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Projection
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Projection

An orthogonal projection is defined by 𝚷 = 𝐕𝐕!.  
Where 𝐕 is a basis set that spans 𝒮".
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Projection

An oblique projection is defined by 𝚷 = 𝐕[𝐖𝐓𝐕]$𝟏𝐖!.  
Which describes the projection onto 𝒮" (spanned by V) perpendicular to 
𝒮&' (spanned by 𝐖).
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Projection-based Model Reduction

Consider the high-fidelity model (HFM),

From modal expansion of the solution 𝐪 we have,

Substitute the modal expansion in the HFM,
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Projection-based Model Reduction

Let’s define a test basis 𝐖 and project the equation onto the test subspace,

Special case: Galerkin projection
If the test subspace is the same as the trial subspace (i.e., 𝐖 = 𝐕), then the 
ROM ODE is,
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Errors in ROMs
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Errors in ROMs
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Errors in ROMs
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Petrov-Galerkin Projection

Consider the fully-discrete equations (e.g. with Euler explicit time-
stepping):

Let’s define a residual,

With Euler implicit we will have,
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Petrov-Galerkin Projection

Then the update to the next time step is obtained by a residual 
minimization approach,

Let’s define the function to be minimized as,
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Petrov-Galerkin Projection

The update to the next time step is obtained by a residual minimization 
approach,

This can be written in a more general form as,
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Petrov-Galerkin Projection

The minimization problem can be written in a more general form as,

Which is equivalent to a Petrov-Galerkin projection,

Where,
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Petrov-Galerkin Projection

The test subspace in Petrov-Galerkin projection is, 

Which is the same as Galerkin if,
• ∆𝑡 → 0
• Scheme is explicit

•
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Petrov-Galerkin Projection

The test subspace in Petrov-Galerkin projection is, 

• For LSPG: 𝐀 = 𝐈
• For balanced truncation: 𝐖 =𝒲(𝒲)
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Theorem 1 : If the Discrete FOM above is asymptotically stable in 
the sense of        , then the Backward Euler Galerkin
ROM is also asymptotically stable if 

Continuous FOM Discrete FOM 

Decomposition

Model Reduction for Multi-Scale Transport Problems using Structure-Preserving Least-Squares Projections with 
Variable Transformation C Huang, C Wentland, K Duraisamy, C Merkle, JCP 2021.

Linear Stability : 1/2



Theorem 2 : If the Discrete FOM above is asymptotically stable in 
the sense of        , then the associated LSPG ROM is also 
asymptotically stable with no further assumptions required.

Continuous FOM Discrete FOM 

Decomposition

Model Reduction for Multi-Scale Transport Problems using Structure-Preserving Least-Squares Projections with 
Variable Transformation C Huang, C Wentland, K Duraisamy, C Merkle, JCP 2021.

Linear Stability : 2/2
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Petrov-Galerkin Projection

The test subspace in Petrov-Galerkin projection is, 
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