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Abstract

We introduce a natural subset of the unit tangent bundle of an irreducible convex projective
manifold, which is closed and invariant under the geodesic flow, and we prove that the geodesic
flow is topologically mixing on it. We also show that, for higher-rank compact convex projective
manifolds, the geodesic flow is topologically mixing on each connected component of the non-
wandering set.

1 Introduction

This article is concerned with convex projective manifolds, namely quotients M “ Ω{Γ of a properly
convex open subset Ω of a finite-dimensional real projective space PpV q by a torsion-free discrete
subgroup Γ of PGLpV q preserving Ω. Recall that properly convex means that Ω is convex and
bounded in some affine chart of PpV q. These manifolds are generalisations of hyperbolic manifolds,
to whom they bring a new diversity of geometric features. When M is compact, we say that Γ divides
Ω and that Ω is a divisible convex set (see [Ben08]).

Convex projective manifolds are endowed with a natural Finsler metric, which is not necessarily
Riemannian. This metric defines a geodesic flow pφtqtPR on the unit tangent bundle T 1M “ T 1Ω{Γ,
obtained by following geodesics which are projective lines (see Section 2.1).

There is a dichotomy depending on whether Ω is strictly convex (meaning there is no non-trivial
segment in the boundary BΩ of Ω in PpV q, see Section 2.2), or not.

On the one hand, when Ω is strictly convex and Ω{Γ is compact, Benoist [Ben04, Th. 1.1] proved
that many dynamical properties of the geodesic flow on hyperbolic manifolds still hold. Then Cram-
pon and Marquis [CM14] generalised this to the case when Ω is strictly convex but Ω{Γ is not
necessarily compact.

On the other hand, Benoist proved that when Ω is not strictly convex, one of the key properties
of the classical geodesic flow, namely uniform hyperbolicity, is never satisfied. Still, Bray [Bra20b,
Th. 5.7] managed to recover some classical dynamical properties of the geodesic flow in this context:
namely, he established that the geodesic flow is topologically mixing when Ω{Γ is compact and 3-
dimensional, not necessarily strictly convex, and Γ is strongly irreducible (i.e. Γ does not preserve
any finite union of proper projective subspaces). Recall that a continuous flow pftqtPR on a topological
space X is called topologically mixing if for any non-empty open subsets U, V Ă X and any large
enough time t ą 0, the set ftpUq meets V . In order to prove his theorem, Bray used — and
this is where the assumption that Ω{Γ is compact and 3-dimensional is crucial — another paper of
Benoist [Ben06, Th. 1.1], which gives a precise and beautiful description of these compact 3-manifolds.

In this paper, we generalise Bray’s result on topological mixing to the setting where Ω{Γ is not
necessarily compact, in arbitrary dimension, as we explain below.

More refined dynamical properties of the geodesic flow on convex projective manifolds will be
established in the forthcoming paper [Bla20]. In particular, we shall generalise [Bra20a] and prove
the existence of a unique flow-invariant measure of maximal entropy (Bowen–Margulis measure) on
the unit tangent bundle of rank-one (Definition 1.3) compact convex projective manifolds.

1.1 Main result

Recall that an element of PGLpV q is said to be proximal if it has an attracting fixed point in PpV q.
The proximal limit set ΛΓ Ă PpV q of Γ is the closure of the set of attracting fixed points of proximal
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elements of Γ; it is Γ-invariant. We denote by AutpΩq the group of elements of PGLpV q preserving Ω.
We introduce the following subset of T 1M .

Definition 1.1. Let Ω Ă PpV q be a properly convex open set and Γ Ă AutpΩq a discrete subgroup;
denote by M the quotient Ω{Γ. The biproximal unit tangent bundle of M is

T 1Mbip :“ tv P T 1Ω : φ˘8v P ΛΓu{Γ Ă T 1M,

where φ˘8v “ limtÑ˘8 πφtv are the intersection points of the projective line generated by v with
the boundary BΩ.

Note that the biproximal unit tangent bundle is closed and invariant under the action of the
geodesic flow. It is contained in the non-wandering set NWpT 1M, pφtqtPRq (Corollary 2.9), which
consists of those vectors v whose neighbourhoods contain a geodesic which comes back close to v
infinitely often (see Definition 2.10); we write NWpT 1Mq for short when the context is clear. The
main result of this paper is the following.

Theorem 1.2. Let Ω Ă PpV q be a properly convex open set and Γ Ă AutpΩq a discrete subgroup
which is strongly irreducible. Denote by M the quotient Ω{Γ. Then the geodesic flow on T 1Mbip is
topologically mixing.

The assumption that Γ is strongly irreducible is mild, and one can always restrict to it in the divis-
ible case (see [Vey70, Th. 3] and [Ben08, Sec. 5.1]). When dimpΩq “ 3 and Ω{Γ is compact, we recover
Bray’s result [Bra20b, Th. 5.7] because [Ben06, Th. 1.1] implies T 1Mbip “ T 1M in that case. When
Ω is strictly convex, one can see that T 1Mbip “ NWpT 1Mq (see [CM14, §3.3] or Observation 2.12),
and Crampon–Marquis [CM14, Prop. 6.1] showed that in this case the geodesic flow is topologically
mixing on NWpT 1Mq, if BΩ is smooth (for us smooth means C1, see Section 2.2). Thus, the point of
Theorem 1.2 is to treat the non-strictly convex case, where in general we can only prove that T 1Mbip

is contained in NWpT 1Mq, see Remark 2.11.
Our strategy of proof for Theorem 1.2 is similar to that of Bray in [Bra20b], but we manage to work

without Benoist’s geometric description [Ben06, Th. 1.1] of 3-dimensional compact convex projective
manifolds. Furthermore, we slightly shorten the proofs by using more algebraic arguments inspired
by [Ben00a, Ben00b] (see Section 4): they allow us to prove topological mixing directly, without
establishing first topological transitivity — a slightly weaker property than topological mixing — and
then using a closing lemma and a weak-orbit gluing lemma as in [Bra20b, Th. 4.4 & Lem. 5.3].

Another strategy of proof for Theorem 1.2, in the compact case, could be to find a good geometric
description that generalises Benoist’s [Ben06] to arbitrary dimension. This is an interesting ques-
tion, and recent work suggests that such a description could exist: Benoist [Ben06], Marquis [Mar10],
Ballas–Danciger–Lee [BDL18], and Choi–Lee–Marquis [CLM20] constructed non-strictly convex, com-
pact convex projective manifolds that share a number of nice geometric features, in dimensions 3 to 7;
recent work of Bobb [Bob] extends some results of [Ben06] to all dimensions.

1.2 The biproximal unit tangent bundle

Topological mixing and topological transitivity belong to a family of transitivity properties which
have been investigated for geodesic flows on non-positively curved Riemannian manifolds X for many
decades, see for instance the classical surveys [Hed39,EHS93]. We now briefly relate Theorem 1.2 to
older results for non-positively curved manifolds.

The topological transitivity of pφtqtPR on NWpT 1Mq for M “ Ω{Γ, when Ω is strictly convex, BΩ is
smooth and π1pMq is non-elementary [CM14, Prop. 6.1] is analogous to that of pφtqtPR on NWpT 1Xq
when X is negatively curved and π1pXq is non-elementary, which was proved by Eberlein [Ebe72,
Th. 3.11].

When Ω is not necessarily strictly convex and T 1Mbip is non-empty, the situation is analogous to
X being non-positively curved and rank-one, i.e. having a rank-one periodic vector. This notion was
introduced by Ballmann–Brin–Eberlein [BBE85, Def. p. 1]. Ballmann [Bal82, Th. 3.5] proved that if
X is rank-one and NWpT 1Xq “ T 1X (e.g. if X is rank-one and compact), then pφtqtPR is topologically
mixing on T 1X. Coudène–Schapira studied the action of pφtqtPR on NWpT 1Xq without assuming that
NWpT 1Xq “ T 1X; they established [CS10, Th. 5.2] the topological transitivity of pφtqtPR on some
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invariant subset NW1pT
1Xq of NWpT 1Xq, defined in [CS10, §5.1], consisting of rank-one vectors with

an extra condition.
We wish to interpret T 1Mbip as an analogue of NW1pT

1Xq. The definitions of rank-one convex
projective manifolds and their rank-one periodic geodesics are now available thanks to the very recent
work of Islam [Isl, Def. 1.3 & 6.2] and A. Zimmer [Zim, Def. 1.1]. Here we adopt Islam’s definition,
which we reformulate as follows.

Definition 1.3 ([Isl]). Let Ω Ă PpV q be a properly convex open set, Γ Ă AutpΩq a discrete subgroup,
and M :“ Ω{Γ. A periodic vector v P T 1M is said to be rank-one if the endpoints φ˘8ṽ of any of
its lift ṽ P T 1Ω are smooth and strongly extremal (meaning not contained in any non-trivial segment
of the boundary BΩ); in this case, any torsion-free element of Γ which preserves the orbit of a lift ṽ
is said to be rank-one. The convex projective manifold (or orbifold) M is rank-one if T 1M contains
a rank-one periodic vector.

The classical Fact 2.6 below ensures that rank-one periodic vectors are contained in T 1Mbip, which
is then non-empty whenever M is rank-one. Furthermore, Proposition 3.4 tells us that, when they
exist, periodic rank-one vectors are dense in T 1Mbip.

Further evidence for thinking that T 1Mbip is analogous to NW1pT
1Xq, is the fact that if M is

compact and higher-rank (i.e. not rank-one), then T 1Mbip is empty (see Remark 7.2). In this case
the proximal limit set is non-empty (Fact 2.8), but any segment between two distinct points of ΛΓ is
contained in BΩ.

To conclude this section, we ask the following question: if T 1Mbip is non-empty, is it the whole
non-wandering set NWpT 1Mq? In the Riemannian setting, if X is compact and rank-one, then
NW1pT

1Xq is dense in NWpT 1Xq “ T 1X [CS10, §5]. In the paper in preparation [Bla20], we
prove that this is also true in the convex projective setting: if M is compact and rank-one, then
T 1Mbip “ NWpT 1Mq “ T 1M .

When the manifold is non-compact, the situation is more subtle. In the Riemannian setting,
Coudène–Schapira [CS10, §5.2] constructed an example where X is non-compact and NW1pT

1Xq is
non-empty and not dense in NWpT 1Xq. In the convex projective setting, we show in [Bla20] that
T 1Mbip may be non-empty and smaller than NWpT 1Mq for non-compact M , even when M is convex
cocompact in the sense of [DGK].

Observe that when M is higher-rank and compact, NWpT 1Mq is different from T 1Mbip, since,
contrary to the latter, the former is non-empty.

1.3 The higher-rank compact case

When M is compact and higher-rank, Theorem 1.2 does not tell us anything since T 1Mbip is empty.
However, in this case, the investigation of dynamical properties of the geodesic flow happens to be
easier, thanks to the recent work of Zimmer [Zim, Th. 1.4], which classifies higher-rank compact
convex projective manifolds (this is similar to a classification of compact higher-rank non-positively
curved Riemannian manifolds by Ballmann [Bal85, Cor. 1] and Burns–Spatzier [BS87, Th. 5.1]). More
precisely, he proves that universal covers in PpV q of higher-rank compact convex projective manifolds
belong to a narrow and explicit list of properly convex open sets, called symmetric (see Section 7).
We use this to establish the following.

Proposition 1.4. Let M be a higher-rank compact convex projective manifold. Then the non-
wandering set of the geodesic flow on T 1M has several (more than one) connected components, and
the geodesic flow is topologically mixing on each of them.

Proposition 1.4 is a direct consequence of Proposition 7.4, where the connected components of
the non-wandering set are described more precisely.

Organisation of the paper In Section 2 we recall some basic definitions and properties in convex
projective geometry. In Section 3 we investigate the regularity of endpoints of biproximal periodic
geodesics. In Section 4 we prove that, when T 1Mbip ‰ H, the length spectrum is locally non-
arithmetic; in other words, for every non-empty open subset U of T 1Mbip, the additive sugroup of R
generated by lengths of biproximal periodic geodesics through U is dense in R. In Section 5 we prove
that a geodesic, which has the same endpoint in BΩ as a biproximal periodic geodesic γ, must in the
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Figure 1: The Hilbert metric and the geodesic flow (t “ dΩpx, yq).

quotient wrap around closer and closer to γ (see Figure 4). In Section 6 we prove Theorem 1.2 using
Sections 3, 4 and 5, and classical dynamical arguments. In Section 7 we study the non-wandering set
of the geodesic flow on higher-rank compact convex projective manifolds, and prove Proposition 7.4.
In Appendix A we fill in a missing detail in Crampon’s original proof of a useful technical lemma in
convex projective geometry.
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2 Reminders

2.1 Properly convex open subsets of PpRd`1q and their geodesic flow

In the whole paper we fix a real vector space V “ Rd`1. Let Ω Ă PpV q be a properly convex open
set. Recall that Ω admits an AutpΩq-invariant proper metric called the Hilbert metric and defined
by the following formula: for pa, x, y, bq P BΩˆ Ωˆ Ωˆ BΩ aligned in this order (see Figure 1),

dΩpx, yq “
1

2
logpra, x, y, bsq,

where ra, x, y, bs is the cross-ratio of the four points, normalised so that r0, 1, t,8s “ t.
Recall that if Ω is an ellipsoid, then pΩ, dΩq is the Klein model of the hyperbolic space of dimension

d, and if Ω is a d-simplex, then pΩ, dΩq is isometric to Rd endowed with a hexagonal norm.
Any discrete subgroup Γ Ă PGLpV q of automorphisms of Ω preserves dΩ, hence must act properly

discontinuously on Ω and therefore the quotient M “ Ω{Γ is an orbifold. Furthermore, M is a
manifold if the action is free (i.e. if Γ is torsion-free, by Brouwer’s fixed point theorem, applied to the
convex hull of a finite orbit of a torsion element). Note that by Selberg’s lemma [Sel60], Γ always
has a torsion-free finite-index subgroup. We will work in general with Γ not necessarily torsion-free,
so we set the notation T 1M “ T 1Ω{Γ.

The intersections of Ω with projective lines can be parametrised to be geodesics, which are said
to be straight. However, an interesting feature in the non-strictly convex case is that when there are
two coplanar non-trivial segments in the boundary BΩ, one can construct geodesics which are not
straight, see for instance the broken green segment in Figure 1. In order to define the geodesic flow
we only take into account straight geodesics: for v in T 1Ω, let t ÞÑ cptq be the parametrisation of the
projective line tangent to v such that c is an isometric embedding from R to Ω and c1p0q “ v. For
t P R we set φtpvq “ c1ptq P T 1Ω. See Figure 1.
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The geodesic flow on T 1M is well defined because the two actions of AutpΩq and pφtqtPR on T 1Ω
commute.

Denoting by π : T 1M ÑM and π : T 1Ω Ñ Ω the projections, we consider the following metrics:

@x, y PM, dM px, yq “ mintdΩpx̃, ỹq : x̃, ỹ P Ω lifts of x, yu,

@v, w P T 1Ω, dT 1Ωpv, wq “ max
0ďtď1

dΩpπφtv, πφtwq,

@v, w P T 1M, dT 1M pv, wq “ mintdT 1Ωpṽ, w̃q : ṽ, w̃ P T 1Ω lifts of v, wu.

The following remark is a direct consequence of the definition of the Hilbert metric.

Remark 2.1. Let Ω Ă PpV q be a properly convex open set, and fix an affine chart containing Ω. Then

BΩpx, rq Ă p1´ e
´2rqpΩ´ xq ` x

for all x P Ω and r ą 0, where p1´ e´2rqpΩ´ xq ` x is the image of Ω under the homothety (of the
affine chart) centred at x and with ratio 1´ e´2r, and BΩpx, rq is the closed ball of radius r, centred
at x, for the metric dΩ.

2.2 Smooth and extremal points of the boundary

We recall here some terminology on convex sets. Let Ω Ă PpV q be a properly convex open set. Let
ξ P BΩ be a point of the boundary.

• A supporting hyperplane of Ω at ξ is a hyperplane which contains ξ but does not intersect Ω.
Note that there always exists such a hyperplane.

• The point ξ is said to be a smooth point of BΩ if there is only one supporting hyperplane of Ω
at ξ, which we then denote by TξBΩ.

• The point ξ is said to be extremal if it is not contained in the relative interior of a non-trivial
segment contained in the boundary BΩ.

• As it was defined in the introduction, Ω is said to be strictly convex when all points of BΩ are
extremal.

• As in Definition 1.3, we shall say that ξ is strongly extremal if it is not contained any non-trivial
segment contained in the boundary BΩ.

2.3 Proximal linear transformations

In this section we recall the notion of a proximal linear transformation, which was used in the definition
of the proximal limit set ΛΓ and the biproximal unit tangent bundle T 1Mbip in Section 1.1.

Notation 2.2. If W1 and W2 are two subspaces of V such that W1XW2 “ t0u, we write W1‘W2 Ă V
for their direct sum and PpW1q ‘ PpW2q “ PpW1 ‘ W2q for its projectivisation. In particular, if
x, y P PpV q are two distinct points, we write x‘ y for the projective line through x and y.

Definition 2.3. A linear transformation g P EndpV q is proximal if it has exactly one complex
eigenvalue with maximal modulus among all eigenvalues, and if this eigenvalue has multiplicity 1.
The associated eigenline in PpV q is the attracting fixed point of g and is denoted by x`g .

An invertible linear transformation g P GLpV q is said to be biproximal if g and g´1 are proximal.
The attracting fixed point of g´1 is the repelling fixed point of g and is denoted by x´g . The pro-
jective line x`g ‘ x´g (see Notation 2.2) is the axis of g and is denoted by axispgq. The g-invariant
complementary subspace to the axis of g is denoted by x0

g. Note that the notions of biproximality,
attracting/repelling fixed point, and axis, are well defined for the image of g in PGLpV q.

Remark 2.4. The set of proximal linear transformations is open in EndpV q, and the map sending a
proximal linear transformation to the pair (attracting fixed point, maximal eigenvalue) is continuous.
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Remark 2.5. As observed by Benoist [Ben97, Lem. 3.6.ii], for any irreducible subgroup Γ Ă PGLpV q
which contains a proximal element, the proximal limit set is the smallest closed Γ-invariant non-empty
subset of PpV q; in particular, the action of Γ on ΛΓ is minimal (i.e. any orbit is dense). Indeed, consider
any proximal element γ P Γ, and let PpW q Ă PpV q be the γ-invariant complementary subspace to
x`γ . By irreducibility, any closed Γ-invariant non-empty subset X Ă PpV q contains a point x outside
PpW q, and then x`γ , which is the limit of the sequence pγnxqnPN, belongs to X.

2.4 Periodic geodesics and automorphisms of Γ

In this section we recall the link between periodic geodesics in T 1Ω{Γ and conjugacy classes of Γ. Let
Ω Ă PpV q be a properly convex open set. Let g P GLpV q. We denote by λ1pgq ě ¨ ¨ ¨ ě λd`1pgq the
non-increasing sequence of logarithms of moduli of g; we set

`pgq :“
1

2
pλ1pgq ´ λd`1pgqq. (2.1)

Observe that `pgq only depends on the class of g in PGLpV q. If g preserves Ω, then

`pgq “ inftdΩpx, g ¨ xq : x P Ωu ě 0. (2.2)

The right-hand side of (2.2) is called the translation length of g. See [CLT15, Prop. 2.1] for a proof.
Combined with an elementary computation, (2.2) yields:

Fact 2.6. Let Ω Ă PpV q be a properly convex open set, let Γ Ă AutpΩq be a discrete subgroup, and let
M “ Ω{Γ. Then for any lift in Ω of any periodic straight geodesic of M , there is an automorphism
γ P Γ which preserves it and acts by positive translation on it. Let γ̃ P GLpV q be a lift of γ. The
endpoints in BΩ of the geodesic are fixed by γ, the associated eigenvalues of γ̃ are λ1pγ̃q and λd`1pγ̃q,
and the length of the geodesic in M is the translation length of γ. If furthermore these endpoints are
extremal, then γ is biproximal.

By Fact 2.6, rank-one elements of Γ (Definition 1.3) are biproximal. Hence rank-one periodic
vectors of T 1M belong to T 1Mbip.

Definition 2.7. Let Ω Ă PpV q be a properly convex open set and Γ Ă AutpΩq a discrete subgroup.
Let γ P Γ be a biproximal element whose axis meets Ω. Then the periodic geodesic associated to γ
is said to be biproximal, and the unit tangent vectors along this geodesic are said to be biproximal
periodic.

There are cases where γ P Γ is biproximal but its axis does not intersect Ω (e.g. when Ω is a
triangle, or is symmetric as in Section 7). Then we cannot make sense of a straight periodic geodesic
associated to γ.

2.5 Density of biproximal geodesics

We gather here two results of Benoist which imply that biproximal periodic vectors are dense in
T 1Mbip.

Fact 2.8 ([Ben00a, Prop. 1.1] & [Ben97, Lem. 3.6.iv]). Let Γ Ă PGLpV q be a strongly irreducible
subgroup.

1. If Γ preserves a properly convex open set Ω Ă PpV q, then it contains a proximal element.

2. If Γ contains a proximal element, then then the following subset is dense in ΛΓ ˆ ΛΓ:

tpx`γ , x
´
γ q P ΛΓ ˆ ΛΓ : γ P Γ biproximalu.

Corollary 2.9. Let Ω Ă PpV q be a properly convex open set and Γ Ă AutpΩq a strongly irreducible
discrete subgroup. Denote by M the quotient Ω{Γ, and suppose that T 1Mbip is non-empty. Then
biproximal periodic geodesics exist and are dense in T 1Mbip.
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2.6 The non-wandering set

In this section we recall the definition of the non-wandering set and the link between the non-
wandering set of the geodesic flow on T 1M and the non-wandering set of the actions of Γ and AutpΩq
on the space of geodesics of Ω. This will be used in Section 7.

Definition 2.10. Let X be a locally compact topological space equipped with a continuous action
by a locally compact group G. The non-wandering set NWpX,Gq is the set of points x in X such
that for any compact neighbourhood U of x, the set tg P G : gU X U ‰ Hu is non-compact.

In other words, it is the set of points all of whose neighbourhoods come back infinitely often under
the action; we call such points non-wandering. The non-wandering set is closed and G-invariant. Note
that if X is compact but G is not, then the non-wandering set is non-empty. When G is R, i.e. when
we have a flow pφtqtPR on X, observe that given a non-wandering point x P X and a neighbourhood U
of x, one can find arbitrarily large positive times t such that φtU XU ‰ H; indeed, if φtU XU ‰ H,
then φ´tU X U ‰ H.

In our setting, there are three non-wandering sets of interest for us. Let Ω Ă PpV q be a properly
convex open set, let Γ Ă AutpΩq be a closed subgroup of automorphisms, and let M be the quotient
Ω{Γ. One can consider the non-wandering set NWpT 1M, pφtqtPRq of the geodesic flow.

Remark 2.11. Any vector of T 1M which is tangent to a periodic straight geodesic belongs to the
non-wandering set NWpT 1M, pφtqtPRq. As a consequence, if Γ is strongly irreducible, then T 1Mbip is
contained in NWpT 1M, pφtqtPRq by Corollary 2.9.

Let us denote by GeodpΩq “ T 1Ω{pφtqtPR the set of straight geodesics of Ω: it is an open subset
of BΩ2, consisting of the pairs px, yq such that x ‰ y and the projective line through x and y meets Ω.
The group Γ naturally acts on GeodpΩq and one can consider its non-wandering set NWpGeodpΩq,Γq.
Finally, one can consider the two commutative and proper actions of Γ and R (by the geodesic flow)
on T 1Ω, it yields the non-wandering set NWpT 1Ω,ΓˆRq. All three of these non-wandering sets are
actually identified in the following sense. Denote the canonical projections by πR : T 1Ω Ñ GeodpΩq
and πΓ : T 1Ω Ñ T 1M . Then

π´1
R pNWpGeodpΩq,Γqq “ NWpT 1Ω,Γˆ Rq “ π´1

Γ pNWpT 1M, pφtqtPRqq.

We will use this while studying symmetric properly convex open sets in Section 7.
To end this section, we observe that the non-wandering set NWpT 1M, pφtqtPRq is contained in

another pφtqtPR-invariant subset T 1M , defined similarly to T 1Mbip, but using another limit set in the
boundary. Recall that Danciger, Guéritaud, and Kassel [DGK, Def. 1.10] defined the full orbital limit
set ΛorbΓ Ă BΩ as the union, over all x P Ω, of the set of accumulation points of the orbit Γ ¨ x; the
full orbital limit set always contains the proximal limit set. Similarly to T 1Mbip, we can consider

T 1Mcore :“ tv P T 1Ω : φ˘8v P ΛorbΓ u{Γ Ă T 1M.

Observation 2.12. Let Ω Ă PpV q be a properly convex open set, let Γ be a discrete group of
automorphisms of Ω, and denote by M the quotient Ω{Γ. Then

NWpT 1M, pφtqtPRq Ă T 1Mcore.

Proof. Consider a vector v P T 1Ω whose projection in T 1M is non-wandering. Let x be the footpoint
of v. We want to show that φ8v is an accumulation point of Γ ¨x. Since the projection of v in T 1M is
non-wandering, we can find sequences of vectors pvnqn in T 1Ω converging to v, of positive times ptnqn
going to infinity, and of automorphisms pγnqn in Γ such that pdT 1Ωpφtnvn, γnvqqn tends to zero. Since
pvnqn tends to v and ptnqn goes to infinity, pπφtnvnqn must converge to φ8v. By Remark 2.1, the
fact that pdΩpπφtnvn, γnxqqn tends to zero implies that pγnxqn also converges to φ8v in PpV q.

The full orbital limit set ΛorbΓ and Observation 2.12 will not be used in the remainder of the paper.

3 Endpoints of biproximal periodic geodesics are smooth

This section contains an elementary result (Lemma 3.1), which will be used in the proof of topological
mixing in Section 6. Furthermore, as a more immediate consequence, we also use it to justify a claim
of the introduction: that rank-one periodic geodesics are dense in the biproximal unit tangent bundle
of rank-one manifolds (Proposition 3.4).
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3.1 On the regularity of endpoints of biproximal periodic geodesics

The main consequence of the following lemma is that we will be able to apply Proposition 5.1 to
biproximal periodic vectors.

Lemma 3.1. Let Ω Ă PpV q be a properly convex open set. Let g P PGLpV q be a biproximal automor-
phism of Ω. Then axispgqXΩ is non-empty if and only if x`g is smooth; in this case Tx`g BΩ “ x`g ‘x

0
g.

Proof. Assume that x`g is not smooth. Then there is a supporting hyperplane H of Ω at x`g which
is different from x`g ‘ x0

g. Let x P H r px`g ‘ x0
gq, so that the sequence pg´nxqn tends to x´g . The

sequence of projective lines through g´nx and x`g must converge to the axis of g, and they are all
contained in PpV qr Ω which is closed. Therefore PpV qr Ω must contain the axis of g as well.

Conversely if PpV q r Ω contains axispgq, then x`g has a supporting hyperplane which contains
axispgq, and which is thereby different from the supporting hyperplane x0

g ‘ x
`
g .

3.2 Rank-one periodic geodesics and their dual

In this section we give several equivalent conditions for an automorphism of a properly convex open
set to be rank-one (Definition 1.3), which follow from Lemma 3.1. It will be used in Section 3.3, and
may be interesting in its own right.

Let us recall the notion of duality for properly convex open sets. We identify the dual projective
space PpV ˚q with the set of projective hyperplanes of PpV q. Let Ω be a properly convex open subset
of PpV q. The dual of Ω, denoted by Ω˚, is the properly convex open subset of PpV ˚q defined as the
set of projective hyperplanes which do not intersect Ω. We naturally identify PGLpV q and PGLpV ˚q,
then AutpΩq identifies with AutpΩ˚q, and the attracting (resp. repelling) fixed point of the action on
PpV ˚q of any biproximal element g P PGLpV q is x`g ‘ x

0
g (resp. x´g ‘ x

0
g).

Lemma 3.2. Let Ω Ă PpV q be a properly convex open set. Let g P PGLpV q be a biproximal auto-
morphism of Ω. Then the following are equivalent:

(a) g is rank-one;

(b) x`g , x
´
g P BΩ are smooth and strongly extremal points;

(c) x`g is strongly extremal;

(d) x`g is smooth and x0
g does not intersect BΩ;

(e) the element g seen as an automorphism of Ω˚ is rank-one;

(f) the axis of g in PpV q intersects Ω, and the axis of g in PpV ˚q intersects Ω˚.

We will need in the proof two elementary facts concerning duality of properly convex open sets.
Recall that the canonical isomorphism between V and V ˚˚ identifies Ω with Ω˚˚. By definition of
Ω˚, the boundary BΩ˚ is the set of supporting hyperplanes of Ω; by duality BΩ “ BΩ˚˚ is the set of
supporting hyperplanes of Ω˚.

Fact 3.3. Let Ω Ă PpV q be a properly convex open set.

(i) A smooth point x P BΩ is strongly extremal if and only if its tangent space TxBΩ is a smooth
point of BΩ˚; in this case TxBΩ is strongly extremal.

(ii) For any H,H 1 P BΩ˚, the segment rH,H 1s Ă Ω
˚

is contained in BΩ˚ if and only if HXH 1XBΩ
is non-empty.

Proof of Lemma 3.2. • The equivalence between paq and pbq is a consequence of Fact 2.6.

• The fact that pbq and peq are equivalent is a direct consequence of Fact 3.3(i).

• Let us see why pdq and pfq are equivalent. By Lemma 3.1, the axis of g in PpV q intersects Ω
if and only if x`g is smooth. By Fact 3.3(ii), the axis of g in PpV ˚q intersects Ω˚ if and only if
x0
g X BΩ “ H.
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• That pbq implies pcq is immediate.

• Let us prove that pcq implies pfq. Assume that x`g is strongly extremal. Then rx`g , x
´
g s is not

contained in BΩ, so the axis of g in PpV q intersects Ω. Furthermore,x0
g X BΩ is contained in

px0
g ‘ x

`
g q X BΩ r tx`g u which is empty. By Fact 3.3(ii) this exactly means that the axis of g in

PpV ˚q intersects Ω˚.

• Let us prove that pfq implies pbq. Assume that the axis of g in PpV q intersects Ω, and that the
axis of g in PpV ˚q intersects Ω˚. By Lemma 3.1, the points x`g , x

´
g P BΩ and px`g ‘ x

0
gq, px

´
g ‘

x0
gq P BΩ

˚ are smooth. By Fact 3.3(i), this implies that x`g and x´g are strongly extremal.

3.3 Density of rank-one periodic geodesics

The following proposition justifies a claim of the introduction, and it will not be used in the remainder
of this paper.

Proposition 3.4. Let Ω Ă PpV q be a properly convex open set. Then

1. for any pair pξ, ηq P GeodpΩq such that ξ is strongly extremal, there exist neighbourhoods U of
ξ and V of η such that for any biproximal automorphism g P AutpΩq, if px`g , x

´
g q P U ˆV , then

g is rank-one;

2. if Γ Ă AutpΩq is a strongly irreducible discrete subgroup such that M “ Ω{Γ is rank-one, then
rank-one periodic geodesics are dense in T 1Mbip. In particular T 1Mbip is not empty.

Proof. 1. Let us assume by contradiction that there is a sequence of biproximal automorphisms
pgnqnPN which are not rank-one, and such that px`gnqnPN and px´gnqnPN respectively converge
to ξ and η. For n large enough, px´gn , x

`
gnq P GeodpΩq, hence by Lemma 3.2(d), there exists

ξn P x
0
gn X BΩ. Up to extraction we can assume that pξnqnPN converges to some ξ1 P BΩ. Since

rξn, x
`
gns Ă px

0
gn ‘ x

`
gnq X Ω Ă BΩ

for all n, passing to the limit we obtain that rξ1, ξs Ă Ω, which implies that ξ1 “ ξ, because ξ is
strongly extremal. Similarly, rξn, x

´
gns Ă BΩ for all n, so rξ, ηs Ă BΩ, which is a contradiction.

2. We denote by BsseΩ the set of smooth and extremal points of BΩ. By assumption, the Γ-
invariant subset ΛΓ X BsseΩ is non-empty, hence dense in ΛΓ because the action of Γ on ΛΓ

is minimal (Remark 2.5). Therefore it is enough to show that attracting/repelling pairs of
rank-one biproximal elements of Γ are dense in pΛΓ X BsseΩq

2. Consider a pair of points ξ ‰ η
in ΛΓ X BsseΩ, and neighbourhoods U and V of respectively ξ and η. By point 1. above, there
are smaller neighbourhoods U 1 Ă U and V 1 Ă V such that any biproximal automorphism of
Ω with attracting/repelling pair in U 1 ˆ V 1 must be rank-one. By Fact 2.8.2, there is such an
automorphism in Γ.

4 Non-arithmeticity of the length spectrum

In this section we prove the following.

Proposition 4.1. Let Ω Ă PpV q be a properly convex open set and Γ Ă AutpΩq a strongly irreducible
discrete subgroup. Denote by M the quotient Ω{Γ. Let U Ă T 1Mbip be a non-empty open set. Then
the additive group generated by the lengths of biproximal periodic geodesics through U is dense in R.

In other words, not only are biproximal periodic geodesics dense in T 1Mbip, but moreover the
length spectrum is locally non-arithmetic.

Our proofs are heavily influenced by the work of Benoist [Ben00a,Ben00b]; see also [BQ16, Ch. 7].
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4.1 Density of the group generated by Jordan projections

We gather here two results which imply that any strongly irreducible semi-group of automorphisms
of a properly convex open set has a non-arithmetic length spectrum.

A proof of the following result can be found in [CM14, Prop. 6.5].

Fact 4.2 ([Ben00a, Rem. p. 17]). Let Ω Ă PpV q a properly convex open set, Γ Ă SLpV q a irre-
ducible discrete strongly subgroup preserving Ω. Then the Zariski-closure of Γ is semi-simple and
non-compact.

The proof of the following result uses the language of semi-simple Lie groups, see e.g. [BQ16, Ch. 6]
for definitions.

Proposition 4.3. Let Γ Ă SLpV q be a sub-semi-group whose Zariski-closure is irreducible, semi-
simple and non-compact. Then

x`pγq, γ P Γy “ R,

where `pγq is given by (2.1).

Note that Proposition 4.3 can (and will) be applied, not only to subgroups, but to sub-semi-
groups. This is the key observation that allows us to slightly shorten Bray’s proof of the topological
mixing. Proposition 4.3 is a consequence of the following famous theorem of Benoist.

Fact 4.4 ([Ben00b, Prop. p.2]). Let G be a connected real semi-simple linear Lie group. Let aG be
a Cartan subspace of its Lie algebra, let a`G Ă aG be a closed Weyl chamber, and let λG : G Ñ a`G
be the associated Jordan projection. Let Γ Ă G be a Zariski-dense sub-semi-group. Then the additive
group generated by λGpΓq is dense in aG.

Proof of Proposition 4.3. Let G be the Zariski closure of Γ in SLpV q, with associated Cartan subspace
aG, Weyl chamber a`G, and Jordan projection λG : G Ñ a`G. Up to replacing Γ by a finite-index
subgroup, we may assume that G is connected. We denote by χ1 (resp. χd) the highest weight of
the representation ρ : G ãÑ SLpV q (resp. the dual representation in SLpV ˚q), which are linear maps
defined on aG. By definition, for any element a in a`G, the numbers χ1paq and χdpaq are respectively
the highest and lowest eigenvalues of didρpaq. Furthermore,the moduli of the eigenvalues of ρpgq, for
g P G, are the eigenvalues of exppdidρ˝λGpgqq, as a consequence `pρpgqq is pχ1 ˝λGpgq´χd ˝λGpgqq{2.
By linearity, the additive group generated by the translation lengths of the elements of Γ is the image
by pχ1 ´ χdq{2 of the additive subgroup of aG generated by the Jordan projections of the elements
of Γ. We conclude thanks to Fact 4.4.

4.2 Construction of a suitable free sub-semi-group

Let Ω Ă PpV q be a properly convex open set, let Γ Ă AutpΩq be a strongly irreducible subgroup,
and denote by M the quotient Ω{Γ. In order to prove Proposition 4.1 we will apply Fact 4.2 and
Proposition 4.3 to suitable free sub-semi-groups of Γ. Recall that given a non-empty open subset
U Ă T 1Ω, we are looking for lots of biproximal periodic geodesics through U . To this end, we are
going to construct, using a ping-pong argument, a strongly irreducible free sub-semi-group of Γ all of
whose elements are biproximal with axis going through U (this is what suitable means here).

The first lemma gives us sufficient conditions for a family of automorphisms to generate a suitable
free sub-semi-group.

Lemma 4.5. Let k ě 2 and γ1, . . . , γk P PGLpV q be biproximal such that:

(a) Spanpx˘γi , 1 ď i ď kq “ V ,

(b)
Ş

i x
0
γi “ 0,

(c) and xαγi Ć xβγj ‘ x
0
γj for any 1 ď i ‰ j ď k and α, β P t˘u.

Let Γ “ xγi, 1 ď i ď ky be the group generated by the γi’s. Then the action of Γ on V is strongly
irreducible.
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Furthermore, if we are given a family tUαi : 1 ď i ď k and α “ ˘u of disjoint compact neigh-
bourhoods in PpV q of the points txαγi : 1 ď i ď k and α “ ˘u, such that Uαi X px

β
γj ‘ x0

γj q and

Uαi Xpx
´α
γi ‘x

0
γiq are empty whenever i ‰ j and α, β P t˘u, then for any large enough integer N ą 0,

denoting by Γ1 the group generated by γN1 , . . . γ
N
k ,

(1) Γ1 is strongly irreducible,

(2) Γ1 is freely generated by γN1 , . . . , γ
N
k ,

(3) every element of Γ1 is biproximal,

(4) for any non-trivial cyclically reduced word γ “ γα1N
i1

. . . γαnNin
of Γ1, its attracting fixed point

lies in Uα1
i1

while its repelling fixed point lies in U´αnin
,

(5) and, denoting by Γ` the sub-semi-group generated by γN1 , . . . , γ
N
k , every word γ P Γ` is cyclically

reduced and its attracting fixed point lies in
Ť

i U
`
i while the repelling fixed point lies in

Ť

i U
´
i .

To prove this we need a technical fact:

Fact 4.6. Consider a sequence pgnqn in PGLpV q, a point x in PpV q and a compact neighbourhood
U of x such that the sequence pgnpUqqn converges to x. Then the accumulation points of pgnqn in
PpEndpV qq are rank-1 projectors on x whose kernel does not intersect the interior of U .

Proof. Recall that V “ Rd`1, so that we can use the usual Cartan decomposition in GLpV q: for any
n we can write gn “ rknanlns, where the elements kn and ln are in the (maximal compact) classical
orthogonal subgroup K “ Opd ` 1q of GLd`1pRq, and an is diagonal with positive non-increasing
entries. Assume without loss of generality that pknqn and plnqn converge in K with respective limits
k and l. That pgnqn contracts an open set to a point implies that ransn must converge to rps, where
p is the projector onto the first vector e1 of the canonical basis. Assume without loss of generality
that panqn converges to p, so that pknanlnqn converges to kpl, a rank-1 matrix whose image is kpe1q

and kernel is l´1 Kerppq. The assumption that pknanlnpUqqn tends to x implies that panlpUqqn goes
to k´1pxq, which in turn implies that lpUq XKerppq “ H and k´1x “ e1.

Proof of Lemma 4.5. Let us first prove that the action of Γ on V is irreducible. Consider a non-zero
subspace W Ă V which is stable under Γ, and a non-zero vector w P W . Using the assumption (b),
we can find i such that w R x0

γi , and then α “ ˘ such that w R x´αγi ‘ x0
γi , so that the sequence

pγαni rwsqn converges to xαγi . This means that xαγi Ă W . Similarly for any j ‰ i and β “ ˘, because

xαγi R x
´β
γj ‘ x0

γj (assumption (c)), we have xβγj Ă W . Since k ě 2 we deduce that x´αγi Ă W . By
assumption (a) this means that W “ V .

Now let Γ1 Ă Γ be a finite-index subgroup. There exists an integer N ą 0 such that Γ2 “ xγ
N
i , 1 ď

i ď ky Ă Γ1. The group Γ2 verifies the same hypotheses than Γ, hence its action on V is irreducible,
and so is that of Γ1: we have proved that Γ is strongly irreducible.

Let us prove the second part of the lemma. Let U be a compact set with non-empty interior,
disjoint from the Uαi ’s and the xαγi ‘ x0

γi ’s. Let N be large enough so that for any i “ 1, . . . , k and
α “ ˘,

γαNi pU Y Uαi Y
ď

j‰i
β“˘

Uβj q Ă Uαi .

Then Γ1 “ xγNi , 1 ď i ď ky is free thanks to a ping-pong argument: prove by induction on length
that for any non-trivial reduced word:

γα1N
i1

. . . γ
αpN
ip

pU Y U
αp
ip
Y

ď

j‰ip
β“˘

Uβj q Ă Uα1
i1
.

Assume for the rest of the proof that this N is actually 1.
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Now if by contradiction we could not find N large enough to have the conclusions (3) and (4) of
the lemma, there would exist a sequence of cyclically reduced words

γn “ γ
α
pnq
1 Nn

i
pnq
1

γ
α
pnq
1

i
pnq
1

γ
α
pnq
2

i
pnq
2

. . . γ
αpnqpn

i
pnq
pn

γ
αpnqpn

Nn

i
pnq
pn

with pNnqn going to infinity and pi
pnq
1 , α

pnq
1 q ‰ pi

pnq
pn ,´α

pnq
pn q for every n, and which are not biproximal

with attracting/repelling pair in U
α
pnq
1

i
pnq
1

ˆ U
´αpnqn

i
pnq
n

. Up to extracting assume that i
pnq
1 “ i, i

pnq
pn “ j,

α
pnq
1 “ α and α

pnq
pn “ β do not depend on n.

Finally see that the sequences pγnqn and pγ´1
n qn respectively contract Uαi into xαγi and U´βj into

x´βγj , and apply Fact 4.6 to them. Up to passing to a subsequence we can assume that pγnqn and

pγ´1
n qn converge to rank-1 projectors on respectively xαγi and on x´βγj . Finally, by Remark 2.4, γn and

γ´1
n are proximal with attracting fixed points respectively in Uαi and U´βj : this is a contradiction.

The next proposition uses the strong irreducibility of our group of automorphisms to find a family
of automorphisms which verifies the conditions of Lemma 4.5, hence which generates a suitable free
sub-semi-group.

Proposition 4.7. Let Ω Ă PpV q be a properly convex open set and Γ Ă GLpV q be a strongly
irreducible discrete subgroup preserving Ω. Denote by M the quotient Ω{Γ. Assume that T 1Mbip ‰ H.
Let U Ă T 1Ω be a non-empty open subset whose projection in T 1M intersects T 1Mbip. Then we can
construct a discrete subgroup Γ1 Ă Γ generated as a group by a sub-semi-group Γ` such that:

• Γ1 acts strongly irreducibly on V ,

• Γ1 is free,

• every element of Γ1 is biproximal,

• for every γ in Γ1, axispγq X Ω ‰ H,

• and for every γ in Γ`, axispγq X U ‰ H.

Proof. By Corollary 2.9 we can consider a biproximal automorphism γ P Γ whose axis intersect U .
We are going to construct γ1, . . . , γk P Γ which verify the assumptions of Lemma 4.5 (with γ1 “ γ)
and such that axispγiq X Ω ‰ H for any i. Then for all pi, αq ‰ pj, βq P t1, . . . , ku ˆ t˘u, the
fact that xαγi Ć xβγj ‘ x0

γi implies that pxαγi ‘ xβγj q X Ω ‰ H, because xβγj is a smooth point of the

boundary (see Lemma 3.1) and xβγj ‘ x0
γj is its tangent hyperplane. At this point we can consider

neighbourhoods Uαi ’s of the xαγi ’s small enough to satisfy the hypotheses of Lemma 4.5 and such that,

for all pi, αq ‰ pj, βq and for each pair pξ, ηq in Uαi ˆ Uβj , the intersection pξ ‘ ηq X Ω is non-empty,

and such that for each pair pξ, ηq in U`1 ˆ U´1 , the intersection pξ ‘ ηq X U is non-empty. Then by
Lemma 4.5, for N large enough, considering the sub-semi-group generated by γN1 γ

N
i γ

N
1 , i “ 1, . . . , k,

is a possible way to conclude the proof of Proposition 4.7.
We are going to construct the γi’s inductively, taking conjugates of γ. First set γ1 “ γ.
Let γ1, . . . , γk be constructed such that for any 1 ď i ‰ j ď k and α, β P t˘u, xαγi Ć xβγj ‘ x

0
γj .

If Spanpx˘γiq “ V and
Ş

i x
0
γi “ 0 then we are done.

Otherwise, we are looking for γk`1 “ gγg´1 where g P Γ is such that:

• for all i ď k and α, β in t˘u,
xαgγg´1 “ gpxαγ q R x

β
γi ‘ x

0
γi ,

• for all i ď k and α, β in t˘u,
xβγj R gpx

α
γ ‘ x

0
γq,

• if Spanpxαγi , i ď k, α “ ˘q ‰ V then

gx˘γ R Spanpxαγi , i ď k, α “ ˘q,
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TξBΩ
‚‚

ξ

‚
v ‚

w

‚
φ´8v

‚
φ´8w

Figure 2: v and w in the same strong stable manifold

• and if
Ş

iďk x
0
γi ‰ 0 then

č

iďk

x0
γi Ć gpx0

γq.

Call Γ0 the irreducible component of the identity in Γ for the Zariski topology. Then it is well known
(see e.g. [BQ16, Lem. 6.21]) that Γ0 is a normal finite-index subgroup of Γ. Hence its action on V is
also strongly irreducible. Note that each condition above is Zariski-open with respect to g P Γ0, and
non-empty because of irreducibility of the action of Γ0. Since Γ0 is Zariski-irreducible, it implies that
the (finite) intersection of all conditions is still non-empty, and we can thus construct γk`1. Notice
that the two last conditions ensure that the process will eventually stop.

4.3 Proof of Proposition 4.1

Up to taking a finite-index subgroup we can assume that Γ Ă PSLpV q, and consider its (full) preimage
rΓ Ă SLpV q. Let rU Ă T 1Ω be the preimage of U . Proposition 4.7 gives a strongly irreducible subgroup

Γ1 Ă rΓ generated by a sub-semi-group Γ` Ă Γ1. By Fact 4.2, the Zariski-closure of Γ` (which is
also that of Γ1) is semi-simple and non-compact. By Proposition 4.3, the additive group generated
by t`pγq : γ P Γ`u, is dense in R. But by Proposition 4.7, each element γ of Γ` is biproximal with

axis through rU ; by definition this axis projects on a biproximal periodic geodesic through U , whose
length is `pγq.

5 Strong stable manifolds

The strong stable manifold of a vector v P T 1Ω is a classical notion in the theory of dynamical
systems; it is defined as the set of vectors w P T 1Ω such that dT 1Ωpφtv, φtwq goes to zero as t goes
to infinity. The goal of this section is to establish the following geometric description of the strong
stable manifolds centred at smooth points.

Proposition 5.1. Let Ω Ă PpV q be a properly convex open set, let v P T 1Ω and let ξ :“ φ8v P BΩ.
Then

1. For any w P T 1Ω such that φ8w “ ξ, the function t ÞÑ dT 1Ωpφtv, φtwq is non-increasing.

2. Suppose ξ is smooth. Then for any w P T 1Ω with φ8w “ ξ, there is a unique time t0 P R for
which the lines φ´8v ‘ φ´8w and πv ‘ πφt0w intersect on TξBΩ (see Figure 2); moreover t0
is the unique time for which v and φt0w are on the same strong stable manifold, i.e.

dT 1Ωpφtv, φt`t0wq ÝÑ
tÑ8

0.
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D

D1

v

w

Figure 3: Illustration for the notations in Proposition 5.3

5.1 Crampon’s Lemma

Let us first state a useful lemma about convex projective geometry, which in particular implies the
first part of Proposition 5.1. We will give a proof of Lemma 5.2 in the appendix, to clarify a missing
detail in the original proof.

Lemma 5.2 ([Cra09, Lem. 8.3]). Let Ω be a properly convex open subset of PpV q. Let c1 and c2
be two straight geodesics parametrised with constant speed, but not necessarily with the same speed.
Then for all 0 ď t ď T ,

dΩpc1ptq, c2ptqq ď dΩpc1p0q, c2p0qq ` dΩpc1pT q, c2pT qq.

5.2 An explicit computation of limtÑ8 dT 1Ωpφtv, φtwq

We now prove a proposition from which the geometric description of strong stable manifolds will be
a corollary.

Proposition 5.3. Let Ω Ă PpV q be a properly convex open set. Take v ‰ w in T 1Ω both pointing at
ξ P BΩ, let a be the intersection point of πv‘ πw and φ´8v‘ φ´8w, and suppose that the projective
line a‘ξ does not intersect Ω. Let P be the projective plane spanned by x “ πv, y “ πw, and ξ, let D
and D1 be the two lines of P starting at ξ, tangent to BΩ, such that the four lines D, pξ‘xq, pξ‘yq,D1
lie in this order around ξ, and let δ ą 0 be half the logarithm of the cross-ratio of these four lines (see
Figure 3). Then:

dΩpπφtv, πφtwq ÝÑ
tÑ8

δ and dT 1Ωpφtv, φtwq ÝÑ
tÑ8

δ.

Proof. We consider xt “ πφtv and yt “ πφtw. Since dΩpx, xtq “ t “ dΩpy, ytq and by definition of
the cross-ratio, we see that yt P py ‘ ξq X pa ‘ xtq. Let bt and ct P BΩ be such that the four points
bt, xt, yt, ct are aligned in this order. We consider Dt “ pξ ‘ btq and D1t “ pξ ‘ ctq. By definition of
the tangent lines, the two sequences pDtqtÑ8 and pD1tqtÑ8 converge respectively to D and D1. By
definition dΩpxt, ytq is half the logarithm of the cross-ratio of the four lines Dt, pξ ‘ xq, pξ ‘ yq,D1t,
which converges to the cross-ratio of the four lines D, pξ ‘ xq, pξ ‘ yq,D1.

5.3 Proof of Proposition 5.1

By definition of dT 1Ω, in order to prove that t ÞÑ dT 1Ωpφtv, φtwq is non-increasing, it is enough to
prove that t ÞÑ dΩpπφtv, πφtwq is non-increasing. Observe that it will also have as a consequence
dT 1Ωpv, wq ď dΩpπv, πwq. We fix t ě 0. We consider a sequence pxnqnPN P ΩN converging to ξ,
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Figure 4: Proof of mixing. On the left: In Ω. On the right: In the quotient M “ Ω{Γ.

and the sequences of vectors pvnqnPN and pwnqnPN in T 1Ω such that πvn “ πv, while πwn “ πw
and πφdΩpπv,xnqvn and πφdΩpπw,xnqwn are equal to xn for all n. It is then easy to see that φtpvq “
limnÑ8 φtpvnq and that φtpwq “ limnÑ8 φtpwnq. By Lemma 5.2, we obtain

dΩpπφtvn, πφt dΩpπw,xnq

dΩpπv,xnq

wnq ď dΩpπv, πwq,

and from this we let n go to infinity, and get the desired inequality since dΩpπw,xnq
dΩpπv,xnq

converges to 1.

If ξ is a smooth point of BΩ and the lines φ´8v‘φ´8w and πv‘πw intersect on TξBΩ, then the
fact that dT 1Ωpφtv, φtwq goes to zero as t goes to infinity, is an immediate corollary of Proposition 5.3.

6 Proof of Theorem 1.2

Let U1 and U2 be two open subsets of T 1Mbip. Let us prove that there exists T ą 0 such that
φtpU1q X U2 ‰ H for all t ě T .

Since the map pt, vq ÞÑ φtpvq is continuous, we can find an open subset H ‰ U 12 Ă U2, and ε ą 0
such that φr´ε,εspU

1
2q Ă U2. As a consequence, for any time t P R, if φtpU1q and U 12 intersect, then for

all s which are ε-close to t, the sets φspU1q and U2 intersect.
Let πΓ : T 1Ω Ñ T 1M be the natural projection. Let us find small non-empty open subsets

rV1 Ă π´1
Γ U1 and rV2 Ă π´1

Γ U 12 such that for any pũ1, ũ2q P rV1ˆrV2, the line pφ´8ũ1‘φ8ũ2q intersects Ω.
We consider ũ1 P π

´1
Γ pU1q and ũ2 P π

´1
Γ pU 12q biproximal periodic, they exist thanks to Proposition 4.1.

By Lemma 3.1, φ˘8ũi, where i “ 1, 2, are smooth. By irreducibility of Γ there is an automorphism
γ P Γ such that γTφ8ṽ2

BΩ ‰ Tφ´8ṽ1
BΩ. This implies that φ´8ũ1‘γφ8ũ2 intersect Ω, and since this

condition is open, as well as π´1
Γ U1 and π´1

Γ U 12, we can take for rV1 and rV2 small neighbourhoods of
ũ1 and γũ2.

For i “ 1, 2, pick ṽi P rVi biproximal with period τi such that τ1Z ` τ2Z is ε
2 -dense in R; this is

possible thanks to Proposition 4.1 and Observation 6.1 below.
We know that pφ´8ṽ1, φ8ṽ2q Ă Ω. Let us consider w̃ P T 1Ω tangent to this line: it is pointing

forward at φ8ṽ2 and backward at φ´8ṽ1. By Lemma 3.1, the points φ˘8ṽi are smooth. Using
Proposition 5.1, we can find t1 and t2 P R which verify limtÑ8 dT 1Ω{Γpφ´tv1, φt1´twq “ 0 and
limtÑ8 dT 1Ω{Γpφtv2, φt2`twq “ 0, where for i “ 1, 2, vi “ πΓṽi, and w “ πΓw̃. This implies that

there is an integer N ě 0 such that for any n ě N , φt1´nτ1w P V1 :“ πΓ
rV1 and φt2`nτ2w P V2 :“ πΓ

rV2.
We deduce that φtpV1q X V2 ‰ H for any t in t´t1 ` t2 ` n1τ1 ` n2τ2 : n1, n2 ě Nu.

We conclude by observing that the ε-neighbourhood of t´t1 ` t2 ` n1τ1 ` n2τ2 : n1, n2 ě Nu
contains a real interval of the form rT,8q for T large enough. Indeed, there exists N 1 ą 0 such that
r0, τ1s is contained in the ε-neighbourhood of tn1τ1`n2τ2 : |ni| ď N 1u. Then the ε-neighbourhood of
t´t1 ` t2 ` n1τ1 ` n2τ2 : n1, n2 ě Nu contains r´t1 ` t2 ` pN `N 1qτ1 ` pN `N 1qτ2,8r. This ends
the proof of Theorem 1.2.
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Observation 6.1. Let A be a subset of R which generates a dense additive subgroup G of R. Let
x, ε ą 0. Then there is g P A such that xZ` gZ is ε-dense in R (i.e. any point in R is at distance at
most ε from xZ` gZ).

Proof. Up to replacing A by A{x and ε by ε{x, we can assume that x “ 1. Then there are two
possibilities.

• The set A contains an irrational number g. Then Z` gZ is dense in R.

• The set A is contained in Q. Let q0 P N˚ be such that 1
q0
ă ε. The subgroup 1

q0!Z is not dense

in R, so A must contain an element outside of it, of the form p
q with p and q coprime and q ą q0.

The group Z` p
qZ “

1
qZ is ε-dense in R.

7 The geodesic flow in the higher-rank compact case

The goal of this section is to prove Proposition 1.4. We are actually going to prove a finer state-
ment: that the connected components of the non-wandering set of the geodesic flow are quotients of
homogeneous spaces whose Haar measure is mixing.

We denote by H the classical division algebra of quaternions, and by O the classical non-associative
division algebra of octonions. Fix an integer N ě 3 and the algebra K “ R, C, H, or, if N “ 3, O.
We shall use the following notation. In the case K “ R, conjugation is the identity and we abusively
say Hermitian instead of symmetric.

• For x P K, the element x P K is the conjugate of x.

• We consider the Hermitian bilinear form on KN given by xx, yy “
řN
i“1 xiyi.

• The real vector space V “ VN,K consists of the Hermitian matrices of size N with entries in K.

• The cone C “ CN,K Ă V consists of the positive-definite Hermitian matrices.

• The properly convex open set Ω “ ΩN,K Ă PpV q is the projectivisation of C.

• The group AutpCq Ă GLpV q consists of the transformations preserving C.

• The group G “ GN,K :“ AutpΩq “ AutpCq{R˚, where R˚ is seen as the group of homotheties
of GLpV q, is the automorphism group of Ω.

• The group K Ă AutpCq is the stabiliser of the identity matrix; note that the map K Ñ G is
an embedding, and that K is a maximal compact subgroup of G. In particular it means that
Ω identifies as a G-space with the Riemannian symmetric space of the simple real Lie group G.

• Finally the group A consists of the diagonal matrices of size N with entries in Rą0; we see it
embedded in AutpCq, acting on V by the following formula: a ¨X “ aXa for a P A and X P V .

Let us be more explicit about the case K “ R. The group AutpCN,Rq can be identified with
GLN pRq{t˘1u, acting on VN,R by the formula g ¨ X “ gXtg; the group GN,R is identified with
PGLN pRq; the group K is identified with OpNq{t˘1u.

We come back to the general case. The spectral theorem (see [FK94, Th. V.2.5]) ensures that
for every X P V there exists k P K such that k ¨ X is diagonal with real entries. This, using the
action of A, has two consequences: AutpCq acts transitively on C, and can be written as the product
KAK “ tk1ak2 : k1, k2 P K, a P Au. Then, the quotient group G acts transitively on Ω, and can be
written KpA{Rą0qK — actually, the element of A{R˚ in the decomposition can be taken with non-
increasing entries on the diagonal, and this yields the Cartan decomposition of G. The Lie algebra
of G is slpN,Kq when K ‰ O, and e6p´26q if K “ O (see [FK94, p. 97]), therefore G is a real simple
Lie group, with finitely many connected components, and with finite center.

Since Ω “ G{K, a discrete subgroup Γ Ă G acts cocompactly on Ω if and only if G{Γ is compact,
i.e. Γ is a uniform lattice of G; uniform lattices exist by a theorem of Borel [Bor63, Th. C]. The
family of properly convex open sets ΩN,K are called the symmetric divisible convex sets. Zimmer
[Zim, Th. 1.4] recently proved that the higher-rank closed convex projective manifolds are exactly the
quotients of the form ΩN,K{Γ, where N ě 3, the field K “ R, C, H, or O (if N “ 3), and Γ is a
uniform lattice of GN,K.
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7.1 The non-wandering set of Gˆ R on T 1Ω

In this section we describe NWpT 1Ω, GˆRq and prove that G acts transitively on each of its connected
components.

The boundary of Ω is the projectivisation of the cone of positive-semi-definite Hermitian matrices.
For 1 ď i, j ď N ´ 1, we denote by T 1Ωi,j the set of unit tangent vectors v P T 1Ω such that the
respective ranks of φ´8v and φ8v (meaning the rank of any representative in V ) are i and j. Note
that T 1Ωi,j is non-empty if and only if i ` j ě N (see Proposition 7.1). The subsets T 1Ωi,j , for
1 ď i, j ď N and i ` j ě N , are invariant under the automorphism group AutpΩq and the geodesic
flow pφtqtPR. They stratify T 1Ω in the following way:

• T 1Ω is the disjoint union of the T 1Ωi,j ,

• the closure of T 1Ωi,j is the union of the T 1Ωk,l for 1 ď k ď i and 1 ď l ď j,

• in particular, T 1Ωi,N´i is closed for 1 ď i ď N ´ 1,

• T 1ΩN´1,N´1 is open and dense in T 1Ω.

When K “ R we compute dimpT 1Ωi,jq “ ipN ´ iq ` ipi`1q
2 ` jpN ´ jq ` jpj`1q

2 ´ 1.
We denote by GeodpΩqi,j the quotient T 1Ωi,j{pφtqtPR; observe that GeodpΩq :“ T 1Ω{pφtqtPR

identifies with the set of pairs px, yq in BΩ2 such that Kerpxq X Kerpyq “ H. We are going to
prove that NWpGeodpΩq, Gq is the union

Ť

1ďiďN´1 GeodpΩqi,N´i. This exactly means, according to
Section 2.6, that NWpT 1Ω, GˆRq is

Ť

1ďiďN´1 T
1Ωi,N´i. We choose a basepoint vi,N´i P T

1Ωi,N´i,
such that πvi,N´i, φ´8vi,N´i and φ8vi,N´i are the projectivisations of, respectively, the identity
matrix, the orthogonal projection onto Ki ˆ t0u and the orthogonal projection onto t0u ˆKN´i. We
set

Ai,N´i :“

"

at :“

„

et{2Ii 0

0 e´t{2Ij



: t P R
*

Ă A,

where Ik is the identity matrix of size k, and we observe that for any time t P R, the image at ¨ vi,N´i
is exactly φtvi,N´i. We denote by G0 the identity component of G and by Ki,N´i the stabilizer in
G0 of vi,N´i; they are normalised by Ai,N´i Ă G0.

Proposition 7.1. Consider N ě 3, the algebra K “ R, C, H, or O (if N “ 3), the vector space V “
VN,K, the properly convex open set Ω “ ΩN,K, and the group G “ GN,K, with identity component G0.

(1) For 1 ď i, j ď N ´ 1, the set T 1Ωi,j is non-empty if and only if i` j ě N .

(2) For 1 ď i ď N ´ 1, the group G0 acts transitively on T 1Ωi,N´i. If we identify T 1Ωi,N´i with
G0{Ki,N´i, then the geodesic flow identifies with the action by right multiplication of Ai,N´i on
G0{Ki,N´i.

(3) The non-wandering set of G on GeodpΩq is

NWpGeodpΩq, Gq “
ď

1ďiďN´1

GeodpΩqi,N´i.

Proof. (1) Suppose there exists v P T 1Ωi,j . Because G0 acts transitively on Ω we can find g1 P G0

such that g1πv is the projectivisation of the identity matrix. Then by the spectral theorem
there exists an automorphism g2 P K (i.e. fixing g1πv) such that Kerpg2g1φ´8vq “ t0uˆKN´i;
since the space of pN ´ iq-dimensional right K-sub-modules of V is connected, we can take g2

in G0. We note that the subspaces Kerpg2g1φ´8vq and Kerpg2g1φ8vq are orthogonal. (Indeed,
if T and T 1 are representatives in V of g2g1φ´8v and g2g1φ8v such that T ` T 1 is the identity
matrix, and if x P KerpT q while y P KerpT 1q, then we compute

xx, yy “ xx, Ty ` T 1yy “ xx, Tyy “ xTx, yy “ 0.q

This implies that i` j ě N .
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(2) Let 1 ď i ď N ´ 1, let us show that there exists g P G0 such that g ¨ v is the basepoint vi,N´i of
T 1Ωi,N´i. We have already seen that there are g1, g2 P G such that πg2g1v is the projectivisation
of the identity matrix, and Kerpg2g1φ´8vq “ t0uˆKN´i. Then Kerpg2g1φ8vq “ Kiˆt0u, since
Kerpg2g1φ´8vq and Kerpg2g1φ8vq are orthogonal. Moreover g2g1φ´8v and g2g1φ8v are the
projectivisations of the orthogonal projections onto Ki ˆ t0u and t0u ˆKN´i (Indeed, consider
representatives T and T 1 of φ´8g2g1v and φ8g2g1v in V such that T `T 1 is the identity matrix,
then T 1 and T are the orthogonal projections onto Ki ˆ t0u and t0u ˆKN´i).

(3) The stabiliser of pφ´8vi,N´i, φ8vi,N´iq P GeodpΩqi,N´i contains Ai,N´i, therefore the stabilis-
ers of points in GeodpΩqi,N´i are non-compact, hence

Ť

1ďiďN´1 GeodpΩqi,N´i is contained in
NWpGeodpΩq, Gq. As a consequence, in order to prove (2), we only need to prove the other
inclusion.

By contradiction, we may assume the existence of sequences of positive semi-definite Hermitian
matrices pSnqnPN, pTnqnPN in V , of automorphisms pgnqnPN in AutpCq and of positive scalars
pλnqnPN, pµnqnPN, such that

• pSnqnPN, pλngnSnqnPN, pTnqnPN, and pµngnTnqnPN respectively converge to S, S1, T , and
T 1,

• the rank of S and S1 is i, the rank of T and T 1 is i, with 1 ď i, j ď N ´ 1 and i` j ą N ,

• KerpSq XKerpT q “ KerpS1q XKerpT 1q “ 0,

• rgns P G leaves every compact subset.

Using AutpCq “ KAK and extracting, we may assume that gn “ an P A converge to a non-
invertible non-zero matrix a P A.

Since KerpSq XKerpT q “ 0, up to exchanging S and T , we can assume that aSa ‰ 0, and that
aSa “ S1, which means a has rank greater or equal than i. Since i`j ą N , necessarily aTa ‰ 0,
and we can assume that aTa “ T 1. But now the kernel of a is contained in KerpS1qXKerpT 1q “ 0,
this is a contradiction.

7.2 The non-wandering set of pφtqtPR on T 1M

Let Γ be a lattice of G, not necessarily uniform. We set M “ Ω{Γ. For 1 ď i, j ď N ´ 1, we denote
by T 1Mi,j the quotient T 1Ωi,j{Γ.

Remark 7.2. The biproximal unit tangent bundle T 1Mbip is empty. To see this, recall that the
attracting fixed point of a proximal automorphism of Ω is always an extremal point of Ω, so the
proximal limit set of Γ is contained in the closure of the set of extremal points of Ω.

Here, since Ω is symmetric, the set of extremal points is closed and consists of projectivisations of
rank-1 positive-semi-definite Hermitian matrices, so the set of straight geodesics between to extremal
points is GeodpΩq1,1, which is empty, since N ě 3.

In this section we use the Howe–Moore theorem to study the action of the geodesic flow on each
T 1Mi,N´i, with 1 ď i ď N . Proposition 7.1 and Section 2.6 imply that the non-wandering sets
NWpGeodpΩq,Γq, NWpT 1Ω,ΓˆRq, and NWpT 1M, pφtqtPRq are respectively contained in the unions
Ť

1ďiďN´1 GeodpΩqi,N´i,
Ť

1ďiďN´1 T
1Ωi,N´i and

Ť

1ďiďN´1 T
1Mi,N´i. We are now going to see

that we actually have equalities. Recall that a finite measure µ preserved by a measurable flow
pφtqtPR is called mixing if, for any two functions f, g P L2pµq with zero integral, we have

ż

f ¨ pg ˝ φtqdµ ÝÑ
tÑ8

0.

Recall also that a continuous flow is topologically mixing on the support of a mixing invariant measure,
therefore Proposition 1.4 is an immediate consequence of Proposition 7.4 below, and of Zimmer’s
rigidity theorem [Zim, Th. 1.4].

Fact 7.3 ( [HM79], see e.g. [Zim84, Th. 2.2.20]). Let G be a connected non-compact simple Lie group
with finite center, let π be a unitary representation of G in a separable Hilbert space, without any
non-zero G-invariant vector. Let x, y be two vectors in the Hilbert space. Then

xx, gyy ÝÑ
gÑ8

0.
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Figure 5: Proof of Crampon’s Lemma 5.2

Proposition 7.4. Consider N ě 3, the algebra K “ R, C, H, or O (if N “ 3), the vector space
V “ VN,K, the properly convex open set Ω “ ΩN,K, and the group G “ GN,K. Take a lattice Γ of G,
not necessarily uniform, and denote by M the quotient Ω{Γ. Then for any 1 ď i ď N ´ 1, the (finite
and fully supported) Haar measure on T 1Mi,N´i is mixing under the geodesic flow; as a consequence
the geodesic flow is topologically mixing on T 1Mi,N´i. Furthermore, NWpT 1M, pφtqtPRq has exactly
N ´ 1 connected components, which are tT 1Mi,N´i : i “ 1, . . . , N ´ 1u.

Proof. Up to replacing Γ by a finite-index subgroup, we can assume that Γ is contained in G0. Since
Γ is a lattice, the Haar measure on ΓzG0 is finite; the Howe–Moore theorem (Fact 7.3) classically
implies that it is mixing under the action of the non-compact subgroup Ai,N´i Ă G0. According to
Proposition 7.1, it immediatly follows that, for each 1 ď i ď N ´ 1, the induced Haar measure on
T 1Mi,N´i “ ΓzG{Ki,N´i is mixing under the action of the geodesic flow. Since the Haar measure in
fully supported, the geodesic flow on T 1Mi,N´i is topologically mixing, and its non-wandering set is
T 1Mi,N´i.

A Proof of Crampon’s Lemma 5.2

It is enough to establish Lemma 5.2 when c1p0q “ c2p0q. Indeed, suppose the lemma true in this
case. Consider two straight geodesics c1 and c2, each parametrised with constant speed. Let c3 be
the straight geodesic, parametrised with constant speed, such that c3p0q “ c1p0q and c3pT q “ c2pT q.
For t ď T we have

dΩpc1ptq, c2ptqq ď dΩpc1ptq, c3ptqq ` dΩpc3ptq, c2ptqq

ď dΩpc1pT q, c3pT qq ` dΩpc3p0q, c2p0qq

ď dΩpc1pT q, c2pT qq ` dΩpc1p0q, c2p0qq.

We now assume c1p0q “ c2p0q (and that c1 and c2 are not constant, otherwise the proof is trivial).
We can then assume that Ω has dimension 2, and we can consider an affine chart in which both
projective lines pc1p´8q ‘ c2p´8qq and pc1p8q ‘ c2p8qq are vertical. Fix 0 ă t ă T . We draw
Figure 5 (left-hand side) which contains the following points:

• A and B are the intersection points of the line pc2pT q ‘ c1pT qq with BΩ;

• C and D are the intersection points of the line pc2ptq ‘ c1ptqq with BΩ;
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• C 1 and D1 are the intersection points of the line pc2ptq ‘ c1ptqq with the lines pc1p0q ‘ Aq and
pc1p0q ‘Bq.

If we are in the case, as in Figure 5, where the lines pc1ptq ‘ c2ptqq and pc1pT q ‘ c2pT qq do not
intersect inside Ω, then by convexity of Ω the point C 1 lies between C and c2ptq and D1 lies between
D and c1ptq. Therefore by definition of the cross-ratio we deduce that

dΩpc1pT q, c2pT qq “ dpC1,D1qpc1ptq, c2ptqq

ě dpC,Dqpc1ptq, c1ptqq

ě dΩpc1ptq, c2ptqq.

It remains to prove that the lines pc1ptq ‘ c2ptqq and pc1pT q ‘ c2pT qq do not cross inside Ω (this
is the missing explanation in Crampon’s original proof). We draw Figure 5 (right-hand side) which
contains the points:

• A1 and B1 are the intersection points of the line pc2pT q ‘ c1pT qq with the lines pc1p8q‘ c2p8qq
and pc1p´8q ‘ c2p´8qq.

• x and y are the intersection points of the line pc2p´8q‘ c2p8qq with the lines pc1ptq ‘A
1q and

pc1ptq ‘B
1q.

• a is the intersection point of the line pc1p´8q ‘ c1p8qq with the line pc2p´8q ‘A
1q.

And we observe that it is enough to prove that c2ptq is on the segment rx, ys. In other words we want
to establish:

dΩpc2p0q, yq

dΩpc2p0q, c2pT qq
ď

dΩpc2p0q, c2ptqq

dΩpc2p0q, c2pT qq
“

t

T
“

dΩpc1p0q, c1ptqq

dΩpc1p0q, c1pT qq
ď

dΩpc2p0q, xq

dΩpc2p0q, c2pT qq
.

For example, if we want to establish the inequality on the right, we see by definition of the cross-ratio
that it is enough to prove:

dΩpc1p0q, c1ptqq

dΩpc1p0q, c1pT qq
ď

dpa,c1p8qqpc1p0q, c1ptqq

dpa,c1p8qqpc1p0q, c1pT qq
.

It is a consequence of the following lemma. This, and a similar argument for the inequality on the
left, conclude the proof of Lemma 5.2.

Lemma A.1. For all a ă a1 ă x ă y ă z ă b P R,

dpa,bqpx, yq

dpa,bqpx, zq
ď
dpa1,bqpx, yq

dpa1,bqpx, zq
.

Proof. Up to acting by a projective transformation we can assume that x “ 0, y “ 1 and b “ 8. For
z ą 1 we consider the function:

a ÞÑ fzpaq “
dpa,8qp0, 1q

dpa,8qp0, zq
.

on p´8, 0q. We have to check that this function fz is non-decreasing. This follows immediatly from
the fact that, for every a ă 0,

fzpaq “
logp1` ´1

a q

logp1` ´z
a q

.

and from the computation of the derivative.
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neous spaces and representation theory of Lie groups, Okayama–Kyoto (1997), Adv. Stud.
Pure Math., vol. 26, pages 33–48. Math. Soc. Japan, Tokyo, 2000.

[Ben04] Yves Benoist. Convexes divisibles I. In Algebraic groups and arithmetic, pages 339–374. Tata
Inst. Fund. Res., Mumbai, 2004.

[Ben06] Yves Benoist. Convexes divisibles IV. Invent. Math., 164(2):249–278, 2006.

[Ben08] Yves Benoist. A survey on divisible convex sets. In Geometry, analysis and topology of
discrete groups, Adv. Lect. Math. (ALM), vol. 6, pages 1–18. Int. Press, Somerville, MA,
2008.

[Bla20] Pierre-Louis Blayac. Patterson-Sullivan densities in convex projective geometry. In prepara-
tion, 2020.

[Bob] Martin Bobb. Codimension-1 simplices in divisible convex domains. Preprint,
arXiv:2001.11096.

[Bor63] Armand Borel. Compact Clifford-Klein forms of symmetric spaces. Topology, 2:111–122,
1963.

[BQ16] Yves Benoist and Jean-François Quint. Random walks on reductive groups. Ergeb. Math.
Grenzgeb.(3), vol. 62. Springer, Berlin, 2016.

[Bra20a] Harrison Bray. Ergodicity of Bowen-Margulis measure for the Benoist 3-manifolds. J. Mod.
Dyn., 2020. To appear, arXiv:1705.08519.

[Bra20b] Harrison Bray. Geodesic flow of nonstrictly convex Hilbert geometries. Ann. Inst. Fourier,
2020. To appear, arXiv:1710.06938.

[BS87] Keith Burns and Ralf Spatzier. Manifolds of nonpositive curvature and their buildings. Publ.
Math., Inst. Hautes Étud. Sci., 65:35–59, 1987.

[CLM20] Suhyoung Choi, Gye-Seon Lee, and Ludovic Marquis. Convex projective generalized Dehn
filling. Ann. Sci. Éc. Norm. Supér., 53:217–266, 2020.

[CLT15] D. Cooper, D. D. Long, and S. Tillmann. On convex projective manifolds and cusps. Adv.
Math., 277:181–251, 2015.
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