proof. (2.16) follows from the definition of ®;. (2.12), (2.13), (2.14),
(2.17), (2.18) and (2.19) are part of Lemmas 3.1 and 7.1 in [2]. (2.20) follows
from (2.19). Finally to prove (2.15), we may by (2.12) put ¢ = %= for some
u > u,. Then using Lemma 2.1 (b), (2.13) and (2.6) gives for some ¢ > 0

T(o(t)) < T(a,) =0 (u**) =0 (@> o

t

We have an infinite-finite range inequality:

Lemma 2.3. Let W € &,0 < p <ocand s > 1. Then for some
C,Cy, C3>0and VP e P,,n>1,
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1PW 1, @) < CLIPWI L o, aen) - (2.21)
(b)
IPWL, 012000
_1
< Cyexp [=CsnT (an) Z| IPW I Caany - (222)

Proof. This is Lemma 2.3 in [2]. O

Note that (2.6) shows that for large n,

-1
nT (a,)? >n, some C3 > 0.

Lemma 2.4. Let W € &, t € (0,t) and § > 0. Put for u large enough

Ty
u
Set 5
. Qg Qy
= =infsk: — < . 2.2
n:=n(t) m{kk_u} (2.23)
Then
(a)
Py Gy (2.24)
n u n—1
(b)
G Py on (2.25)
n u n
()
U~ n. (2.26)
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Proof. (2.24) follows from the definition of n. (2.25) follows from (2.24)
as
Ap—1 < Q.

To show (2.26), we first show that 3 a > 0 such that
u < an. (2.27)

Suppose first that u > n. Using (2.24) and Lemma 2.1 (g), there exists
C > 0 such that

1 Gy /G u\ =

<2/ <0 (_>

06~ u / n — n
which implies (2.27). Suppose u < n. Then (2.27) follows with o = 1. So it
suffices to show that 3 C'; > 0 such that

u > Cn.

Well, if n —1 > u by (2.24) and Lemma 2.1 (g), there exists Cy > 0 such

that
< Ap—1 /a—uSCQ (n—l)
U

n—1 U

M

which implies
u > Csn

for some C5 > 0. Further, if u > n — 1 we are done. O

We now present two lemmas on differences.

Lemma 2.5. Let W € &;.

(a) Recall the difference operator A} defined by (1.8). Then we have Vx €
R, VPeP,_1,r>1, feRandt >0

P(z) =0. (2.28)

.
hef (z)

P (hd(2))" = Ao 2
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(b) Let L,s > 0. Then uniformly for v > 1 and |z|, |y| < ays such that

M

\x—y[ﬁL% 1-— (|y|> or \x—ylgLa—uT(au)_’ ,
u a u

us

we have
Wi(x) ~W(y). (2.29)

(c) Let L, M > 0. For t € (0,ty), |z|, |y| < o (Mt) such that
|z —y| < Ltd,(x)
we have (2.29) and
Dy (x) ~ i(y), (2.30)
Proof. This is Lemma 3.2 in [2].

Lemma 2.6. Let We&, 0<d<1; L, M>0and 0<p< .

(a) Let s € (0,1) and [a, b] be contained in one of the ranges

2| < o(t) [1 - (255“)) ] (2.31)
2| > o) |1+ (255@)> ] . (2.32)
Then , ) .
[ 1@ £ s@u@)|do < = [ 17(@)ldo (2.33)
where

{

} = { inf } {2 £5®(z) : 2 € [a,b]}. (2.34)

sup

< Ql
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(b) Letr>1, t € <0, ﬁ) , h € (0, Mt) and [a, b] be as above with s = Mrt.
Define @ and b by (2.34) with s = Mrt. Assume moreover that

[a,b] € [—o(Lt), o(Lt)]. (2.35)

Then for some C # C (a, b, t, g)

HAZCI%(J}) (ga Z, ]R) W(.T) Ly[a,b]
<Cf (Wlg— P, [@g

< CWoll, g (2.36)

Proof.

(a) Define k = £1 and u(z) := = + ks®,(z).

We shall assume that [a, b] is contained in the range (2.31) and also
a > 0. The case where a < 0 is similar, as is the case when [a,b] is
contained in the range (2.32). Then for z € [a, b],

KS 1
"(z) =1+ — >1-—6,
u'(z) - = ( 0(75)) >

by (2.31). Hence u, is increasing in [a, b] and writing v := u(x) gives

/ab\f(xiscbt(x))]dx - /yf )| dz
_ /Uﬂ<n—dv v = u(a)

= 1—5/ v)ldv
- T;;éumwm

in this case. The extra 2 in (2.33) takes care of having to split [a, b]
into two intervals if a < 0 < b.
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(b) Now recall that we have
W () Ay (9(2))

Also (2.29) gives
IW@%vW(w+<§—Oh@A@>

uniformly in ¢ and for |x| < o(Lt) and h < Mt. Thus we obtain from
part [(a)]

W (@) Aoy 0 @),y

b
<C sup [ [gW[ (x + (g — 2) hq)t(x)> dx

0<i<r Ja

20 b
< — p .
<7 [ g P (@)

Note that for 0 < i <7, (2.31) with s = Mrt gives

ol < dw(l—[§2;r)

: “”(“‘Liiwr)

so the range restrictions of (a) are satisfied.
Finally note that by (2.28) for P € P,_y,
AZ@t(m) (P,[If, R) =0.

Hence

| Araye) (9,7, B) W (2)

= HAan(x) (9 — Pz, R) W(z)
Clilg = PYWlL, a5

Ly[a,b] Ly[a,b]

AN

It remains to take the infimum over P. O
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3 A Markov-Bernstein Inequality

In this section, we prove an extension of the Markov-Bernstein inequality
(1.20).

Theorem 3.1. Let W € &, and assume (1.20). Let 0 < p < oo and
define forn > 1,

Qnp,

9\ 2
U, () = (1 _ (i> ) FT(a) %, T ER (3.1)
Then forn > Cy, 0 <1 <n andV P € P, we have,

Hp(z+1)qjg+1)/4W

(32)

P

{ 1
< ol 4 T (a)? HP e
Lp(R) a,

IN

Cga— 1+ 1] | POwl (3.3)

Ly(R)
Here C; # Cj (n, [, P) j =2,3.

We remark that (3.2) and (3.3) will hold with constants depending on [
if we replace W}/* by Gea.

More precisely,

| Pt R lT (an)? | PO W
Lp(R) ap,

n

(3.4)

IN

Lp(R)

A

Cé—[l+1]

n

(3.5)

(Plcpl%nw

Lp(R)

where C; # C; (n, P) j =4,5.

We need several lemmas.

Lemma 3.2. Let s > 1 and n > ;. Then there exist polynomials R
of degree o(n) such that uniformly for |z| < ag,

and



Proof. Let

ST

u(x) == (1 — xz)i

be the ultraspherical weight on (—1,1) and let A,(u,z) be the Christoffel
function corresponding to u satisfying

, ¢ €[—1,1]

)\T_Ll(u, x) € Pop_o.

Then it is known [25, p.36], that given A > 0 we have uniformly in n and
lz] <1-— n_AZ

Mo, @) ~ = (11— 22) ! (3.8)

n

and
5
4

N (4, 3)| < % (1-22)7F. (3.9)

M

Now choose m := m(n) = the largest integer < T (a,)” 2 and put

1., x
R(z) := W)‘m (u, @> T € [—agp, Qsp] -

Then by (2.6), R has degree o(n) and by (2.3), (2.6), (2.19), (3.1) and (3.8)

we have uniformly for |z| < agy,,

To prove (3.7), we observe much as in [22, p.228] that
!/ ey
SElhee
" ’ QA2sn

aan)\% (u7 aa: )7
so that by (3.8), (3.9) and the definition of R we have uniformly for |z| < ag,,

[R'(2)/R(x)| < @(l‘( 5 >>

(3.10)

Qp, A25n
C _

< —?’\I/n(x)_1 O
Qp,



Our next lemma is an infinite-finite range inequality:

Lemma 3.3. Let W€ & Let 0 < p <oo, s >1and ¥, be asin (3.1).
Then for n > Cy, VP € P, and 0 <[ < n we have,

|Prral < C | pwwl! . (3.11)
Lp(R) Lyp(|z|<azsn)
Moreover,
1/4 _ Cy l/4
| P L e S Caexp [—Csn] | Pl Lecany . (312)
Here, C; # C; (n, P,l), j=1,2.
We recall that (2.6) shows that for large n,
-1
nT (a,)? > n. (3.13)

Proof. First note that by (2.20) and the definition of ¥, given 3 > 0

we have,
B
Ui(x)>T(a) 7, s E€R (3.14)

Now write l = 4j+k, 0 < k < 3. Then for some 0 < o < 3 and C; depending
on k we have,

| Pl

= HPW\I/J g/

Lyp(|z|>a3sn) Lyp(|z|>a3sn)

< O | PWwgan

(3.15)

Ly(|e|>assn)

Now Pz®W/ is a polynomial of degree < n+1+3 < 3n so by (2.22), we may
continue (3.15) as

< Cyexp |—CsnT (ay) _%}

\waaqﬂ

Lp(\x\<assn)

(by (3.14))

LP(|$|§GSS71)

IN

-
< Cy exp[ CsnT (ay) 7%} ap T (an)z

Csexp |—CenT (ay, 71] HPVV\IIZ/4

Lp(|z|<azsn)

22



by (2.7) and (3.13). O
We can now give:

The Proof of Theorem 3.1. We prove (3.2). Then (3.3) will follow
by (2.6). (3.4) and (3.5) will follow as

T4 (z) ~ Pan (z), z € R.
Put s > 1 and write [ =4j + k, 0 < k < 3. Put Q := PY. Then

J = || prowelos

n

= Jowwirn

Ly(|z|<assn) Lp(|z|<azsn)
k41

HQ’W\WT

Lp(|z[<azsn)

Choose by Lemma 3.2, R of degree o(n) such that

and
R (5)/R@)| < 0 ()

n
uniformly for |z| < aggp,.
Then continue this estimate as

J <Gy |QWwi Py

Lyp(|z|<azsn)

where C'y depends only on k. This is in turn can be can continued as

< G(QuRY) wiw

Lyp(|z[<azsn)

+0,|(¥) REQuAW

Lyp(|z[<azsn)

+C, qugb (R*) Quiw

Lyp(|z|<azsn)

- T1 -+ T2 + T3.
We begin with the estimation of 7} :

23



Note that QWJ R* is a polynomial of degree < n + 1+ o0(n) < 3n. Thus,
we can write

n .
T, < C;— ||QU RFW
LS G 9% Ly(®)
(by (1.20))
n .
< Cy— ||QW RFW
= T, QU Ly(le/<a,,,)
(by (2.21))
ik
< o Q%“W\
Qn Lp(|;1:|§a3m)
i
< oL | POwiw (3.16)
Qn Ly(R)

Next we estimate 15 :
Note that for |z| < ay, and by straightforward differentiation, (2.3) gives

(v1) !

() < CoW,,(2) 77

Qn

Thus
15

A
R
|

Lp(|z[<azsn)

A
Q
|

Ly(|z[<azsn)

D=

IT (ay,)

G,

L
POwEIW (3.17)

Cs

Lp(R)

by (3.14).
It remains to estimate 15 :
Write

T, < Cok H\Ifg;R“R'Q\If,%W

LP(‘@“S@SM)
Clok
a’n
by (3.7)
IT (a,)?

G,

IN

k=l
H\If%\yn QW

Lyp(|z[<azsn)

1
POwIW (3.18)

n

IN

Cho

Lp(R)

24



as in the estimation of 75.
Combining (3.16), (3.17) and (3.18) gives

, (3.19)

Lp(R)

l 1
JSCH{G, + TCLn Z}HP W\If4

n aTl

where 011 7£ 011 (n, P, l)
Finally by (3.11), (3.19) becomes

Hp(l+1)W\II:_T1

an an

Lp(R) Lp(R)

as required where C19 # C13 (n, P,1). O

4 Approximation of Polynomials of degree <
n by those of degree < r — 1.

In this section, we obtain a crucial inequality introduced in a related con-

text in [8], in order to obtain an upper bound for our modulus in terms of

our realization-functional. The main idea is to approximate polynomials of
degree < n by polynomials of degree < r — 1. Here n > ny and r > 1.

We prove:

Theorem 4.1. Let W € & and assume (1.20). Letr > 1, L >0, 0 <
p<oo, P,e€P,andn >C. Set

P(z) = Py(z) — / ' / / " PO (uy) dugeduy—y € Py (41)
QLn Y QLn QLn
Then, 3 Cy > 0, Cy # Cy (n, P,, P) such that

IV (P = Pl < €1 (22) [P (1.2)

n

Ly(R)

We break the proof down into several steps. We begin with:

25



Lemma 4.2. Let W € &, 1 < p < oo. Then for n > C and
Vg€ Ly[ap,,00), 3C; >0, Cy # Cy (g,n) such that

a
f; _———_f;——f"gl4/H a . (4‘3)
IanLn,OO) 7}1“ (aql)ﬁ LP[ Ln; )

HW(J?) /j g(u)du

Ln

Proof. We notice that

<2 (4.4)

as t < .
Next, notice that for v > ar,, and n large enough, we have by Lemma
2.1

M

Q) > O (ag,) ~ ") (45)

Qn

so that for = > az,

1

V@ [ W@ )W

ap,

> 01W(x)%/ gW (u)?| du > W(x) / glu)du|.  (4.6)
QLn GLn
Now recalling Jensen’s Inequality for integrals
p » p—1
‘/fdu < (/\f\ du) (/du>
valid for p measurable functions f and non negative measures p, gives:
Case 1. p = oo. Here (4.6) gives for x > ay,
xZ a/n 1 xT 1
W@ [ gwde < —"—W@HgWlly 0y [ QW (w)du
aLn nT (an) 2 arn
G,
< Co——1[9WllL fapn00) (PY (4:4)).
nT (a,)?

26



Case 2. 1 <p < oo. Here

HW(x) /m g(u)du

GLn

LP [aLn 700)

< W [ W@t [ vl w W (| do”

<Gty [/ 2 W) [ W) Q () W w)duda

by Jensen’s Inequality, with du = W ()2 Q' ()W (u) ™2 on [apn,, 2] and [ du <
2 (see (4.4)).

Then

[ W(a:)% [ laW @)P QWS () dud
= [Tlgwr | [T Wt d:c}W 5 (u)du
§C’4/a lgW (u) P {/UOOW dx]W 2(u)du (as > u)
< CollgWV I, - O

We are now in the position to give:

The Proof of Theorem 4.1 for 1 < p < oo.
We will repeatedly make use of (2.20) :

1

Pun (z) > CT (an) "2, Vz €R. (4.7)
Firstly, if » = 1, Lemma 4.2 with g = P! gives

Ap,

W [ P du, < O Pl
aLn LP[aLn,oo) nT ((ln) 2
< 02— rde (D)W, by (47)).

Now apply (4.1). If » = 2, we apply Lemma 4.2 with

g(uy) = /u1 P (uo) du,
anL

27



to give

HW<x> / P (uy) dugdu
ALn Y QLn

LP[aLn,oo)

= HW(x) /j g (u1) duy

Ln

Lylasnn,oo)

a
< Cs - = lgWll,
nT (a,

Qn,

nT (an)%

2
<y (ainl) HPT(LQ)W
nT (a,)?
ey
n

Applying now (4.1), and an induction argument on r gives the result. O

plaLn,00)

[V

=4

W / PO () du,
anL

Lplarn,co)

Ly (R)

PO®L, (x)W

Lp(R)

We now treat the more complicated case, 0 < p < 1. For this case we
need two lemmas.

Lemma 4.3. Let W € & and assume (1.20). Let 0 < p < 1, r >
1, R, €P,, ReP,_1and n>C. Set forx € R, and L > 0

gn(7) := (By — R) ()

|%WWWW($gD%

and
-p

() = ‘

Lo [aLn 7'77}

r—1 an o ) DN
' &E@E> w (B —mO) L

LOO(R)] . (4.9)




Here Cy # C (n, Ry, R).
Proof. Write

W(z)\20-»
Ay P < -
Loo[aLna'T}
and set
day,
Ti=—
nT (a,)?

where ¢ > 0 is chosen small enough so that forn > 1 and VS € P,

D=

) nT (ay,)

n

IS Wl g < (267 ISWII,, gy - (4.10)

(See (1.20) and (2.20)).

Now given x > ar,, we set

ko :=ko(x) =max{k,:x — (k+1)7 > ap,}

and write
JTL(I) S Il +-[27
where
W(z)\ -9
R / p
1= s |l o (70) (411
Looz—(k+1)T, x—kT]
and ,
L= ||lg W) 4.12
: ‘\gn wr (f72) (4.12)
Loo[aan wf(k0+1)7—}

First we observe that for u € [t — (k+ 1) 7,  — k7]

W(u) <exp(Q (v — k1) — Q(2)).

Further, as © — k7 > ar, >0
nT (an)% dank

a,nT (an)%

Qz) —Q(z —kr) > Cik1Q (x — k1) > Cok7Q)' (arn) > Cs
== C3k(5

29



by (2.1) of Lemma 2.1. So

(%i)ﬁ <ok uelr—(k+1)7a— k7]

where « € (0, 1) is independent of z, u, k. Thus we may write

L+, < max ak HgnWHp —(k+1)7, z—kT]

0<k<ko
+a’ ||9nWHpoo [z, T—(ko+1)7]
ey k P
< Z ||gnWH —(k+1)7, z—FkT]
k=0
+al ||9nWHpoo [z, T—(ko+1)7] -
Then

00 o arn+(m+1)7

/ Jp(z)de = Z/ Jy(z)dx

GLn m=0 ALp+mT

[N

aLn+ m+ [ko( )

k I)[f p
2 : /aLn-I-mT z : ||gn || —(k+1)7, x—kT]

k=0
ok gL Wl da:]

oo aLn; (k0+1

We observe that

aLn+(m+1 p
/ W11 o= sy iy

LntmT
aLn+(m_k
= NgaWll

arn+(m—k—1)

dx

oo [T, T+T]
and since
r€lapm+m—k—=1)T,ap,+(m—k)7] = m >k, >m—1,

we have

aLn+ 7'
/ J dl’ < Z [Z/ ngnWHpoox z+7] dx
GLn

m=0 Lk=0 ’aLnt(m—k=1)r

30



arn+

+2amt [ |wnwwvwahlxdé
L

n

o0 aLn+( » N
< S [ g e | Y e
s=0 arp+sST ()
s=m—k—1
+2 / A —
In woltLn, m}a(l_a)
S 04 []3 ‘|‘ [4] .
Here
Ln+ P
Iy = Z/ HgnWH izt AT (4.13)
arnp+sT
and
aLn+
L= [ MW, e (4.14)

We begin by estimating I3. Observe that g/ is a polynomial of degree
<n—1foru € [z,x + 7], so expanding it in a Taylor series about z gives

g9 (@) (u— oy

|9 (u)[” :
j=1 (=D
< Zn: 99 (z ‘ (j—1p
j=
(b the inequality, (a +0)* <a*+0% 0<a <1, a,b €R)
< Z ‘R 7) J)(x)‘p T ‘Rﬁlj)(x)‘p -1
j=1 j=r
Thus using
Wi(u) <W(zx), u € lz,x+ 7], (4.15)

the definition of 7 and (4.10) gives

p i
F0=1p
Lyplary,00)

I < Cs {f |(BD = Ry w
j=1
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P FU=r)p

4 (r=De znj | R9w
j=r

LP [aLn 700)

r—1 a (G-Vp
< __n () _ pU) P
a 06 Jz::l (TLT (an)%) H(Rn i )W Lplarn,o0)
1\ (G—mp
- [ 70T (an)? )il
o pg( 200 2w
r—1 (4=Lp
< G _On |(rY - ROY W[
=1 \nT (a,)? Lplapn,o0)

p

Lp(R)

(r=1)p
) e .19

nT (an)%

To estimate I, we proceed in a similar way to that of I3, except that we
use (2.29) instead of (4.15), which we may in view of the definition of 7, (2.3)
and (2.6). Combining our estimates for I3 and I, give the lemma. O

Lemma 4.4. Let W € & and assume (1.20). Let 0 < p < 1, r >
1, L>0, R, € P,, R € P,_ysatistying,

(R, — R) (ar,) = 0.

Then for n > C there exists C # Cy (n, R,,, R) such that

an
W (B = Bl yjay0) < Ov | [ 1 | W (Bh = B)IL 0,00
nT (ay,)

[ (G-1(1-p)
x Zl (ain) H(REZ) ~ RO W

=1 \nT (ay)*

a (r—=1)(1-p)
| —" | RS w
nT (a,)?

32

D=

M

I-p
Lp [aLn ;OO)

(4.17)

1-p
Ly(®R)|




Proof. Set
gn(z) = (Rn — R) ()

satisfying g, (ar,) = 0 and write

Then

A = (W (R = B)l,a,,, HWQnIILp

c0) T
— /GZ /I "W (u )ggi;du dx]
o0 W(x

x (/j gL W (u)]? (ggg)édu)pdfcr' (4.18)

Now apply Hélder’s Inequality with r =+, 0 = ]l) satisfying r 1 +o0 1 =1
to give

aLn,oo)

VAN

A<
where

(1—p)

I = (/OO - ) p (4.19)
e Loo[azn,00)
L= (/OO / gL W ()] (%Ei;)édudu@) . (4.20)

Now by (4.8) we may write

and

1-p

L = (/CLZJn(x)dx> ’
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L . (G-1)(1-p) o
< C n XHW(R;J)—RU))
=1 \nT (ay)? Lplazn,co)
. (r=1)(1-p) 1
+ n WRO| " 4.91
(nﬂanﬁ) R 2

(by Lemma 4.3).

Also
I, = /(:; lg! W (u)? /uoo (ggi;) 2 dxdu.

Now if x > u > ay,, Lemma 2.1 gives

nT (a, 2
Q'(z) > C1Q' (ar,) > CQ%
so that
o< G [Tl W@ W@ [T W@} @] du
nT (an)§ QLn u
< o= [T g W@l du.
nT (a,)? 7ozn
This gives
Gy,
I < Co—— (R, = BYWIL 0, o0 - (4.22)
nT (a,)?

Combining our estimates for I; and I, give the result. O
We are now in the position to give:

The Proof of Theorem 4.1 for 0 <p < 1. Let P, € P,and P € P,_;
be given by (4.1). We first note that if 0 <[ < r,

(P = PW) (an) = 0.

Thus applying (4.17) to P with r in (4.17) replaced by r — [ gives

(e )

LP [aLn ,OO)

34



Qnp

nT (an)%

L G101 p)
X { 3 ( An 1) HW (Pr([j) _ P(j))

p

< (O

W (P(Hl) _ P(l+1))

n

LP [aLn 700)

j=ir1 \nT (a,)?

(r—1-1)(1-p)
(o) e

nT (ay)

N =

We show that for k=r —1,7r—2,...,0

r—k
HW(pTgm _ P(k)) oy S O (RT‘;;)%) HWPT@ e (429)
Firstly, if £ = r — 1, (4.23) with [ = r — 1 gives
HW (PT(LH) _ p(r—l)) ey SO (nTC(lZn)%> HWPT@ .

Assume now that (4.24) holds for r — 1,...,k + 1. We prove (4.24) for k.
Substituting (4.24) with » — 1, ..k + 1 into (4.23) with [ = k gives

(r—k—1)p
an an r
) < c5l . x |w P
pleLn,20) nT (an)? \nT (ay)?

o ) G0 (r—)(1-p)
X Z n n
j=kr1 \nT (a,) nT (ay)*

(r—k-1)(1-p)
o) |

p

Lp(R)

 (p20 - )

wol—
wol—

X ‘ WP

+

r—k
<o) wer| .

Thus (4.24) holds for all k. In particular, we have

n r
W (P = Pl ey ey < 07( ) |wr
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< () Iveoenw

n

Ly(R)

5 Equivalence of Modulus and Realization Func-
tional

In this section we prove Theorem 1.3 which establishes the fundamental
equivalence of our modulus of continuity and its corresponding realization-
functional. We also deduce Corollary 1.4. Throughout for 0 < p < oo we
set:
¢ :=min{1,p}.

We begin by quickly recalling the definitions of our moduli and realization
functional. See (1.11), (1.12) and (1.17). Let r > 1, 0 < t < C and let
n = n(t) be determined by (1.18). Then we have

(1)
r ,I/V,t = W (AL .
wral 10 oi%EtH (Afe. (1) Ly(le|<o(26))
+ inf ~ RW 51
r of deg Sr_1||(f ) ||Lp(\x\2zr(4t)) (5.1)
(2)

=

y dh]p
Ly(jal<o(21))
(f = BIWIL, (u1zoy  (5-2)

Trp(fyWit) = [%/:HW(AZQ@ (£))

+ inf [
r of deg <r—1

where we set W = w for p = oo and

(3)

PO (x)W]|,

Koy (£, =t {7 = PYW 0+ 0
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We begin with our lower bound.

Lemma 5.1. Let W € &, assume (1.20) and let L > 0 be fixed. Let
r>1,0<p<ooand0<t<C. Then there exists C; # C; (f,t) such that

wep (f, W, Lt) < C1 K, (f, W, 17) . (5.4)

Proof. Let ¢ = min{l,p}. Then by (2.12), there exists u such that
4Lt = . Now let n = n(t) be determined by (1.18) and recall it has the

form .
—inflk: =< t}.
n =in { S
Thus by (2.25) and (2.18) we have

a, i Qy
<< .
2n = 2 < n (5.52)
and
Oy (x) ~ @aTn(x) ~ Qi (r) YreR, (5.5b)

where the constants in the ~ relation are independent of £ and z. Also by
(2.13) and (2.26), 3 3 > 0 such that

Gy

o (4Lt) = o (—) > as > ag,. (5.6)
u
Choose P € P, such that
I = PYW e + £ [POBW] | <250, (W) (57)

We show that

sup (| W (A, 0)(1) Nipei<oein < Colony (F,W,17) — (5.8)

0<h<tL

and

inf 1 = BIW |, emoary) < Colrp (f, W 17). (5.9)
r of deg <r—1
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This then gives (5.4) using the definition (5.1).
We begin with:

The Proof of (5.9). We appeal to Theorem 4.1 and choose for our
given P,S € P,_; as in (4.1), so that (4.2) holds. Next we recall Lemma 3.1
from [8]: Let W be an even weight. Then for f satisfying fWW € L,(R) and
for £ > 0,

inf — R\W
r of deg <r—1 ICf ) HLp(lﬂ?IZ&)

< a3 inf - R)W + inf —RW
B R of deg <r-1 Y ) HLP(;”E@ r of deg <r—1 ICf ) HLp(wS—&)

We apply the above with £ := o (4Lt). In particular, we estimate

inf — RYW ‘
r of deg <r—1 IKf ) HLp(IZ(T(ZLLt))

The other term can be handled similarly. Thus

inf — RW||¢ < _SYW|?
r of deg <r1 I¢f ) HLp(assz(4L7f)) < |I(f ) ||Lp(x20(4Lt))

< N(F =PI @soarey T 1P =) WL ez o(ars)

< Cy (K (f,Wi27)" + H(P S) WHqu(mZ%n)
(by (5.6) and (5.7))

< O3 (Ko (f, W 17)" + Cut”
(by (4.2), (5.5a) and (5.5b))

< Cs (Krp (f, W 17))".

rOery
Lp(R)

Hence (5.9).

Next we proceed with:
The Proof of (5.8). Let 0 < h < Lt and write
| W <AZ¢tL( )( )) Hqu (Jz|<o(2Lt))
HW (A;‘I> r( (f P)) Ly(|z|<o(2Lt))

T || 4 <A2¢Lt(x) (P)) ||Lp(|;1:|§a(2Lt))
— Il + .[2.
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We first deal with the estimation of I;. Note that given A > 0,

2] < o (211
implies
1 || > 1_0(2Lt)
o(tL) o(tL)

> L > i i
— T (o(Lt)) = \o(tL)
by (2.14) and (2.15) provided ¢ is small enough. Thus (2.31) and (2.35) are
satisfied so that by (2.36),
5L < 06 HW(f - P)H%p(R) < C7KT7P (f? W> tr)q (5'10)

by (5.7).
To deal with the estimation of I, we observe first much as in [8] that for

_ x)l

1 p0) () (uw
S (w) ::ZP ()l(!

we have by (2.28) that Aj,, ) S =0.

Thus expanding P (x + (% — k) hd; (x)) , 0 < k < r,in a power series
about z gives

NayP@) = 3 (1) 0P (o (5 - ) o)

1 n ] (5 — k) hus (2)] PO(2)

6 Pr_l

Al

so that

q
Ly(|lz[<o(2Lt))

A

I CSZ(/;

T lg
Z {(2;;) Hp(l)q)f:LW

q
Lyp(|z|<o(2Lt))

VAN
£
[\
4
C
=
=

. (5.11)

NG
qzn: (§h) q] ‘P(Z)q)yl:LW



Now by repeated applications of Theorem 3.1, we have by using (5.5),

Hp(l)q)éLWHLP(R)

< Cho

T T -Tr pm— L ] L
P )(I)tLWHLp(R) Cn H (a_ i (an)2) (5:12)
g=r ~7n

Qn

where Cj, j = 10,11 are independent of n,z,l,L and h. Now we observe
using (2.6) that given € > 0, we have for n large enough and r <1 <n

1:[ ( @ + T an)%> < Cppe'™” <£>lT“ (5.13)

an n

Here it is important that C5 does not depend on [,n,h or L and that Cig
and C; above are independent of ¢.
We may now substitute (5.13) into (5.12) so that (5.11) becomes

n (Ehclocué‘i)(lﬂ“)q 114

q 2 an
Lp(R) Z [la

L < Ch™| PO

< oS [

(if £ is small enough),
< Cugt"|| PO < CigKy (F, 177 (5.14)

Thus combining (5.10) and (5.14) and taking sup s over 0 < h < Lt gives
(5.8). O

We proceed with the upper bound. This is more difficult than the lower
bound and does not follow as easily using for example the methods of [8].
The crux is establishing the following quasi monotonicity type property of

w.

Lemma 5.2. There exists Cj, j = 1,2 and 0 < gy < 1 such that if
0<A<egpand 0<s,t<C) with

| ®



we have

Wy (f, W, 5) < Cotwyy (f, W, ). (5.16)

It is important that the C}, j = 1,2 and £y do not depend on f,s and ¢ but
depend on A.

Remark. We remark that the above property is by no means obvious
as recall our modulus is not necessarily monotone increasing. We prove it for
p < 00 as the case p = oo is much easier.

Proof. Let us write

p
Ly(|z|<o(3t))

(A;@S(a:) (f ))

op
wr,p (.fa W7 S)p S ? [

0

+HW (Az%(ﬂv)(f)) ip( (3t)<|z|<o(2s)) dh]

+2P inf f—R)W (j2|>0 (45
oI = RV

= I+ L. (5.17)
Firstly, by choice of s and ¢, $ <1 so that
o (4s) > o(4t)
(recall o is decreasing). Thus

L, < 2° inf — RWIP
2= r of deg <r—1 H(f ) ||Lp(|$|20(4t))

< 2w, W), (5.18)

Next we estimate I :
Write I, < I3 + I, where
P

132:—
s Jo

p
Lp(|z[<o(31))

(A2¢S<x> (f ))

and
p

op s .,
L= ?/o HW (A’“I’s<””>(f )) Lp(o(30)< x| <o(25))
We begin with the estimation of I,. To this end we make use of Lemma 2.6.
Much as in the proof of Lemma 5.1, we have

LSO it (= RWIL o < O (WP, (5.19)
r of deg <r—1 »
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Here we used that for small £,

inf{z — Mrs®,(z) : 0(3t) <z <o (2s)}

= o(3t) — Mrs®, (o(3t))

> 0(3t) — Ctd, (0(3t))

> o(3t) — CtT (o (t)) T

> o(3t) + 0 (1/T (o(t))) > o(4t)

by (2.3), (2.6), (2.14), (2.18) and as D, is decreasing in [0, o (25)].

It remains to estimate I5 :

As s and ¢ are small enough, we can use (2.12), (2.19) and (2.30) to
obtain a large enough positive integer n such that %= ~ s and then divide
J :=[—0(3t),0(3t)] into O (1/s) intervals J; such that

| k| < sPy(x), x € J.
Formally, we do this by choosing a partition
—0o(3t) =19 < 7. < T =0(31)
with
[0 @) () d
Sy @51 (z)dw

1
=—0<k<n
n

and set:
Jk = [Tk77k+1]-

Then if |J;| denotes the length of .Ji, we have,

Oy (z) ~ Dy(y), =,y € Ji (5.20)

W(z) ~Wl(y), z,y€ Jg.
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Here the constants in the ~ relation are independent of z,y, s, k.
Then
P

219 s ,
s = ?/o HW(AWWU)) Ly (|2 <o (3)
1 s
< YW m) [ [ Ak ()] dhde
= Ji § Jo

sPs(z) » q)t (.Z')

_ OQ;WP (Tk)/Jké/OW ALy ()] q)s(x)dudx.

Now we may rewrite (2.17) for the given s and ¢ as

5P, (1) s t
< Cyflog 2+ %)
e tQ(z) — ¢ 8 \" T3

for some C' # C (s, t). It follows that

if
S/t < &g
where & is independent of s and ¢. Then if A\ < &g, we have for A < s/t < &,

O, (x)
© = 3,0

where C3 and C} are independent of s,t and 3. Then

1 ot
I; < C5ZWP(Tk)/ _/ ‘A2q>t(a;)(f)‘dedI
. Ji 8 J0

< (Cy,VxreRr

p

1t .
O"?/o HW(Ah‘Pf(””)(f)) Ly(|z]<o(2t))
< sy, (f, W, ). (5.21)

IN

Combining our estimates (5.18), (5.19) and (5.21) give the lemma. O

Lemma 5.3. Let W € & and assume (1.20). Let r > 1 and 0 < p < oc.
Then for 0 < t < C}, there exists Cy, C3 # Cy, C5 (f,t) such that

Kr,p (f? W7 tr) S CQET,p (f; W, Cgt) . (522)
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Proof. Put £ = % for some u > ug and let n = n(t) be determined by
(1.18), so that

and

il gl 5.23
2n T u n ( )

Now it is easy to see that for large enough v and the given n,

t=22 = Ty
u n

for some A(n) € [%, 1] and C' > 0 independent of n. We then apply (1.14),
and choose P € P, such that

I(f = PYWl, @) < Crtry, (f, W, Cat) (5.24)

for some Cy, Cy # Cy, Csy (f,1).
We show that for some C3 # Cj (f, 1),

tT‘

P(T)CI>§WHLP(R) < Gy, (f, W, Cat) (5.25)
for then by (5.24),

RMarw

LP(R)}

Ko (FW) = inf {10 = R)Wly 0+ ¢
< N = PYW gy + £ | POBTWY
S (Cl + CS) wr,p (f7 VV; CZt) .

Lp(R)

Thus we show (5.25).

Now let 6 > 0 be a small enough positive number and put s := d6t. It
is sufficient at this point of the proof to choose ¢ small enough so that by
Lemma 5.2,

@, (f, W, 8) < Cyw,,, (f, W, Cat) . (5.26)

Later, we will need to choose 0 smaller still.
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Let us recall much as in Lemma 5.1 that we have for 0 < h < s

r r o 5 —k)h®(x lP(l)x
Abo, @y P(x) = ( ! ) (-1)"> K ) “( )] ( ). (5.27)

k=0 l=r

Applying (5.27) to 2" € P, and using (2.28) gives

. (5= k) heoy ()]
<r!>1Az¢s<m>ﬂ:<h@5<x>¥:2( )(—1) G-Hmew] o

!
=\ k 7!

We now combine (5.27) and (5.28) together with (3.5) to give much as in
(5.14),

q
Lyp(Jz|<o(2s))

|W Ahg ) P(x) = W (h®y ()" P ()

< Csh™ (Oﬁih)(lﬂ,)ql!q

(5.29)

q n
Lp(R) 2

P =r 41

W PP (x)

where Cjg is independent of t,n, h, P, and [.

Now by (2.26), (2.4) and (5.23) we can choose a > 3 independent of
t,n,h, P,, | and Cy such that a, < aq,. Further (if necessary) we make ¢ in
the definition of s smaller still so that

1 1
0 < mi (—,—) 5.30
min 5o’ 3 ( )
and ;
2s < — < Gan
4o an
This gives
l Qan
2V > o — ) >0 (—22) > a, 5.31
0(8)_0(40)_0(0471)_% ( )

for some fixed 3 < £ < a.
It follows that we obtain using (5.31), (2.18) and (3.12),

q
Lp(Jz|<o(2s))

(5.32)

|W Ay, 0y P (&) = W (hy ()" P ()

q
Lyp(Jz|<o(2s))

1
< WP (1)
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provided -=h < A, where A is a fixed positive small number independent of
t,h,n, P, and [.

Now by (5.30) and (5.23), it is easy to see that As < A% so that V0 <
h < As we have

q
Ly(|z|<o(25))

q ! r pr)
Lp(|z|<o(25)) — ‘W(q)s(x)) P (x)

q
Lp(|z[<o(2s))

H WALg,@P (7)

- HWNA@S(@P (z) = W (h®y(z))" P") ()

oL
—pre |w Pt e
= 5h " @), Ly(Jr|<0(25))
(by ( 5.32))
> O [WPOP () | (5.33)
Lp()

by ( 3.12). Now raising ( 5.33) to the p/q th powers, integrating for h from
0 to As using the fact that ®4(x) ~ ®(z), x € R (see (2.18)) and assuming
that A < 1 as we may, gives

rp (7‘) , p 08 D
rwehei@), < P(@) Vaatis <oz
< / HWA ) Lp(|z|<a(2s))
Og
< — P —
= 5/ h®s () ( f)( )‘ Ly(|z|<a(25))

p

Co oy .
+_8/ HWAM’S @[ (@) Ly(|z|<o(2s))
< G {IW (P = DI g + ey (£, W, 5))}

(by ( 2.36))
< ChoWyry (f, W, Cot)

by (5.26) and (5.24). Thus we have (5.25) and the lemma. O

We now combine Lemmas 5.1 and 5.3 to give
The Proof of Theorem 1.3. We have for any L > 0 and 0 < t < %,

W, (f, W, Lt) wrp (f, W, Lt) < C1 K, (f, W, 17)

<
S CZWnp (f: W7 C3t) S CZU)np (f: W7 C3t) (534)
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where Cj5 is independent of L, f and ¢ while C'; and C5 are independent of f
and ¢ but depend on L.
Fix M > 0 and choose L = M5 and s = C5t to deduce that

W (f, W, M) < Cowy (f, W, 5) (5.35)
and so we have the upper bound in (1.23). Similarly (5.34) gives
Wy (f, W, Ms) < Cow,,, (f,W,s). (5.36)
Then (5.34) gives
ey (W, 8) ~ Ty (1, W, ) ~ Ky (W, )

with constants independent of f and s. The proof of the lower bound of
(1.23) is similar and easier. O

6 The Proofs of Theorem 1.5 and Corollaries
1.6 and 1.7

We begin with:

The Proof of Theorem 1.5. For each n > 0, choose P; to be the
best approximant to f satisfying

1(f = P7) W”LP(R) = En[flwyp-

Here, we set Py = Fj. Now let ¢t > 0 be small enough and define n by
(1.18). Put | = [log, n] = the largest integer < log,n so that 2! < n < 20+1,
Then by Theorem 1.3 and Corollary 1.4

q ™ 9
wep (£,2)" < Oy (17, (22))

n

* 7% r *(r r
< Ca |If = P WL+ (52) [ 2500

q
Lp(ﬂ’\’)]

a,\ 70 =] ) )
< Cjs {Eﬂ vy + (f) > H[PT““ N 2'“]( )(I)%?W Lp(R)
k=1 ?

0|
|
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< Oy

EQI [f]g/V,p

(@5

n k=—1

[P2*k+1 - PQ*k](T) q)izlf_jll (log (21*/6))5 w iP(R)]

as r > 1 and by (2.17). This can be continued as

[ q an\" — o 2k \ " * * q -|
< Cs | Balflly+ () 5 €=k DT () P = PRIWIG
[ n h——1 Aok J
by (1.20).
We can continue this as

< G

a,\" = 1 k\ T4
Ealflly+ (%) X -k +1)? (2—) By [f]%v,p]
k

1 Aok

k——1 Aok

< o ()" [zlj (I—k+1)% (ﬁy By [f]?,v,p] | (6.1)

Now by (2.25) we have that ¢ ~ “=. Also by (2.18),

Py(z) ~ Pon(z), 7 ER

so that by Theorem 1.3

Kpp (f,WH) ~ Ky (f W (%))

and
weal ;W) ~ ey (£, 22) (62)

Thus (6.2) becomes

wr,p(f: W7 t)q S CSth

El: (l-k+1)% (ﬁy FEor [f]gw,]

k=—1

where Cy # Cs (f,t). O
We deduce
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The Proof of Corollary 1.6. Suppose first that
w,,(f,W,t) =0 (t*), t = 0"

Then in particular

e (12 =0(() ) n o

so that by Corollary 1.4
an\ ¢
Bl =0(() )

Next suppose E,[f]w, = O ((%”)a) Let 0 <e < 1. Then, by (1.25)

a a\" | <& g [ 28\ ‘
. W2 < - l—k+1)2 | =—
w,p<fW n) Cl(n) g_:l( +1) <a2k>
_ 1
an\® | < rg [ an/n (reja] @
<C (—") I—k+ 1% (22
<G (= k;( +1) (W/Qk>
ap, « [ 1 rq 2l+1 (r—a)q(—1+¢) %
< O, (Z) ;;1 (l—k+1)2 (7) (by (2.11))
< Ch (%) ngqajq] (for some 0 < a < 1)
L7=0
<c (™). (6.3)

Now for ¢ > 0 small enough, we may determine n by (1.18) and using
Theorem 1.3, (2.25) and (6.2) deduce the Corollary for ¢. O

We now proceed to prove Corollary 1.7. We need first a lemma that will
prove useful in other related contexts.

Lemma 6.1. Let W €&, r>1,0<p<oo and assume (1.20). Then
forn > C and ¥V P, € P, satisfying

I = Pa) Wl @) < LEn[flwp (6.4)
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for some L > 1, we have
K(fW(“—”)r) (6.5)
R) ) ? n ? *

where the constants in the ~ relation depend on L but are independent of n

and f.
We remark that in particular, (6.4) holds for P’ the best approximant to

an \" ,
17 = P Wl + () [P0

P

f.
Proof. Let P satisfy the required hypotheses. Then by the definition
of K,, (f, W, (“7”) ), we have
ap\"
Lo®) © (F) | Lpom}

{I(r=rryw

> Ko (£, (%) ). (6.6)

-
n

pPH#) ra W

n
n

Next choose P, such that

B a_n " OF Y4
{H(f Pn)WHLp<R>+<n> | P2 Lpom}
(10 (2)) o
Then
o q _ q _ p# !
[ BEYW]L < IR DWIL e+ | (F = PEY WL
T 49
< CK,, (f, W, (%)) (6.8)
by (6.7).

Further using (1.20), we can write using (6.8)
r q
H (P, — PF)" dmw

" Lp(R)
rq
<a ;)
n
n

q

" Lp(R)

(- 2y




Thus by (6.8) and (6.9)
)
n

<y

PHOQL, W

q
Lp(R)

() o
2)" e

ap\"\?
< Gk (£ ()
n

so that (6.6) and (6.10) give the result. O

2\ ") .
qu<R>+(%> H(P"_Pf) wl

n

o
Lp(R)

(6.10)

We can now give:

The Proof of Corollary 1.7 (a). We shall show that

HWAZ‘%(;I:) (f: Z, R)

Ly[lz|<o(2t)] < Git! Hf (T)@:WHLP(R) (6.11)
and

Pei%f_l IW(f = P)llp,faizon < Cot”

f<T><1>3;WHLP(R) . (6.12)

We begin with:

The Proof of ( 6.11). We begin with an observation.

If h > 0 we may write

ALk h
AT (f, 2, R)| ‘/h /h /h FO (x4t 4+ o 1) dbydts.dt,

< Kt /_Z ‘f(r)(x + s)‘ ds. (6.13)
="

Now note that for s € [—%’f(m), %] and x € [—o(2t),0(2t)] we have by
(2.26)

O, (x) ~ Pz + 5).
Thus we may deduce from (6.13) that for |z| < o(2t) as

1 Th@zt(z)
‘WA;,LCI%(I) (f: Z, IR) ‘ < C3hT rh®¢(x) /—

rh®y(z)
2

W F"er (x4 s)‘ ds.  (6.14)
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Case 1. p > 1. We recall the definition of the maximal function

operator
1 u
Mlgt)(x) = sup o= [ lgla + )| ds

u>0 2U

which is bounded from L, to L,,1 < p < oco. It follows that (6.14) can be
rewritten as

|W A,y (2, ) Culr

M (W f)]

<
Ly[lz|<o(2t)] Lp(R)

IN

Cst' Hf(r)@;;WHLp(R)

Case 2. p = 1. Integrating (6.14) and noting that if w = x + s, then for
the range of x and s above,

O, (z) ~ Oy(z + 5),

we obtain

/xga(gt) ‘WAZ‘IH (f x R) ‘ dx

<ca | i
|| <o (2t) |<Ih o,

1
<Chr1ﬁzs o (2t W T
ey w7

g@m/v Wl
R

GOF

;| (x + s)dsdx

1w dsdu
N)Aw@m

(u)du.

Next we give:

The Proof of (6.12). We mimic the proof of (4.2) for p > 1. For the
given t > 0, write 4t = %+, Determine n = n(t) by (1.18) and recall u ~ n
(see (2.26)) so that

(a)

o(4t) < ay < gy (6.15)
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(b)
o(4t) > ax > ag,

for some a@ > 1 and > 0.

As in the proof of (5.9), we may without loss of generality suppose that
x > 0. Suppose first that » = 1. We have

Pt IW(f =PI, oy

T

<= T @l = W) [ 70

pn Lp[a:Zaﬁn]
<C—"— W/
>~ Y4 >a
nT (an)% Los2as]
a
< n !
= aaF a1 ez
a
<Co———1IWFll, [e5a
T(o(t)in = bzl
T
S Cr AW FR L [asas,] (6.16)

by Lemma 4.2, (2.2) and (2.16).
Assume (6.16) holds for 1,2,...,r — 1. Choose S € P,_» such that

r—1
r a_n (r)@dr—1
I (= gz < Co () #0254

Set x
P(z) = f(agn) + S (u) du
agn
Then we can bound the left hand side of (6.12) by
HW(f - P)HLp[xZaBn]

T

W) [ (f = 5) (w)du

Bn

<y

Ly [:L’Zaﬂn]

,

< 080/7”1
nT (a,)?

< Cot" || fMOTW

Fowe; !

Ly [mzagn]

(6.17)

Lp(R)
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and we have our result. O
Finally we give:

Proof of Corollary 1.7 (b).  Write t = % and let n = n(t) be
determined by (1.18).

Firstly
r _ : . r () adr
Kop (FW) = inf {11(F = PYW iy, + ¢ [WEDR],
: . r QF X

> it {I(f — OW I+ [,

= KL (W), (6.18)
Next, we may choose g such that

I(F = Wy, + 1 WP QL <267, (£, W) (6.19)

Also by Lemma 6.1, Theorem 1.3 and Corollary 1.4 we may choose P, such
that

G,
[P = 9) Wl ) < Cory (9,52 (6:20)
and .
(“—") |weoer| < cpw <g W, “—"). (6.21)
n noT L ®) — PP\

Thus by (6.19 — 6.21) we have
Ky (f, Wit7)
<N = P)Wilp, @+t

WP

Lp(R)

1 = Wy + g = P Wl e+ ¢
107 = W ey + e (9,22

< Cs [I(f = 9OWllp, @) + wrplg, Wi 1)] (by (6.2))

< o | = W gy + ¢ J98W] | (by Coroltary 1.7 (a)

< GsK;, (f,W,t"). (6.22)
Then( 6.18) and (6.22) give the result. O

<C WP

Lp(R)}
< Cs
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